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Abstract: Frequentlythecrosssectionof alongitudinallyhomogeneousdielectricwave-
guidemaybedecomposedinto rectangleswith constantpermittivity. For pointsinside
theserectanglesthewave equationfor modal�elds is solvedanalyticallyby expanding
into functionswith harmonicor exponentialdependenceon the transversecoordinates.
Minimizationof aleastsquaresexpressionfor theremainingmis�t ontheboundarylines
allows us to determinepropagationconstantsand�elds for guidedmodes.Semivecto-
rial calculationsfor two setsof rib waveguidesandthecentersectionsof a directional
couplerandaMMI deviceshow verygoodagreementwith resultsfoundin theliterature.
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1 Introduction

Accuratecalculationof modal �elds andpropagationconstantsis oneof the principal tasksof numerically
simulatingintegratedopticaldevices.A largevarietyof computationalmethodshavebeenproposed,[1, 2] give
anoverview. Thereareafew approximativeanalyticalapproachestowardstheproblem(e.g.[3, 4,5,6, 7, 8,9]).
Whilebeingquiteeconomicalwith computationalresources,theirapplicabilityis limitedby theapproximations
they rely on. More versatile,but computationallymoreexpensive methodsareusuallybasedon �nite element
or �nite differenceapproximationsof Maxwellsequations(e.g.[10, 11, 12,13, 14, 15, 16, 17, 18, 19, 20,21]),
someusingbeampropagationtechniques(e.g.[22, 23, 24, 25, 26]). Othersexpandtheelectromagnetic�elds
into setsof orthogonalfunctions(e.g.[27, 28, 29, 30]), [31] suggestsamixtureof both.

Waveguidesin integratedopticsareformedeitherby a diffusion or an etchingprocess.In the �rst casethe
refractive index variessmoothlyin the substrateregion, in the secondcasethe guiding pro�le shows sharp
discontinuitieswith constantpermittivity in-between.Most examplesin theabove mentionedarticlesrefer to
waveguidesof thesecondtype,but mostof themorerigorousmethodsdonotexploit thisfeature.Ourapproach
is basedon it.

As a motivation,recall thecommonway to calculatepropagationconstantsandmodal�elds of a planar slab
waveguidewith stepwiseconstantrefractive index pro�le. Threestepshave to be performed.First, for each
slab,onehasto write the modal �eld asa sumof physicallyreasonablefundamentalsolutionsof the wave
equation.Second,thecontinuityrequirementsfor theelectromagnetic�elds mustbe incorporatedto connect
the unknown coef�cients on neighboringslabs,resultingin a systemof linear equations.Third, this system
hasto be solved for a nonvanishing�eld. We tried to establishan analogousprocedurefor two transverse
dimensions.

Thepaperis organizedasfollows. In thenext sectionwe introducesomenotationandrecallthebasicrelations
for semivectorial modal �elds. In section3 suitablefundamentalsolutionsare set up, separatelyfor each
regionwith constantrefractive index. Sincethenumberof thesetrial functionsis not limited,onehasto select.
Thereforethe methodcannotbe expectedto give exact resultsasin the planarcase,andthe way to connect
differentregionsandthesolutionmethodhave to bemodi�ed. We adopteda leastsquaresmethodsimilar to
[32], seesection4. The resultingnumericalprocedureto determineguidedmodesis the subjectof section
5. Thelastmainsectionreportson samplecalculationsfor severalrib waveguidestucturesandcompareswith
resultsof othermethods.For thispurpose,wereferto thepresentapproachas”wavematchingmethod”WMM.
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2 Equations for guided modes

Considera longitudinally homogeneousdielectricwaveguideprescribedby a permittivity pro�le which can
bedivided into rectangleswith constantrefractive index. The � -axisdenotesthedirectionof propagation,the
transverse( � , � ) axesareparallelto therefractive index discontinuities.Fig. 1 shows a typicalexample.
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Figure1: Sample structure: The cross section of a rib waveguide can be divided into 12 rectangles with constant
permittivity. Note that the first and last rectangles in each horizontal and vertical slice are unbounded. "$# , "
% , "'& :
refractive indices of the substrat, film and cover layer, ( , ) : rib height and width, * : remaining film thickness.

Thewaveguidecrosssectionconsistsof +-,/.103254768+-,:9;0<254 rectangleswith diagonalisotropicpermittivity=?>A@CB +ED >A@ 4GF , H BJI!KMLMLMLNK ,O.P0RQ , S BJI!KMLMLMLTK ,:9U0RQ , separatedby thehorizontallines � BWV .YX > , H BJI!KMLMLML ,:.
andverticallines � BWV 9ZX @ , S BJI!KMLMLML ,O9 . Thesuperscript[ will beusedto shorthanddenotearectangleH K S .

All electromagnetic�eld components\ areof theform

\]+E� K � K � K�^ 4 B`_ +E� K �
4 ei +ba ^Uced � 4 K (1)

where a Bgf!hiB 2Yj hZkml is the angularfrequency correspondingto the vacuumwavelength l andspeedof
light h . Insertedinto Maxwell's equations,this ansatzyields the following equationfor thecomponents_ of
themodal�elds andthepropagationconstantd :n F. _ 0 n F9 _oB + d F cef F =�p 4 _qL (2)

It is valid for all pointsinsiderectangle[ andhasto besupplementedby suitablecontinuity relationson the
boundaries.We restrictourselvesto thesemivectorialtreatment[12, 13], assumingthat replacing

n 9 = by = n 9
is a goodapproximationat leastfor themodesunderconsideration.Typically, � is alongthesubstratesurface,
thedirectionin which the�eld is lesstightly con�ned.

