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1 Guided wave scattering problems

A functional of the six electromagnetic field components is proposed for 2-D / 3-D
frequency domain problems in integrated optics. Stationarity implies that the Maxwell
equations in the interior of the domain of interest and transparent influx conditions
for incoming waveguides on its boundary port planes are satisfied. This constitutes a
variational basis for rigorous numerical treatments of thescattering problems, but also
for more approximate modeling: A generalized version of coupled mode theory can be
derived by restricting the functional to suitable field templates [8].
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Abstract scattering problem

The boundary∂Ω of the domain of interestΩ includes an exemplary port planeS. Axes
x andy of a local coordinate system spanS, thez-axis is oriented towards the interior of
Ω. Incoming waveguides are parallel to thez-axis, i.e. the exterior isz-homogeneous.
Within Ω, the source-free frequency domain Maxwell equations for the optical electric
fieldE and magnetic fieldH are to be solved:

∇ ×H − iωǫ0ǫE = 0 , −∇ ×E − iωµ0H = 0 ; (1)

ω: given real angular frequency;ǫ0, µ0: vacuum permittivity and permeability; the rela-
tive permittivity ǫ(x, y, z) = n2(x, y, z) includes the geometry and material properties.

Transparent boundary conditions [3, 4, 5, 8] have to be specified on the port plane
S that permit guided and nonguided waves from insideΩ to pass throughS towards
the exterior, and that allow to prescribe optical influx onS, e.g. in the form of modal
amplitudes of inward traveling waves.

2 Transparent influx boundary conditions

. . . for inhomogeneous exterior: incoming waveguides. Preliminaries:

• Complete set of normal modes onS, profiles(Ẽm,±H̃m)(x, y)

propagation along±z, toward the interior/exterior ofΩ.

• Bilinear product onS:

〈A,B〉 =

∫∫

S

(A×B) · ez dx dy . (2)

• Modal orthogonality properties

〈Ẽl, H̃k〉 = δlkNk , with nonzero Nk = 〈Ẽk, H̃k〉 . (3)

• “Any” electric fieldE and magnetic fieldH onS can be expanded as

E =
∑

m

emẼm and H =
∑

m

hmH̃m (4)

with coefficientsem = 〈E, H̃m〉/Nm, hm = 〈Ẽm,H〉/Nm, alternatively as

(

E

H

)

=
∑

m

fm

(

Ẽm

H̃m

)

+
∑

m

bm

(

Ẽm

−H̃m

)

. (5)

with fm = (em + hm)/2, bm = (em − hm)/2 (transverse components only).

Transparent influx boundary conditions (TIBCs) [8] onS:

E =
∑

m

2FmẼm −
∑

m

1

Nm
〈Ẽm,H〉Ẽm ,

H =
∑

m

2FmH̃m −
∑

m

1

Nm
〈E, H̃m〉H̃m ; (6)

Fm: influx, given coefficients of incoming waves.

For a general field (5), Eqs. (6) requirefm = Fm, while bm can be arbitrary.

3 Variational form of the scattering problem

. . . based on a functional [8] of the six electromagnetic field components:

F(E,H) =

∫∫∫

Ω

{

E · (∇ ×H) +H · (∇ ×E)

− iωǫ0ǫE
2 + iωµ0H

2
}

dx dy dz

−
∑

m

2Fm

{

〈Ẽm,H〉 − 〈E, H̃m〉
}

+
∑

m

1

2Nm

{

〈Ẽm,H〉2 − 〈E, H̃m〉
2
}

(7)

(cf. [1, 4, 5], generalized to 3-D with inhomogeneous exterior).

First variation:

δF(δE, δH ;E,H) =

∫∫∫

Ω

{

2δE · (∇ ×H − iωǫ0ǫE)

+ 2δH · (∇ ×E + iωµ0H)
}

dx dy dz

+
〈

E −
∑

m

2FmẼm +
∑

m

1

Nm
〈Ẽm,H〉Ẽm, δH

〉

−
〈

δE, H −
∑

m

2FmH̃m +
∑

m

1

Nm
〈E, H̃m〉H̃m

〉

−

∫∫

∂Ω\S

{(n×E) · δH + (n×H) · δE} dA . (8)

StationarityδF(δE, δH ;E,H) = 0 for arbitraryδE, δH implies

• thatE,H satisfy the Maxwell equations (1) inΩ,

• thatE,H satisfy TIBCs (6) onS,

• and that transverse components ofE andH vanish on∂Ω\S.

4 Hybrid analytic/numerical coupled mode theory

Starting point: a plausible and convenient template [2] for the electromagnetic fields
in the form of a reasonable superposition of known fields (typically modes of optical
channels) with amplitudes that are functions of suitable propagation coordinate(s).

HCMT field template
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Waveguide crossing, basis elements:

• guided modes of the horizontal WG

ψf, b
m (x, z) =

(

Ẽ
H̃

)f, b

m

(x) e∓iβf, b
m z,

• guided modes of the vertical WG

ψu, d
m (x, z) =

(

Ẽ
H̃

)u, d

m

(z) e∓iβu, d
m x

• (and further terms).

