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Abstract: Frequenththecrosssectionof alongitudinallyhomogeneoudielectricwave-
guidemay be decomposeihto rectanglesvith constanpermittiity. For pointsinside
theserectangleshe wave equationfor modal elds is solved analyticallyby expanding
into functionswith harmonicor exponentialdependencen the transersecoordinates.
Minimizationof aleastsquaregxpressiorfor theremainingmis t ontheboundarylines
allows usto determinepropagatiorconstantsand elds for guidedmodes.Semvecto-
rial calculationgor two setsof rib waveguidesandthe centersectionsof a directional
couplerandaMMI device shav very goodagreementvith resultsfoundin theliterature.
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1 Introduction

Accuratecalculationof modal elds and propagationconstantss one of the principal tasksof numerically
simulatingintegratedopticaldevices.A largevarietyof computationamethodshave beenproposedfl, 2] give
anoverview. Thereareafew approximatie analyticalapproachetowardstheproblem(e.g.[3, 4,5, 6, 7, 8, 9]).
While beingquiteeconomicalvith computationatesourcesheirapplicabilityis limited by theapproximations
they rely on. More versatile but computationallynoreexpensve methodsareusuallybasedn nite element
or nite differenceapproximation®f Maxwellsequationge.g.[10, 11, 12,13, 14, 15, 16, 17, 18, 19, 20, 21)),
someusingbeampropagatiortechniquege.g.[22, 23, 24, 25, 26]). Othersexpandthe electromagneticelds
into setsof orthogonafunctions(e.g.[27, 28, 29, 30]), [31] suggesta mixtureof both.

Waveguidesin integratedoptics are formedeither by a diffusion or an etchingprocess.In the rst casethe
refractive index variessmoothlyin the substrateregion, in the secondcasethe guiding pro le shavs sharp
discontinuitieswith constanpermittivity in-between.Most examplesin the abose mentionedarticlesreferto
waveguidesof thesecondype,but mostof themorerigorousmethodsio notexploit thisfeature.Ourapproach
is basednit.

As a motivation, recallthe commonway to calculatepropagatiorconstantandmodal elds of a planar slab
waveguidewith stepwiseconstantrefractive index pro le. Threestepshave to be performed.First, for each
slab, one hasto write the modal eld asa sumof physicallyreasonabldundamentakolutionsof the wave
eguation.Secondthe continuity requirementgor the electromagneticelds mustbe incorporatedo connect
the unknawn coefcients on neighboringslabs,resultingin a systemof linear equations.Third, this system
hasto be solved for a norvanishing eld. We tried to establishan analogougprocedurefor two transerse
dimensions.

Thepaperlis organizedasfollows. In the next sectionwe introducesomenotationandrecallthe basicrelations
for semvectorial modal elds. In section3 suitablefundamentakolutionsare setup, separatelyfor each
regionwith constantefractive index. Sincethenumberof thesdrial functionsis notlimited, onehasto select.
Thereforethe methodcannotbe expectedto give exactresultsasin the planarcase,andthe way to connect
differentregionsandthe solutionmethodhave to be modi ed. We adopteda leastsquaresnethodsimilar to
[32], seesection4. The resultingnumericalprocedureo determineguidedmodesis the subjectof section
5. Thelastmainsectionreportson samplecalculationdor severalrib waveguidestucturesandcomparesvith
resultsof othermethods For this purposewe referto the presentpproaclhas”w ave matchingmethod”"WMM.
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2 Equations for guided modes

Considera longitudinally homogeneouslielectricwaveguide prescribedoy a permittivity pro le which can
bedividedinto rectanglewith constantrefractve index. The -axisdenoteghedirectionof propagationthe
transerse( , ) axesareparallelto therefractive index discontinuitiesFig. 1 shavs atypical example.

-

E

Figurel: Sample structure: The cross section of a rib waveguide can be divided into 12 rectangles with constant
permittivity. Note that the first and last rectangles in each horizontal and vertical slice are unbounded.

k]

refractive indices of the substrat, film and cover layer, , : rib height and width, : remaining film thickness.