For socalledQuasi-TEpolarization(QTE),considertheelectric�eld componentr19 . Thesecondtransversal
componentr;. is assumedto vanish. On horizontalboundaries,rs9 andits normalderivative

n .mrt9 ( uwv]x )
mustbecontinuous.Onverticalboundaries,continuityis requiredfor theproduct = r19 (thenormalcomponent
of thedielectricdisplacement)andthederivative

n 9yrt9 ( uWr;x ). In generalthereis adiscontinuityin rq9 on the
lines � B`V 9TX @ .

For Quasi-TMpolarization(QTM), we usethe � -componentvz9 of themagnetic�eld, settingv{. to zero.On
horizontalboundaries,v]9 andtheproduct =M|~} n .mv�9 ( u�rtx ) mustbecontinuous,while on verticalboundaries
boththe�eld v]9 andits normalderivative

n 9Nv�9 ( uJv�x ) have to becontinuous.

A guidedmodeis found if onecanwrite down a squareintegrable�eld _ which satis�esEq. (2) insidethe
rectanglesandthecontinuityrequirementson theirboundaries.Thiswill bepossibleonly for acertainnumber
of discretepropagationconstantsd .

Tocalculatethemweimplementedthefollowing procedure.For atrial value d , onepicksthat�eld fromagiven
superpositionof solutionsto Eq. (2) which meetstheboundaryconditionsbest. Neara propagationconstant
theremainingviolationof continuityrequirementsis expectedto beminimalwith respectto d . Theminimum
identi�es theestimatefor thepropagationconstant;thecorrespondingoptimaltrial functionapproximatesthe
modal�eld.
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3 Trial functions

Oneachrectangle[ , themodal�eld _ is assumedto bea linearcombinationof � p trial functions� p� :
_ +E� K �
4 B`_ p +E� K ��4 if +E� K ��4�� rectangle[ , with _ p +E� K �
4 BW�Y� |~}������/� p� � p� +E� K �
4 L (3)

Theunknown amplitudes� p� will besubjectof thesubsequentcomputation.

SinceEq. (2) andtheboundaryconditionsarereal linear relations,their solutionscanbechosenrealaswell.
Wespecializeto functionswhich factorizewith respectto thetransversecoordinates:� p� +E� K ��4 BWh p� \ p� +�� p� +E� c � p � X � 4�4Z��� p� +-� p� +E� c � p� X � 4�4 L (4)� p � X � , � p� X � arelocalcoordinateoffsetsand h p� is anormalizationconstant(seebelow). For therestof thissection
wesuppressthelabel [ of therectangleunderconsideration.� � satis�esEq.(2) for \ � K � � ���T����� K ����� K����¡ £¢ , if anidentity¤ +�� � 4 F ¤ +-� � 4 F BCd F c8f F = (5)

holds for the transversewave vectorcomponents� � , � � . The signsdependon whether �?�¥� K ����� or ���!  was
chosenfor \ � and � � .
Now for eachrectangle[ andtrial value d a reasonablesetof parameters� , \ � , � � , � � , � � mustbe�x ed.First
considera �nite rectangle(indices Q§¦¨Hq¦¨, . and Q§¦©Sª¦©, 9 ) with d«kYf larger thanthe local refractive
index. Since d F c<f F =¬B ¤ �
F� ¤ �YF�e­ I , at leastoneof \ � and � � mustbe the ���!  -function. As shown in
Tab. 1(a), the setof trial functionscanbe divided into 12 subsets.Eachis characterizedby a choicefor \ �
and � � andthesignsof � � and � � . Possibletransversewave vectors+�� � K � � 4 arelocatedon a circlewith radius® d F c8f F = (for +-\ K �/4 B + ���¡ $K����¡  4 ) or a hyperbola(otherwise).Thusthey may be prescribedby discrete
values̄ � chosenfrom asingleparameterinterval (seeTab. 1).