(

E
H

)

(x, z) =
∑

m

fm(z)ψf
m(x, z) +

∑

m

bm(z)ψb
m(x, z) (9)

+
∑

m

um(x)ψu
m(x, z) +

∑

m

dm(x)ψd
m(x, z)

fm, bm, um, dm: ?

Amplitude functions, discretization

. . . by 1-D linear finite elements

0 z2z1z0 zN

α0 αNαj

α

z

1

zN−1

fm(z) =
N

∑

j=0

fm,j αj(z) , bm(z), um(x), dm(x) analogous.

(

E
H

)

(x, z) =
∑

k

ak

(

α·(·)ψ
·
·(x, z)

)

=:
∑

k

ak

(

Ek

Hk

)

(x, z), (10)

k ∈ {waveguides, modes, elements}, ak ∈ {fm,j, bm,j, um,j, dm,j}.

5 Variational HCMT scheme

F(E,H)

(E,H) =
∑

k

ak(Ek,Hk)

Fr(a)

Restricted functional:

Fr(a) =
∑

l,k

alakFlk +
∑

l

alRl +
∑

l,k

alakBlk = a · Fa +R · a + a · Ba (11)

Flk =

∫∫∫

Ω

{El · (∇ ×Hk) +H l · (∇ ×Ek)

−iωǫ0ǫEl ·Ek + iωµ0H l ·Hk} dx dy dz

Rl = −
∑

m

2Fm

{

〈Ẽm,H l〉 − 〈El, H̃m〉
}

Blk =
∑

m

1

2Nm

{

〈Ẽm,H l〉〈Ẽm,Hk〉 − 〈El, H̃m〉〈Ek, H̃m〉
}

+ contributions from port planes atz = zN and atx = x0, xN .

Require δFr = δa ·
((

(F + B) + (F + B)T)a +R
)

= 0 for all δa

Ma +R = 0 , with M =
(

(F + B) + (F + B)T) . (12)

Splita = (u, g) into given values and unknowns, divideM,R accordingly:

Muu = −h with Mu =

(

Muu

Mgu

)

, h =

(

Ru

Rg

)

+

(

Mug

Mgg

)

g (overdetermined).

Unknown coefficientsu are found as solutions ofM†
uMuu = M

†
uh . (V)

6 Waveguide crossing, results I
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ng = 3.4, nb = 1.45, λ = 1.55 µm,
h = 0.2 µm, variablev, TE polarization.

FEM discretization:
z ∈ [v/2 − 1.5 µm, v/2 + 1.5 µm],
x ∈ [w/2 − 1.5 µm, w/2 + 1.5 µm],
∆x = ∆z = 0.025 µm.

Computational window:
z ∈ [−4 µm, 4 µm], x ∈ [−4 µm, 4 µm].
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7 Waveguide crossing, results II

v = 0.45 µm
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Amplitude functions
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8 Alternative: Galerkin projection procedure

∇ ×H − iωǫ0ǫE = 0

−∇ ×E − iωµ0H = 0

∣

∣

∣

∣

·

(

E′

H ′

)∗

,
∫∫∫

Ω

dx dy dz

∫∫∫

Ω

K(E′,H ′;E,H) dx dy dz = 0 for all E′, H ′ , (13)

K(E′,H ′;E,H) = (E′)∗ · (∇ ×H) − (H ′)∗ · (∇ ×E)

− iωǫ0ǫ(E
′)∗ ·E − iωµ0(H

′)∗ ·H .

• Insert the HCMT template

(

E
H

)

=
∑

k

ak

(

Ek

Hk

)

,

• require
∫∫∫

Ω

K(El,H l;E,H) dx dy dz = 0 for all modal elementsl ,

• compute Klk =

∫∫∫

Ω

K(E l,H l;Ek,Hk) dx dy dz ,

• select u : unknown coefficients,
g : given values related to prescribed influx,

(

Kuu Kug

Kgu Kgg

)(

u

g

)

= 0 , or Kuu = −Kgg with Ku =

(

Kuu

Kgu

)

, Kg =

(

Kug

Kgg

)

.

Least squares; unknownsu are solutions of K
†
uKuu = −K

†
uKgg. (G)

9 Comments

. . . concerning a comparison of the variational (V) and Galerkinscheme (G):

• Waveguide crossing: identical results of (V) and (G) on the scale of the figures.

• (V): TIBCs explicitly included, full mode expansions required in specific cases
(not for the present HCMT example).

(G): No boundary constraints, template with correspondingproperties required.

• (V): Bidirectional versions of modal elements must be included in the template.
(G): Where reasonable, unidirectional modal fields are sufficient

(complex conjugates).

• The weak form (13) appears to be related to the functional [1]

C(E,H) =

∫∫∫

Ω

{E∗ · (∇ ×H) −H∗ · (∇ ×E)

−iωǫ0ǫE
∗ ·E + iωµ0H

∗ ·H}dx dy dz (14)

up to boundary terms−
∫∫

∂Ω

{(n×E∗) · δH − (n×H∗) · δE} dA in δC.

?
◦ ExtendC by boundary integrals such that the boundary terms inδC

cancel (G) could be viewed as a variational restriction ofC.

◦ ExtendC by boundary integrals such that TIBCs are satisfied as natural
boundary conditions ifC becomes stationary variational scheme
with complex conjugate fields.
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