Thewaveguidecrosssectionconsistof rectanglesith diagonalisotropicpermittivity
) , , separatetbhy thehorizontallines ,

andverticallines , . Thesuperscript will beusedto shorthandlenotearectangle

All electromagnetield components areof theform
¢ (1)

where is the angularfrequeng correspondindo the vacuumwavelength andspeedof
light . Insertedinto Maxwell's equationsthis ansatzyields the following equationfor the components of
themodal elds andthepropagatiorconstant :

(2)

It is valid for all pointsinsiderectangle andhasto be supplementethy suitablecontinuity relationson the
boundariesWe restrictourselesto the semvectorialtreatmen{12, 13], assuminghatreplacing by

is agoodapproximatioratleastfor the modesunderconsiderationTypically, is alongthe substratesurface,
thedirectionin whichthe eld is lesstightly con ned.

For so calledQuasi-TEpolarization(QTE), considerthe electric eld component . The secondransersal

component is assumedo vanish. On horizontalboundaries, andits normaldervative ( )

mustbe continuous On verticalboundariesgontinuityis requiredfor the product (thenormalcomponent
of thedielectricdisplacementandthe derivative ( ). In generathereis adiscontinuityin ~ onthe

lines

For Quasi-TMpolarization(QTM), we usethe -component of themagneticeld, setting tozero.On

horizontalboundaries, andtheproduct ( ) mustbe continuouswhile on verticalboundaries
boththe eld andits normalderiative ( ) have to becontinuous.

A guidedmodeis foundif onecanwrite down a squareintegrable eld  which satis esEq. (2) insidethe
rectanglesindthe continuityrequirement®n their boundariesThis will be possibleonly for a certainnumber
of discretepropagatiorconstants .

To calculatehemwe implementedhefollowing procedureFor atrial value , onepicksthat eld fromagiven
superpositiorof solutionsto Eq. (2) which meetsthe boundaryconditionsbest. Neara propagatiorconstant
theremainingviolation of continuityrequirementss expectedto be minimalwith respecto . Theminimum
identi es the estimatefor the propagatiorconstantthe correspondingptimaltrial functionapproximateshe
modal eld.



3 Trial functions

Oneachrectangle ,themodal eld is assumedo bealinearcombinationof  trial functions
if rectangle , with 3)

Theunknavn amplitudes  will besubjectof the subsequertomputation.

SinceEg. (2) andthe boundaryconditionsarereallinear relations their solutionscanbe choserreal aswell.
We specializeo functionswhich factorizewith respecto thetransersecoordinates:

(4)

: arelocal coordinateoffsetsand  is anormalizationconstan{seebelow). For therestof this section
we suppresshelabel of therectanglaunderconsideration.

satis esEq.(2) for , iIf anidentity

(5)

holdsfor the transersewave vectorcomponents , . The signsdependon whether or was
choserfor  and

Now for eachrectangle andtrial value areasonablsetof parameters, , , , mustbe x ed.First
considera nite rectangle(indices and ) with larger thanthe local refractive
index. Since , atleastoneof and mustbethe  -function. As shavn in
Tah 1(a), the setof trial functionscanbe divided into 12 subsets.Eachis characterizedby a choicefor
and andthesignsof and . Possiblgransersewave vectors arelocatedon acircle with radius

(for ) or a hyperbola(otherwise). Thusthey may be prescribedoy discrete
values choserfrom asingleparametemtenal (seeTah 1).

(@) ; (b) ;

Tablel: Trial functions for a finite rectangle.

Tah 1(b) givesthe setsof trial functionsfor a nite rectanglef is smallerthanthe local refractive index.
Sincenow , atleastoneof and mustbeaharmonicfunction.

Thelocal coordinateoffsets areintroducedto meetsymmetryrequirementsndto handlethe expo-
nentialfunctionsnumerically For rectangle , if with ( ) set

( ). Otherwisefor or , set . Analogously is x ed
in termsof , dependingpn  and

For unboundedectangleg or : or ) Tah 1 appliesaswell. Merely elds

which arenotsquarentegrableover therectanguladomainmustbe dropped.
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On cornerrectanglesge.g. , , only one subsetwith outwards exponentialdecayingfunctions
remainsprovidedthat is largerthanthelocal refractive index. Otherwiseno admissiblesubsewould be
left, thusno guidedmodeis possible.On the contrary for rectanglesinboundedn only onedirection,both
signsof yield valid subsets.The situationwith smallerthanthe local refractive index occurs
frequently e.qg.if arib hasbeenetchedrom aguiding Im assketchedn Fig. 1.