(a) °~±³²µ´m±�¶³·¹¸ , )8º ® ° ± ²µ´ ± ¶» ¼ ½µ¾ ¿ ÀÁ�ÂmÃ Á�ÂmÃ Ä ¸mÅ�Æ
ÇZÈÊÉ )]Ë�ÌyÍ?Î ½~Ï ){ÍÑÐ�Ò'Î ½~ÏÁ�ÂmÃ Á�ÂmÃ Ä ¸mÅ�Æ
ÇZÈÊÉ )]Ë�ÌyÍ?Î ½~Ï ²³)]ÍÑÐÓÒ'Î ½�ÏÁ�ÂmÃ Á�ÂmÃ Ä ¸mÅ�Æ
ÇZÈÊÉ ²³)]Ë?ÌNÍÔÎ ½�Ï ){ÍÑÐ�Ò'Î ½~ÏÁ�ÂmÃ Á�ÂmÃ Ä ¸mÅ�Æ
ÇZÈÊÉ ²³)]Ë?ÌNÍÔÎ ½�Ï ²³)]ÍÑÐÓÒ'Î ½�ÏË?ÌNÍ Á�ÂmÃ Ä ¸mÅ�ÕÖÉ ){ÍÑÐÓÒ�×'Î ½�Ï ){Ë?ÌNÍÑ×'Î ½�ÏË?ÌNÍ Á�ÂmÃ Ä ¸mÅ�ÕÖÉ ){ÍÑÐÓÒ�×'Î ½�Ï ²³)]Ë�ÌyÍG×�Î ½~ÏÍÑÐÓÒ Á�ÂmÃ Ä ¸mÅ�ÕÖÉ ){ÍÑÐÓÒ�×'Î ½�Ï ){Ë?ÌNÍÑ×'Î ½�ÏÍÑÐÓÒ Á�ÂmÃ Ä ¸mÅ�ÕÖÉ ){ÍÑÐÓÒ�×'Î ½�Ï ²³)]Ë�ÌyÍG×�Î ½~ÏÁ�ÂmÃ Ë�ÌNÍ Ä ¸mÅ�ÕÖÉ ){Ë?ÌNÍÑ×'Î ½�Ï ){ÍÑÐÓÒ�×'Î ½�ÏÁ�ÂmÃ Ë�ÌNÍ Ä ¸mÅ�ÕÖÉ ²³)]Ë�ÌyÍG×�Î ½~Ï ){ÍÑÐÓÒ�×'Î ½�ÏÁ�ÂmÃ ÍGÐÓÒ Ä ¸mÅ�ÕÖÉ ){Ë?ÌNÍÑ×'Î ½�Ï ){ÍÑÐÓÒ�×'Î ½�ÏÁ�ÂmÃ ÍGÐÓÒ Ä ¸mÅ�ÕÖÉ ²³)]Ë�ÌyÍG×�Î ½~Ï ){ÍÑÐÓÒ�×'Î ½�Ï

(b) ´�±?¶£²{°~±7·¹¸ , )8º ® ´ ± ¶£²{° ±» ¼ ½Ø¾ ¿ ÀË�ÌyÍ Ë?ÌNÍ Ä ¸�ÅÑÆ
ÇTÈ�É )]Ë�ÌNÍ�Î ½�Ï )]ÍGÐÓÒ'Î ½�ÏË�ÌyÍ ÍÑÐ�Ò Ä ¸�ÅÑÆ
ÇTÈ�É )]Ë�ÌNÍ�Î ½�Ï )]ÍGÐÓÒ'Î ½�ÏÍGÐÓÒ Ë?ÌNÍ Ä ¸�ÅÑÆ
ÇTÈ�É )]Ë�ÌNÍ�Î ½�Ï )]ÍGÐÓÒ'Î ½�ÏÍGÐÓÒ ÍÑÐ�Ò Ä ¸�ÅÑÆ
ÇTÈ�É )]Ë�ÌNÍ�Î ½�Ï )]ÍGÐÓÒ'Î ½�ÏÁ?ÂYÃ Ë?ÌNÍ Ä ¸mÅ�ÕeÉ ){ÍÑÐ�ÒÊ×'Î ½�Ï ){Ë?ÌNÍÑ×'Î ½�ÏÁ?ÂYÃ ÍÑÐ�Ò Ä ¸mÅ�ÕeÉ ){ÍÑÐ�ÒÊ×'Î ½�Ï ){Ë?ÌNÍÑ×'Î ½�ÏÁ?ÂYÃ Ë?ÌNÍ Ä ¸mÅ�ÕeÉ ²³)]ÍÑÐÓÒ�×'Î ½�Ï ){Ë?ÌNÍÑ×'Î ½�ÏÁ?ÂYÃ ÍÑÐ�Ò Ä ¸mÅ�ÕeÉ ²³)]ÍÑÐÓÒ�×'Î ½�Ï ){Ë?ÌNÍÑ×'Î ½�ÏË�ÌyÍ Á�ÂmÃ Ä ¸mÅ�ÕeÉ )]Ë�ÌyÍG×'Î ½~Ï )]ÍÑÐ�ÒÊ×'Î ½�ÏÍGÐÓÒ Á�ÂmÃ Ä ¸mÅ�ÕeÉ )]Ë�ÌyÍG×'Î ½~Ï )]ÍÑÐ�ÒÊ×'Î ½�ÏË�ÌyÍ Á�ÂmÃ Ä ¸mÅ�ÕeÉ )]Ë�ÌyÍG×'Î ½~Ï ²³)]ÍGÐÓÒ�×'Î ½~ÏÍGÐÓÒ Á�ÂmÃ Ä ¸mÅ�ÕeÉ )]Ë�ÌyÍG×'Î ½~Ï ²³)]ÍGÐÓÒ�×'Î ½~Ï
Table1: Trial functions for a finite rectangle.

Tab. 1(b) givesthesetsof trial functionsfor a �nite rectangleif d«kYf is smallerthanthelocal refractive index.
Sincenow f F =³cÖd F B�Ù � F� Ù � F� ­ I , at leastoneof \ � and � � mustbeaharmonicfunction.

The local coordinateoffsets � � X � , � � X � areintroducedto meetsymmetryrequirementsandto handletheexpo-
nentialfunctionsnumerically. For rectangle[ B +-H K SÚ4 , if \ � BÛ���¡  with � � ­ I (� �iÜ I ) set � � X � BÛV .YX >
( � � X � BÝV .YX >¥|~} ). Otherwise,for \ � B ����� or \ � B ����� , set � � X � B + V .YX > 0 V .YX >Þ|~} 4 k 2 . Analogously, � � X � is �x ed
in termsof V 9TX @ , V 9TX @t|~} dependingon � � and � � .
For unboundedrectangles( H B`I or H B ,/.s0JQ , S BWI or S B ,:9t0JQ ) Tab. 1 appliesaswell. Merely �elds
whicharenotsquareintegrableover therectangulardomainmustbedropped.
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On cornerrectangles,e.g. H BßI , S BàI , only one subsetwith outwardsexponentialdecayingfunctions
remains,providedthat d«kYf is larger thanthelocal refractive index. Otherwiseno admissiblesubsetwould be
left, thusno guidedmodeis possible.On the contrary, for rectanglesunboundedin only onedirection,both
signsof d F c3f F = yield valid subsets.The situationwith d«kYf smallerthanthe local refractive index occurs
frequently, e.g.if a rib hasbeenetchedfrom aguiding�lm assketchedin Fig. 1.

Now for eachsubseta numberof discretevalues̄ mustbeselected.Let ,¬á denotethemaximumnumber. If
only oneof \ and � is exponential,theparameterinterval is not bounded.We introduceda largestadmissible
value ¯ max, which is setto j k 2 if both \ and � areexponentialor harmonicfunctions. Theselectedvalues
shouldbeat leastspacedby ¯ max

k ,Oá .

Theselectionstartswith anarbritarilyprescribedvalue.Weused̄ B Q if only oneof \ and � is exponential
and ¯ B j kNâ otherwise.It de�nes a trial function ��á . Thenext parameter̄

¤Jã ¯ shouldyield a function�
áÊä�å«á which differssigni�cantly from �~á . A parameteræ will limit this difference.Theintegrateddeviation
betweenthezerofunctionandarbitrarylinearcombinationsof thetwo functionsshouldbelargerthan æ :ç �¥�èZé X è�ê X è ê é ä è êê � } ë~ë p + � } � á 0 � F � áÊä�åUá c8I 4 F d� d�íì<æ L (6)

FornormalizedfunctionsîÞî p � Fá d� d� B îÞî p � FáÊä�å«á +E� K �
4 d� d� B Q — thisde�nesthenormalizationconstantsh � introducedabove — Eq.(6) reducestoï áð+ ã ¯ñ4�ò Bôóóóó ë�ë p �
át�
áÊä�å«á d� d� óóóó ¦ÝQ c æ L (7)

Expansionof
ï á resultsin a conditionfor theadmissibleparameterdifference

ã ¯ :ã ¯Rì�õ æö +-¯P4 K where ö +-¯P4 B÷c Q2 æ F ï áæ ã ¯ F + I 4 L (8)ö is evaluatedasa �nite differenceexpression.

With this condition(8) andthe constraint
ã ¯Ûìw¯ max

k ,:á the values ¯ � canbe selected,proceedingstep-
wise towardsbothendsof the parameterinterval. This mustbe doneseperatelyfor eachrectangleandeach
subsetof trial functions.Oneobtainsa spectraldiscretizationwith nonequidistantstepsizes

ã ¯ on a spectral
computationalwindow ø I!K ¯ max ù .
Sincethe trial value d entersthis discretizationprocedure,it is carriedout only oncewith an averagevalue
from eachd interval underinvestigation.The parametervalues ¯ � arestored,andfor eachtrial value d the
transversewavevectorcomponents� � and � � areevaluatedaccordingto Tab. 1.

4 Joining the rectangles

For a givenvectorof amplitudes� p� thecorresponding�eld will not satisfythecontinuityrequirementson the
rectangleboundaries.Thedifferencesin the�eld andits normalderivative (possiblymultipliedby thepermit-
tivity) aresquared,summed,andintegratedalongtheboundarylines.Theresultingexpressionú measuresthe
deviationof the�eld prescribedby � � p� ¢ , d from aguidedmode:

ú:ûð+ � p� 4 B ü£ý� > ��� ü£þ ä }�@ ��� ëiÿ þ�� �ÿ þ�� ��� é
��� > ä } X @ _ > ä } X @ c � > X @ _ > X @
	 F + V .YX > K �
4 d� (9)

0 ü£ý� > ��� ü£þ ä }�@ ��� ëiÿ þ�� �ÿ þ�� ��� é
��� > ä } X @ n . _ > ä } X @ c � > X @ n . _ > X @
	 F + V .YX > K �
4 d�

0 ü£ý ä }� > ��� ü£þ�@ ��� ëiÿ ý�� �ÿ ý�� � � é
��� > X @ ä }ä _ > X @ ä } c � > X @| _ > X @ 	 F +E� K?V 9TX @ 4 d�

0 ü£ý ä }� > ��� ü£þ�@ ��� ë ÿ ý�� �ÿ ý�� � � é
��� > X @ ä }ä n 9 _ > X @ ä } c � > X @| n 9 _ > X @ 	 F +E� K?V 9TX @ 4 d� L
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Here, V .YX |~} and V .YX ü£ý ä } areto beunderstoodas c�� and 0 � , likewisefor V 9 . For thepolarizationdependent
weighting factors

�
,
�

,
�

,
�

we choosequantitiesasgiven by Tab. 2. With theseweighting factorsit is
guaranteedthatthecontinuityrequirementson theboundarylinesaresatis�edif theerror ú is exactlyzero.

����� � ����� � � ��� �� � ��� ��
QTE   ´ ÈZ¶ ��� �¶ ��� �"! ¶ ��� �$#&%  ´
QTM   ¶ ��� � ´   ÈT´"'  ¶ ��� � !  ¶ ��� �(#)%+*
Table2: Weights for the least squares boundary error function.