Now for eachsubseta numberof discretevalues mustbeselectedLet denotethe maximumnumber If
onlyoneof and isexponential the parametemtenal is not boundedWe introduceda largestadmissible
value ., Whichis setto if both and areexponentialor harmonicfunctions. The selectedvalues
shouldbeatleastspacedy .x

Theselectionstartswith anarbritarily prescribedzalue. We used if onlyoneof and isexponential

and otherwise.It de nesatrial function . Thenext parameter shouldyield a function
which differssigni cantly from . A parameter will limit this difference.Theintegrateddeviation

betweerthezerofunctionandarbitrarylinearcombination®f thetwo functionsshouldbelargerthan :

d d (6)

For normalizedunctions dd dd —thisde nesthenormalizatiorconstants
introducedabore — Eq. (6) reducego

dd @)

Expansiorof  resultsin a conditionfor theadmissiblgparametedifference

—— where -— (8)

is evaluatedasa nite differenceexpression.

With this condition (8) andthe constraint max thevalues canbe selectedproceedingstep-
wise towardsboth endsof the parameteintenal. This mustbe doneseperatelyfor eachrectangleandeach
subsef trial functions.Oneobtainsa spectraldiscretizatiorwith nonequidistanstepsizes  onaspectral
computationalvindow max -

Sincethetrial value entersthis discretizationprocedurejt is carriedout only oncewith an averagevalue
from each intenal underinvestigation. The parametevalues arestored,andfor eachtrial value the
transersewave vectorcomponents and areevaluatedaccordingo Tah 1.

4 Joining the rectangles

For agivenvectorof amplitudes thecorrespondingeld will not satisfythe continuityrequirement®n the
rectangleboundariesThedifferencedn the eld andits normalderivative (possiblymultiplied by the permit-
tivity) aresquaredsummedandintegratedalongtheboundaryines. Theresultingexpression measurethe
deviation of the eld prescribedy , fromaguidedmode:

d 9)



Here, and areto beunderstoods and , likewisefor . Forthepolarizationdependent
weightingfactors , , , we choosequantitiesasgiven by Tah 2. With theseweightingfactorsit is
guaranteethatthe continuityrequirementsn theboundarinesaresatis edif theerror is exactly zero.

QTE - | — -

QTM _ — —
Table2: Weights for the least squares boundary error function.

However, theweightingfactorsarechosersomavhatarbitrarily— they mayevenbefunctions,but thereis no
a priori reasonwhy they should. In a numericalcalculationonly a restrictedsetof trial functionsis available,
andtheunknavn modefunctionwill usuallynotbeincludedin thefunctionspacespannedby thetrial functions.
Thereforethe minimumachiazableerrorandconsequentlyhe estimateor the propagatiorconstantiepencbn
the choiceof theweightingfactors.However, if the setof trial functionsis large enoughpnecanexpectthese
dependencto vanish.

A similar ansat4LeastSquareBoundaryResidualMethod)hasbeenappliedsuccessfullyfor the simulation
of longitudinal waveguide discontinuities[32, 33, 34]. The authorsusedthe freedomin the choiceof the
weightingfactorsto improve the conditioningof theresultingmatriceg(seesection5). We did not exploit this
featurebut merelyintroducedhefactors  andthepermittvity averagesn orderto balancehein uence on
betweerthe eld, its derivative, andbetweerthe contritutionsfrom horizontalandverticalboundaries.

Since scaleswith the squareof thecoefcients , only values for normalized elds areto be compared.
We usedthe expression

dd (10)

for thesquaredeld norm,with for QTEand for QTM polarization.Theremarkonthe
choiceof appliesfor aswell.

5 Numerical procedure

Insertingthe modal eld ansatz4) into (9) and(10) andanalyticallyevaluatingthe integralsreduceghe ex-
pressiongor the eld errorandnormto simplequadratidorms:

(11)

where denoteshevectorof coefcients and and arerealsparsesymmetriomatrices. hasblock-

diagonafform, the sparsitypatternof ts totheblockstructureof . By constructionpoth and are
positive.