However, theweightingfactorsarechosensomewhatarbitrarily— they mayevenbefunctions,but thereis no
a priori reasonwhy they should.In a numericalcalculationonly a restrictedsetof trial functionsis available,
andtheunknown modefunctionwill usuallynotbeincludedin thefunctionspacespannedby thetrial functions.
Thereforetheminimumachievableerrorandconsequentlytheestimatefor thepropagationconstantdependon
thechoiceof theweightingfactors.However, if thesetof trial functionsis largeenough,onecanexpectthese
dependenceto vanish.

A similar ansatz(LeastSquaresBoundaryResidualMethod)hasbeenappliedsuccessfullyfor thesimulation
of longitudinalwaveguide discontinuities[32, 33, 34]. The authorsusedthe freedomin the choiceof the
weightingfactorsto improve theconditioningof theresultingmatrices(seesection5). We did not exploit this
featurebut merelyintroducedthefactorsQ kYf andthepermittivity averagesin orderto balancethein�uence onú betweenthe�eld, its derivative,andbetweenthecontributionsfrom horizontalandverticalboundaries.

Sinceú scaleswith thesquareof thecoef�cients � p� , only valuesú for normalized�elds areto becompared.
Weusedtheexpression

, ûð+ � p� 4 B ü ý ä }� > ��� ü£þ ä }�@ ��� ëØÿ ý�� �ÿ ý�� � � é
ëiÿ þ�� �ÿ þ�� ��� é h > X @

� _ > X @ +E� K �
4 	 F d� d� (10)

for thesquared�eld norm,with hM> X @CB Q for QTEand h�> X @CB Q kY=?> X @ for QTM polarization.Theremarkon the
choiceof ú appliesfor , aswell.

5 Numerical procedure

Insertingthemodal�eld ansatz(4) into (9) and(10) andanalyticallyevaluatingthe integralsreducestheex-
pressionsfor the�eld errorandnormto simplequadraticforms:ú:ûð+ � p� 4 B-,/.10 û ,PK , û�+ � p� 4 B2,/.13 û ,ñK (11)

where, denotesthevectorof coef�cients � p� and 0 û and 3 û arerealsparsesymmetricmatrices.3 û hasblock-
diagonalform, thesparsitypatternof 0 û �ts to theblockstructureof 3 û . By construction,both 0 û and 3 û are
positive.

While thelatterstatementholdsmathematically, occasionally3 û turnsout to benumericallyinde�nite: a few
negative eigenvalueswith smallmagnitudeoccur. This is dueto anunnecessarilylargesetof trial functionson
at leastonerectangle.Someof thesearenumericallylinearlydependent.(Notethatthespectraldiscretization
procedureconsidersonly the differencebetweenneighboredtrial functions. Subsetsof trial functionswith
differentharmonicandexponentialdependenceareusuallynot orthogonal.)To restorepositivity, onehasto
dropsomeof thetrial functions.For eachrectangle,wecomputethesmallesteigenvalueof therelevantpartof
thenormalizationMatrix 3 û . If this valueis negative, we dropthetrial functionwith thelargestamplitudein
thecorrespondingeigenvector. Thisprocedureis repeateduntil eachblockon thediagonalof 3 û is positive.
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Weareleft with thefollowing minimizationproblem:For given d , �nd , with thesmallest, . 0 û , , subjectto
thecondition , . 3 û ,�B Q . Thisyieldsageneralizedeigenvalueequationfor theoptimalcoef�cient vector:0 û ,�B54 û 3 û ,{L (12)

Thesmallesteigenvalue 4 û mustbecalculated,which is theminimal achievableerror. 4 û is minimizedwith
respectto d , its minimayield approximationsto thepropagationconstants.By insertionof thecorresponding
eigenvectorsinto (3), one�nally obtainsthemodal�elds.

To solve Eq. (12), we followed a strategy asoutlinedin [35]. Cholesky decompositionof the normalization
matrixreducesEq.12to anordinarysymmetriceigenvalueproblem.Thedecompositioncanbedoneseparately
for eachdiagonalblock of 3 û . Two subsequentbacksubstitutionstepstake advantageof the block structure
andthecorrespondingsparsitypatternof 0 û aswell, thusthis partof thecomputationcanbeperformedvery
ef�ciently. AfterwardsweusedtheLAPACK-library [36] to �nd thelowesteigenvalueof theresultingordinary
eigenvalueequation.

Dependingon theeffort investedin theonedimensionalminimizationalgorithm(seee.g.[35]), only very few
evaluationsof (12) are required. A good initial estimatefor the propagationconstantis helpful; we used
WMM-calculationswith a reducednumberof trial functionsfor thatpurpose.

Many interestingstructuresshow a mirror symmetrywith respectto �76 c � , andtheir guidedmodeshave a
de�nite symmetryaswell. In thesecasesthe numberof unknowns in the WMM calculationscanbe halved
if one dropstrial functionswith unwantedsymmetryin the centeredrectangles.Additionally, eachpair of
correspondingcoef�cients onbothsidesmustbetreatedasoneunknown.

6 Results

6.1 Rib waveguides (I)

Tab. 3 summarizestheparametersof threesamplerib waveguidegeometrieswhich have beenwidely usedto
comparedifferentnumericalmethodsfor modecalculations[12, 13, 37, 7, 23, 22, 24, 21]. For Tab. 4, we
extendedthesummaryof previously publishedresultsfrom [21] by valuesfrom [37, 22, 24] andaddeda line
with theWMM effective modalindices.