While the latter statemenholdsmathematicallyoccasionally  turnsoutto be numericallyinde nite: afew

negative eigervalueswith smallmagnitudeoccur Thisis dueto anunnecessariljarge setof trial functionson

atleastonerectangle Someof thesearenumericallylinearly dependent(Note thatthe spectraldiscretization
procedureconsidersonly the differencebetweenneighboredrial functions. Subsetsf trial functionswith

differentharmonicand exponentialdependencare usuallynot orthogonal.) To restorepositivity, onehasto

dropsomeof thetrial functions.For eachrectanglewe computethe smalleskigevalueof therelevantpart of

thenormalizationMatrix . If thisvalueis negative, we dropthetrial functionwith the largestamplitudein

the correspondingigewvector This procedures repeatedintil eachblock onthediagonalof s positive.



We areleft with thefollowing minimizationproblem:For given , nd  with thesmallest , Subjectto
thecondition . Thisyieldsageneralizeeigewalueequatiorfor the optimalcoefcient vector:

(12)

Thesmallesteigewalue  mustbe calculatedwhich is the minimal achievzable error. is minimizedwith
respecto |, its minimayield approximationgo the propagatiorconstantsBy insertionof the corresponding
eigervectorsinto (3), one nally obtainsthemodal elds.

To solwe Eq. (12), we followed a stratgy asoutlinedin [35]. Cholesl decompositiorof the normalization
matrixreduced$q. 12to anordinarysymmetriceigewvalueproblem.Thedecompositiomanbedoneseparately
for eachdiagonalblock of . Two subsequenbacksubstitutiorstepstake advantageof the block structure
andthe correspondingparsitypatternof ~ aswell, thusthis partof the computatiorcanbe performedvery
ef ciently. Afterwardswe usedthe LAPACK:-library[36] to nd thelowesteigewvalueof theresultingordinary
eigewalueequation.

Dependingon the effort investedin the onedimensionahinimizationalgorithm(seee.g.[35]), only very few
evaluationsof (12) arerequired. A good initial estimatefor the propagationconstantis helpful; we used
WMM-calculationswith areducechumberof trial functionsfor thatpurpose.

Many interestingstructuresshav a mirror symmetrywith respecto , andtheir guidedmodeshave a
de nite symmetryaswell. In thesecaseshe numberof unknavnsin the WMM calculationscanbe halved
if onedropstrial functionswith unwantedsymmetryin the centeredrectangles.Additionally, eachpair of
correspondingoefcients on bothsidesmustbetreatedasoneunknavn.

6 Results

6.1 Rib waveguides (I)

Tah 3 summarizeshe parametersf threesamplerib waveguide geometriesvhich have beenwidely usedto
comparedifferentnumericalmethodsfor modecalculationg12, 13, 37, 7, 23, 22, 24, 21]. For Tah 4, we
extendedthe summaryof previously publishedresultsfrom [21] by valuesfrom [37, 22, 24] andaddeda line
with theWMM effective modalindices.

(1)
(ii)
(iii)

Table3: Sample geometry parameters. The modeled vacuum wavelength was m.

For waveguides(i) and(ii) the WMM agreegsemarkablywell with the otherapproachesgspeciallywith the
supercomputeresuls from [21] FDM , while for geometry(iii) the WMM modalindicesareslightly larger
Forwaveguide(iii), notetheperfectagreemenietweertheWMM andthespectralndex methodSl. According
toaremarkin [21], areasormaybethelimited computationalindow of the nite differencetreatmentwidth
in the -direction: FDM m with exponentialdecay[12], BPM , BPM , FDM : m with zero
boundarycondition[23, 22, 21]). Ref.[22] containsa gure with thecorrespondingeld pro le onthe m
window. The eld looks like being squeezedetweenthe windonv boundaries. Resultsfrom a variety of
othervectorialandsemiectorialmethodsconcerningstructure(i) arecollectedin [19]. The authorsgive the
value for the QTE fundamentakffective modalindex, obtainedby a fully vectorial nite difference
calculationonadensemesh.TheWMM resultdeviatesonly in the sixth digit.

Fig. 2 shawvs intensitycontoursfor the fundamentaQTE andQTM modes.Thereademay comparewith the
plotsin [21]. Thereis goodagreementexceptthe slightly wider spreadWMM contoursfor guide (iii). The
WMM-calculationsfor thesestructureswvere performedwith equalparametergor the spectraldiscretization.
We have set  ax , , and , for all rectanglesindsubset®f trial functions. This resulted
in modal elds which areconstructedrom 887 (888),890(897),854 (852)trial functions,for guides(i), (ii),
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QTE QT™M

® | (i) | (iii) ® | (i) | (iii)

FDM 3.38693 | 3.39544 | 3.43681 | 3.38674 | 3.39059 | 3.43677
SI 3.38874 | 3.39527 | 3.43690 || 3.38788 | 3.39032 | 3.43684
VM 3.38841 | 3.39544 | 3.43674 || 3.38766 | 3.39162 | 3.43668
BPM 3.38871 | 3.39547 | 3.43680 || 3.38792 | 3.39069 | 3.43677
BPM 3.38876 | 3.39556 | 3.43681 || 3.38799 | 3.39071 | 3.43677
BPM 3.38847 | 3.3958 | 3.4360 3.38865 | 3.3893 | 3.4367
FDM 3.38866 | 3.39534 | 3.43678 || 3.38787 | 3.39064 | 3.43674
WMM || 3.38866 | 3.39527 | 3.43690 || 3.38780 | 3.39061 | 3.43685

Table4: Modal effective indices for the waveguides of Tab. 3. WMM-results are compared with previously
published values (in chronological order): FDM : finite difference method by Stern [12], SI: spectral index method by
Stern, Kendall and Mcllroy [37], data from [22], VM: variational approach by Huang and Haus [7], BPM , BPM , BPM :
finite difference beam propagation by Liu, Yang, and Yuan [23], by Liu and Li [22], and by Lee and Voges [24], FDM
finite difference approach by Noro and Nakayama [21].
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Figure2: Modal field intensities for the sample structures with parameters of Tab. 3. Contour levels are spaced by

5% of the maximum field intensity. Note that the clippings from the waveguide cross section are chosen for displaying

purposes only, the WMM fields are defined for the entire - -plane. Horizontal and vertical lines indicate the refractive

index profile and its splitting into rectangular sections.

(i) andQTE (QTM) polarization.For testpurposessymmetrywith respecto wasnot imposedby the
selectionof the trial functions. Coefcients for antisymmetridrial functionsin the centeredectanglesvere
computedapproximatelyzero,while corresponding/alueson both sidesof the symmetryplaneturnedout to
beequal,asexpected.

6.2 Rib waveguides (II)

Tah 5 listsmodalindicesfor anotheffrequentlyinvestigatedib waveguidegeometny2, 10,11, 12, 16, 17, 2Q].
It considersibsof equalwidth, etchedwith varyingdepthfrom thesamelm. Againwefoundgoodagreement



m | 00 | o1 | 02 | 03 | 04 | 05 | 06 | 07 | 08
FEM || 3.41200 | 3.41220 | 3.41235 | 3.41255 | 3.41285 | 3.41315 | 3.41365 | 3.41410 | 3.41475
FDM || 3.41188 | 3.41200 | 3.41217 | 3.41240 | 3.41271 | 3.41310 | 3.41358 | 3.41415 | 3.41484
FEM || 3.40970 | 3.40971 | 3.41003 | 3.41025 | 3.41057 | 3.41097 | 3.41148 | 3.41210 | 3.41298
FEM || 3.41194 | 3.41209 | 3.41224 | 3.41247 | 3.41278 | 3.41312 | 3.41358 | 3.41414 | 3.41430
FDM || 3.41200 | 3.41211 | 3.41226 | 3.41247 | 3.41275 | 3.41311 | 3.41355 | 3.41408 | 3.41472
WMM || 3.41204 | 3.41214 | 3.41229 | 3.41250 | 3.41277 | 3.41312 | 3.41356 | 3.41409 | 3.41473

Table5: QTE modal effective indices for rib waveguides as sketched in Fig. 1 with parameters m,

m m, s s . FEM : vectorial finite element method by Rahman and
Davies [11] (data from [20]), FDM : semivectorial finite difference method by Stern [12], FEM , FEM : vectorial finite
element methods by Abid et. al. [16] and Koshiba et. al. [17], FDM : vectorial finite difference approach by Hadley and
Smith [20]), WMM: the present method.
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Figure3: Fundamental modal fields for rib waveguides with varying etching depth ( : remaining film thickness) and
parameters as given for Tab. 5. The contour levels are spaced by 5% of the maximum field.

betweerthe WMM andpreviousmethodsgespeciallywith the vectorialapproaci=DM [20].
Someof thecorrespondingnodalpro les areshavnin Fig. 3. Forlargeretchingdepth slight eld irregularities

remainedloseto thearti cial rectangldooundariesn thesubstratéayer(if contourdor weredrawn, this
would not bevisible). Neverthelessthe elds look reasonablethe irregularitiesdisappeawith ner spectral
discretization.The elds werecalculatedvith parameters .« , , and . Symmetrywith

respecto hasbeenexplicitely imposedor thisandall following examples.For m, thedepicted
QTE modalfunctionconsistof trial functionswith independentoefcients.