"�# "�% "'& ) Ç98 m (¡Ç�8 m *GÇ�8 m
(i) :+;<:>= :?; =@=  >; ¸ È+; ¸  A;B Ô¸ ¸?; ÈT¸
(ii) :+;<:AC :?; =@=  >; ¸ :?; ¸ ¸?;B Ô¸ ¸?; DN¸
(iii) :+; =@:@E :?; =@=  >; ¸ =?; ¸ ÈF;GEZ¸ :+;GEZ¸

Table3: Sample geometry parameters. The modeled vacuum wavelength was H:ºI A;<E@EJ8 m.

For waveguides(i) and(ii) theWMM agreesremarkablywell with theotherapproaches,especiallywith the
supercomputer-results from [21] FDM F , while for geometry(iii) theWMM modalindicesareslightly larger.
Forwaveguide(iii), notetheperfectagreementbetweentheWMM andthespectralindex methodSI.According
to aremarkin [21], areasonmaybethelimited computationalwindow of the�nite differencetreatment(width
in the � -direction: FDM } : QZ2 LLK�4 m with exponentialdecay[12], BPM } , BPMF , FDM F : Q>M 4 m with zero
boundarycondition[23, 22, 21]). Ref. [22] containsa �gure with thecorresponding�eld pro�le on the Q>M 4 m
window. The �eld looks like being squeezedbetweenthe window boundaries.Resultsfrom a variety of
othervectorialandsemivectorialmethodsconcerningstructure(i) arecollectedin [19]. Theauthorsgive the
value N L N+O+O+M+O K for theQTE fundamentaleffective modalindex, obtainedby a fully vectorial�nite difference
calculationonadensemesh.TheWMM resultdeviatesonly in thesixthdigit.

Fig. 2 shows intensitycontoursfor thefundamentalQTE andQTM modes.Thereadermaycomparewith the
plots in [21]. Thereis goodagreement,excepttheslightly wider spreadWMM contoursfor guide(iii). The
WMM-calculationsfor thesestructureswereperformedwith equalparametersfor thespectraldiscretization.
We have set ¯ max

B N , ,Oá B N I , and æ BÝI!LAI Q , for all rectanglesandsubsetsof trial functions.This resulted
in modal�elds which areconstructedfrom 887(888),890(897),854(852)trial functions,for guides(i), (ii),
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QTE QTM
(i) (ii) (iii) (i) (ii) (iii)

FDM % 3.38693 3.39544 3.43681 3.38674 3.39059 3.43677
SI 3.38874 3.39527 3.43690 3.38788 3.39032 3.43684
VM 3.38841 3.39544 3.43674 3.38766 3.39162 3.43668
BPM % 3.38871 3.39547 3.43680 3.38792 3.39069 3.43677
BPM ± 3.38876 3.39556 3.43681 3.38799 3.39071 3.43677
BPM P 3.38847 3.3958 3.4360 3.38865 3.3893 3.4367
FDM ± 3.38866 3.39534 3.43678 3.38787 3.39064 3.43674
WMM 3.38866 3.39527 3.43690 3.38780 3.39061 3.43685

Table 4: Modal effective indices °ðÇT´ for the waveguides of Tab. 3. WMM-results are compared with previously
published values (in chronological order): FDM % : finite difference method by Stern [12], SI: spectral index method by
Stern, Kendall and McIlroy [37], data from [22], VM: variational approach by Huang and Haus [7], BPM % , BPM ± , BPM P :
finite difference beam propagation by Liu, Yang, and Yuan [23], by Liu and Li [22], and by Lee and Voges [24], FDM ± :
finite difference approach by Noro and Nakayama [21].

(i) QTE (i) QTM

(ii) QTE (ii) QTM

(iii) QTE (iii) QTM

Figure2: Modal field intensities for the sample structures with parameters of Tab. 3. Contour levels are spaced by
5% of the maximum field intensity. Note that the clippings from the waveguide cross section are chosen for displaying
purposes only, the WMM fields are defined for the entire Q - R -plane. Horizontal and vertical lines indicate the refractive
index profile and its splitting into rectangular sections.

(iii) andQTE(QTM) polarization.For testpurposes,symmetrywith respectto � BWI wasnot imposedby the
selectionof the trial functions. Coef�cients for antisymmetrictrial functionsin the centeredrectangleswere
computedapproximatelyzero,while correspondingvalueson bothsidesof thesymmetryplaneturnedout to
beequal,asexpected.

6.2 Rib waveguides (II)

Tab. 5 listsmodalindicesfor anotherfrequentlyinvestigatedrib waveguidegeometry[2, 10,11, 12, 16, 17, 20].
It considersribsof equalwidth,etchedwith varyingdepthfrom thesame�lm. Againwefoundgoodagreement
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*GÇ�8 m 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
FEM % 3.41200 3.41220 3.41235 3.41255 3.41285 3.41315 3.41365 3.41410 3.41475
FDM % 3.41188 3.41200 3.41217 3.41240 3.41271 3.41310 3.41358 3.41415 3.41484
FEM ± 3.40970 3.40971 3.41003 3.41025 3.41057 3.41097 3.41148 3.41210 3.41298
FEM P 3.41194 3.41209 3.41224 3.41247 3.41278 3.41312 3.41358 3.41414 3.41480
FDM ± 3.41200 3.41211 3.41226 3.41247 3.41275 3.41311 3.41355 3.41408 3.41472
WMM 3.41204 3.41214 3.41229 3.41250 3.41277 3.41312 3.41356 3.41409 3.41473

Table5: QTE modal effective indices °ðÇZ´ for rib waveguides as sketched in Fig. 1 with parameters ) ºS:+; ¸/8 m,(/ºT A; ¸U8 m ²µ* , H:ºV >;W �E/8 m, " # ºX:?; =y¸ , " % ºX:?; =@= , " & ºY >; ¸ . FEM % : vectorial finite element method by Rahman and
Davies [11] (data from [20]), FDM % : semivectorial finite difference method by Stern [12], FEM ± , FEM P : vectorial finite
element methods by Abid et. al. [16] and Koshiba et. al. [17], FDM ± : vectorial finite difference approach by Hadley and
Smith [20]), WMM: the present method.