In arecentreview article[2], theseribs with varyingetchingdepthwerechoserfor abenchmarkest. Amonga
varietyof othervectorialandsemvectorialapproachesheauthorconsideredhe Modal Trans\erseResonance
MethodMTRM [28] (Mode MatchingMethod)to bethe mostreliablefor thesewaveguides.Tah 6 compares
effective modalindicesfrom [2] with WMM values,normalizedas . Results
from othermethodgsegardedn [2] asreliabledo notdeviate by morethan fromthe MTRM. TheWMM
modalindices,computedvith themoderatespectraddiscretizatiomotedabaove, fall within thislimit aswell.



QTE QTM

m 01 [ 03 | 05 [ 07 | 09 01 [ 03 | 05 [ 07 [ 09
MTRM [[ 0.3019 | 0.3110 | 0.3270 | 0.3512 | 0.3883 || 0.2674 | 0.2751 | 0.2890 | 0.3107 | 0.3455
WMM || 0.3024 | 0.3112 | 0.3268 | 0.3508 | 0.3881 || 0.2676 | 0.2759 | 0.2892 | 0.3102 | 0.3451

Table6: Normalized modal effective indices

for rib waveguides with parameters as given for Tab. 5. MTRM: Results

from the modal transverse resonance method by Sudbg, from [2].

6.3 Directional coupler

Two parallelrib waveguidesonthesamelm mayberegardedasthecentralpartof adirectionalcouplerdevice.
In[21] suchacouplerstructuremadeof two waveguidesof type(ii) in Tah 3 hasbeeninvestigatedFig. 4 shavs
modalintensity contoursfor theribs at a distanceof = m. We calculated m ( m )

and m ( m ) for thepropagatiorconstants () of thesymmetric(antisymmetric)
supermodefor a waveguideseparatiorof mand m, respectiely. Thecorrespondingouplinglengthes
are mmand mm. Thisagreeavell with thevaluesof mm and mm givenin [21].
E,
o I
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Figure4: Intensity contours for the symmetric (a) and antisymmetric (b) fundamental QTE supermode of a directional

coupler formed by two waveguides with the parameters of geometry (ii) in Tab. 3. Separation of the ribsis ~ m.

6.4 Multimode waveguide

For thedesignof multimode-interferenc@MMI) devices[38, 39, 40, 41, 8,42, 43, 34, abasictaskis theexact
calculationof propagationconstantsand modal elds for all guidedmodesof a multimoderib waveguide.
Usually the effective index methodis used(eventually combinedwith an approximateanalytic expression
for the propagatiorconstantof a broadslab[38, 41]), but undercertaincircumstancesleviationsfrom this
approximateapproachbecomerelevant [8]. To analyzehigherordermodesof broadrib waveguideswith a
rigorous nite differenceor nite elementmethod,the large waveguide crosssectionmustbe coveredwith a
densemeshthusthesesimulationanayberelatively expensve. Thespectraindex methodhasbeenemplged
[8], butit reliesonvanishing elds ontherib surface,soit is of limited applicability Wewill thereforeconsider
a singlemultimoderib asthelastexample.Sincethetrial functionsalreadyexhibit the appropriatesinusoidal
dependencan the guidingregion, one canexpectour methodto yield goodresultswith only a smallnumber
of unknavns.

Sucha multimodestructuresenesbestto illustratethe behaiour of the WMM error function. Fig. 5 shaws
the remainingerror in the eld on the rectangleboundarieswith the optimumvectorof coefcients
insertedfor eachtrial value . Thefunctionsfor symmetricandantisymmetridrial elds consistof sec-



tionswith parabolicappearancesachcenteredarounda propagatiorconstaniat its minimum. Thusafteran
initial bracleting the propagatiorconstantsanbe x edefciently with only a very smallnumberof function
evaluationg[35]. The domainwith this piecavise-parabolidoehaiour is limited by the propagatiorconstant
m  of thecorrespondinglanarwaveguide. For larger -parametershe monotonousncreaseof
both curves (asvisible in Fig. 5) continues.The datawere calculatedwith a spectraldiscretizationgiven by
max : ,and

0.04 |

0.03

3 0.02

0.01 -

0.00

9.4 9.6 9.8 10.0 10.2
B [um]

Figure5: Dependence of the optimum field error  on the trial value ~ for the analysis of a multimode rib waveguide

Each minimum indicates a propagation constant. The continuous (dotted) line corresponds to symmetric (antisymmetric)

QTM-polarized trial fields. We adopted a typical parameter set for magnetic garnets, a YIG rib on a GGG substrate [30]:
m, m, m, m, , , (see Fig. 1).

For thetotally etchedstructure( ) the WMM hasfound 11 guidedQTM-modes.As illustratedby Fig. 6,

the dependencef the propagationconstantson the mode numberis well approximated38, 41, 8] by the

formula

(13)

where istheeffective modalindex of modenumber and theeffective index of theequivalent
planarwaveguide.

2.08

2.04

B/k
(]

2.00

1.96 N
TN T TN N T N N B

I I
012 3 456 7 8 910
mode number

Figure6: QTM effective modal indices of two multimode rib waveguides versus the number of zero lines of the mode
function in the lateral direction. Circles indicate modal indices for a deeply etched structure with m, m,
rectangles show values for a less confining waveguide m, m; other parameters are as given for Fig. 5.
Open (filled) symbols correspond to symmetric (antisymmetric) modes. The line shows the levels given by Eq. (13).

Accordingto Fig. 6 this simpleexpressioris no longervalid for a lessdeeplyetchedrib. The modesareless
con ned andsomeof the higherordermodesarecutof, with the cutoff valuegivenby the planarpropagation
constanof the outerslabof thickness . Thereademaycomparewith the moredetaileddiscussiorin [8].

Finally Fig. 7 shavs a seriesof modalintensityplotsfor this structure.lt shouldsupplysomeevidencefor the
ability of the WMM to approximatdundamentahswell ashigherordermodes.
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Figure7: Field intensity plots for the guided QTM-modes of a broad rib waveguide as prescribed by the parameters of
Fig. 5. The contours correspond to the square of the transverse magnetic field.

7 Conclusions

Obviously the simplelinear combination(3) of factorizingtrial functions(4) with exponentialor harmonic
dependencen the transersecoordinategorms a promisingansatzfor the calculationof guidedwaveguide
modes.Although cornvergencefor densespectraldiscretizatioris not proven, this function spaceturnedout to
be large enoughto approximatehe unknavn exactmodal elds well. Insidethe homogeneougectangleghe
trial functionssolve Maxwellsequationgxactly. The eld mismatchontheboundariesllowsto determinghe
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propagatiortonstantyia minimizationof aleastsquaregjuadratidorm (9). For two widely establishetbench-
markproblemswe foundexcellentagreemenbetweerthe WMM andseveral previously publishedmethods.

TheWMM shaws to be quite economidoothin computationatime andmemoryconsumption Calculationof
asinglerib waveguide,e.g.thestructurefor in Tah 5, takesaboutoneminuteonaHP-9000/715 Mhz
workstationfor a programwithout specialoptimizationeffort, outputof themodal eld included.Memoryis
requiredfor two matriceswith a dimensionof order500 only; thereforethe methodis well quali ed for an
implementatioron modernpersonatomputers.

Frequentlya modesolver forms only the basisof a more extensve tool for integratedopticsdesign. Unlike
methoddasedn nite differencesr nite elementstheWMM yieldscontinuousnodal eld representations
which arede ned ontheentireplaneof thewaveguidecrosssection.They arethereforewell suitedfor further
processinglik e calculationof overlapintegrals,propagatingnodeanalysisor evaluationof perturbatiortheory
integrals(eg. [30]).

Althoughwe restrictedourselesto the semvectorialanalysis extensionof theWMM to vectorialcalculations
is possible. On eachrectangletwo independensetsof trial functionsare introducedto representhe two
transwerseelectricor magneticeld componentsThevectorialcontinuityrelationsfor thesecomponentsnust
betranslatednto aleastsquaregxpression.Thisapproacltavoidsproblemsoncernedavith thediagonalization
of nonsymmetrienatricesfor bothvectorialandsemvectorialcalculations.
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