Z\[ 0.1 ] m, QTE Z\[ 0.1 ] m, QTM

Z\[ 0.5 ] m, QTE Z\[ 0.5 ] m, QTM

Z\[ 0.9 ] m, QTE Z\[ 0.9 ] m, QTM

Figure3: Fundamental modal fields for rib waveguides with varying etching depth ( * : remaining film thickness) and
parameters as given for Tab. 5. The contour levels are spaced by 5% of the maximum field.

betweentheWMM andpreviousmethods,especiallywith thevectorialapproachFDM F [20].

Someof thecorrespondingmodalpro�les areshown in Fig.3. For largeretchingdepth,slight�eld irregularities
remainedcloseto thearti�cial rectangleboundariesin thesubstratelayer(if contoursfor ^ r 9_^ F weredrawn, this
would not bevisible). Nevertheless,the �elds look reasonable,the irregularitiesdisappearwith �ner spectral
discretization.The�elds werecalculatedwith parameters̄ max

B N , ,:á B N I , and æ B�I!LAI Q . Symmetrywith
respectto � BJI hasbeenexplicitely imposedfor thisandall following examples.For ^PBJI!La`b4 m, thedepicted
QTEmodalfunctionconsistsof K M I trial functionswith âdc 2 independentcoef�cients.

In arecentreview article[2], theseribswith varyingetchingdepthwerechosenfor abenchmarktest.Amonga
varietyof othervectorialandsemivectorialapproaches,theauthorconsideredtheModalTransverseResonance
MethodMTRM [28] (ModeMatchingMethod)to bethemostreliablefor thesewaveguides.Tab. 6 compares
effective modalindicesfrom [2] with WMM values,normalizedas e B +�+ d«kYf 4�F c D£F fT4 k +ED£F g c D£F fT4 . Results
from othermethodsregardedin [2] asreliabledonotdeviateby morethan I!LAImI Q from theMTRM. TheWMM
modalindices,computedwith themoderatespectraldiscretizationnotedabove, fall within this limit aswell.
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QTE QTM*GÇ�8 m 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
MTRM 0.3019 0.3110 0.3270 0.3512 0.3883 0.2674 0.2751 0.2890 0.3107 0.3455
WMM 0.3024 0.3112 0.3268 0.3508 0.3881 0.2676 0.2759 0.2892 0.3102 0.3451

Table6: Normalized modal effective indices h for rib waveguides with parameters as given for Tab. 5. MTRM: Results
from the modal transverse resonance method by Sudbø, from [2].

6.3 Directional coupler

Twoparallelrib waveguidesonthesame�lm mayberegardedasthecentralpartof adirectionalcouplerdevice.
In [21] suchacouplerstructuremadeof twowaveguidesof type(ii) in Tab. 3hasbeeninvestigated.Fig.4 shows
modalintensitycontoursfor the ribs at a distanceof Q 4 m. We calculatedQ>N LLK M+Mm2 K�4 m |~} ( Q>N LLKF`+cyâmâ(4 m |~} )
and Q>N LLK M â 2 K�4 m |~} ( Q>N LLK Mm2!Q K�4 m |~} ) for thepropagationconstantsd f ( d è ) of thesymmetric(antisymmetric)
supermodesfor a waveguideseparationof Q 4 m and N 4 m, respectively. Thecorrespondingcouplinglengthesj k ^ d f czd è ^ are I!L â M mmand Q L âdc mm. Thisagreeswell with thevaluesof I!L âd` mmand Q L âiK mmgivenin [21].

(a)

(b)

Figure4: Intensity contours for the symmetric (a) and antisymmetric (b) fundamental QTE supermode of a directional
coupler formed by two waveguides with the parameters of geometry (ii) in Tab. 3. Separation of the ribs is  j8 m.

6.4 Multimode waveguide

For thedesignof multimode-interference(MMI) devices[38, 39, 40, 41, 8, 42, 43, 34], abasictaskis theexact
calculationof propagationconstantsand modal �elds for all guidedmodesof a multimoderib waveguide.
Usually the effective index methodis used(eventually combinedwith an approximateanalytic expression
for the propagationconstantsof a broadslab[38, 41]), but undercertaincircumstancesdeviationsfrom this
approximateapproachbecomerelevant [8]. To analyzehigherordermodesof broadrib waveguideswith a
rigorous�nite differenceor �nite elementmethod,the largewaveguidecrosssectionmustbecoveredwith a
densemesh,thusthesesimulationsmayberelatively expensive. Thespectralindex methodhasbeenemployed
[8], but it reliesonvanishing�elds ontherib surface,soit is of limited applicability. Wewill thereforeconsider
a singlemultimoderib asthelastexample.Sincethetrial functionsalreadyexhibit theappropriatesinusoidal
dependencein theguidingregion, onecanexpectour methodto yield goodresultswith only a smallnumber
of unknowns.

Sucha multimodestructureservesbestto illustratethe behaviour of the WMM error function. Fig. 5 shows
the remainingerror ú/û�+ � p� 4 in the �eld on the rectangleboundarieswith the optimumvectorof coef�cients� p� insertedfor eachtrial value d . The functionsfor symmetricandantisymmetrictrial �elds consistof sec-
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tionswith parabolicappearance,eachcenteredarounda propagationconstantat its minimum. Thusafteran
initial bracketing thepropagationconstantscanbe�x edef�ciently with only a very smallnumberof function
evaluations[35]. Thedomainwith this piecewise-parabolicbehaviour is limited by thepropagationconstantQ I!L QmQ>M ` N 4 m |~} of thecorrespondingplanarwaveguide.For larger d -parameters,themonotonousincreaseof
bothcurves(asvisible in Fig. 5) continues.Thedatawerecalculatedwith a spectraldiscretizationgiven by¯ max

B N , , á B N I , and æ BWI!LAI Q .

Figure5: Dependence of the optimum field error 8jk on the trial value ° for the analysis of a multimode rib waveguide
Each minimum indicates a propagation constant. The continuous (dotted) line corresponds to symmetric (antisymmetric)
QTM-polarized trial fields. We adopted a typical parameter set for magnetic garnets, a YIG rib on a GGG substrate [30]:)8ºT �¸?; ¸/8 m, (OºÖ¸+;GEJ8 m, *�ºe¸+; ¸/8 m, H:ºT >;<:/8 m, "
# ºT >;<D@E , "
%;ºeÈ+; : , "'&UºV >; ¸ (see Fig. 1).

For thetotally etchedstructure( ^tB÷I ) theWMM hasfound11 guidedQTM-modes.As illustratedby Fig. 6,
the dependenceof the propagationconstantson the modenumberis well approximated[38, 41, 8] by the
formula

DUl B D_m c l Fm+onO0WQy4GFOyD m+p F K (13)

whereDUl is theeffective modalindex of modenumbern and Dqm B 2 LAI?c N!Q theeffective index of theequivalent
planarwaveguide.

Figure6: QTM effective modal indices of two multimode rib waveguides versus the number of zero lines of the mode
function in the lateral direction. Circles indicate modal indices for a deeply etched structure with (Oº�¸?;<EJ8 m, *�ºÖ¸+; ¸/8 m,
rectangles show values for a less confining waveguide (¬ºR¸+;W j8 m, *$ºR¸+; =U8 m; other parameters are as given for Fig. 5.
Open (filled) symbols correspond to symmetric (antisymmetric) modes. The line shows the levels given by Eq. (13).

Accordingto Fig. 6 this simpleexpressionis no longervalid for a lessdeeplyetchedrib. Themodesareless
con�ned andsomeof thehigherordermodesarecutoff, with thecutoff valuegivenby theplanarpropagation
constantof theouterslabof thicknesŝ . Thereadermaycomparewith themoredetaileddiscussionin [8].

Finally Fig. 7 shows a seriesof modalintensityplotsfor thisstructure.It shouldsupplysomeevidencefor the
ability of theWMM to approximatefundamentalaswell ashigherordermodes.
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Figure7: Field intensity plots for the guided QTM-modes of a broad rib waveguide as prescribed by the parameters of
Fig. 5. The contours correspond to the square r sut?r ± of the transverse magnetic field.

7 Conclusions

Obviously the simple linear combination(3) of factorizingtrial functions(4) with exponentialor harmonic
dependenceon the transversecoordinatesforms a promisingansatzfor the calculationof guidedwaveguide
modes.Althoughconvergencefor densespectraldiscretizationis not proven,this functionspaceturnedout to
belargeenoughto approximatetheunknown exactmodal�elds well. Insidethehomogeneousrectanglesthe
trial functionssolveMaxwellsequationsexactly. The�eld mismatchontheboundariesallows to determinethe
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propagationconstantsviaminimizationof aleastsquaresquadraticform (9). For two widely establishedbench-
markproblems,we foundexcellentagreementbetweentheWMM andseveralpreviouslypublishedmethods.

TheWMM shows to bequiteeconomicbothin computationaltime andmemoryconsumption.Calculationof
asinglerib waveguide,e.g.thestructurefor ^PBJI in Tab. 5, takesaboutoneminuteonaHP-9000/715KF` Mhz
workstationfor a programwithout specialoptimizationeffort, outputof themodal�eld included.Memoryis
requiredfor two matriceswith a dimensionof order500 only; thereforethe methodis well quali�ed for an
implementationonmodernpersonalcomputers.

Frequentlya modesolver forms only the basisof a moreextensive tool for integratedopticsdesign. Unlike
methodsbasedon�nite differencesor �nite elements,theWMM yieldscontinuousmodal�eld representations
whicharede�ned on theentireplaneof thewaveguidecrosssection.They arethereforewell suitedfor further
processing,likecalculationof overlapintegrals,propagatingmodeanalysisor evaluationof perturbationtheory
integrals(eg. [30]).

Althoughwerestrictedourselvesto thesemivectorialanalysis,extensionof theWMM to vectorialcalculations
is possible. On eachrectangle,two independentsetsof trial functionsare introducedto representthe two
transverseelectricor magnetic�eld components.Thevectorialcontinuityrelationsfor thesecomponentsmust
betranslatedinto aleastsquaresexpression.Thisapproachavoidsproblemsconcernedwith thediagonalization
of nonsymmetricmatricesfor bothvectorialandsemivectorialcalculations.
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