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1 Summary

Dielectric waveguides of general cross section shapes are considered, in full 3-D,
and for potentially anisotropic and dispersive media. At given frequency, the chan-
nels support a finite number of spatial guided modes, each characterized by an axial
wavenumber and an integrable vectorial electromagnetic profile.

Given the translational invariance of the channel, one can expect, from fundamen-
tal principles, that not only the energy, but also the momentum associated with the
guided optical electromagnetic field [1, 2] should be conserved. While this prop-
erty is guaranteed by the standard power orthogonality for the optical energy, so
far, to the best of our knowledge, a similar orthogonality condition related to the
momentum of the guided field appears to be missing. This is what we discuss in
this contribution, where we refer to Ref. [3] for the actual technical proof. As a
consequence, the guided modes can be regarded as individual carriers of momen-
tum, just as they can be regarded as individual carriers of energy.

P =
∑

|cm|2Pm

ψ =
∑

cmψm

M =
∑

|cm|2Mm,

As an example, we consider strip waveguides fabricated from thin-film lithium nio-
bate (TFLN) of lithium niobate on insulator (LNOI). With their anisotropic cores,
the channels often support pronouncedly hybrid, near-degenerate guided modes
with essentially complex symmetry properties [4]. Following numerical modal
analysis by the JCMwave finite-element solver [5], the numerical evaluation of
modal orthogonality properties by rigorous Gaussian quadrature confirms that the
solutions satisfy the new momentum related orthogonality within the same margins
of error as the standard power orthogonality.

In particular, the momentum-related modal orthogonality paves the way towards a
rigorous, self-consistent procedure for the quantization of guided electromagnetic
fields in the typical channels found in integrated photonic circuits [3].

2 Guided fields

y

x

z

Straight lossless reciprocal
nonmagnetic dielectric waveguides,

channel axis z,
transverse coordinates x, y,

relative permeability µ̂ = 13×3,
tensorial relative permittivity ϵ̂(x, y),
ϵ̂† = ϵ̂T = ϵ̂.

• Frequency domain description ∼ exp(iωt),
ω = kc = 2πc/λ = 2π f , target vacuum wavelength λ.

• Guided modes: Solve

curlE = −iωµ0H , curlH = iωϵ0ϵ̂E

with ansatz
(
E

H

)
(x, y, z) =

(
Ep

Hp

)
(x, y) e−iβz,

for electromagnetic mode profiles Ep,Hp,
propagation constants β, and effective indices N = |β|/k.

• Outcome, for each fixed configuration (structure, wavelength):
A discrete, finite set G of guided modes Em, Hm, βm, Nm.

• Characterization of modal polarization:

Π =
(
− Re

∫∫
E∗

yHx dx dy
)/(

Re
∫∫ (

E∗
xHy − E∗

yHx

)
dx dy

)

TE, Π = 1, TM, Π = 0, intermediate (↔ marker colors).

• Polarization conversion interference, half-beat length Lc =
π

|βm − βm′|,
further details in Ref. [4].

3 Power orthogonality
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• General guided stationary field:
A superposition of modes m,
with complex amplitudes cm :

(
E

H

)
(x, y, z) =

∑

m∈G
cm

(
Em

Hm

)
(x, y) e−iβmz

• The z-component of the time-averaged energy flux density associated with that
field is given by the Poynting vector component

Sz =
1

2
Re (E∗ ×H)z ,

• Then, per time unit, the electromagnetic field transfers the energy

P = (E,H|E,H) ,

through any waveguide cross-section plane, where, for two integrable electro-
magnetic fields Ea,Ha and Eb,Hb, the product ( . | . ) is defined as

(Ea,Ha|Eb,Hb) =
1

4

∫∫ [
E∗

axHby − E∗
ayHbx

+ H∗
ayEbx −H∗

axEby
]

dx dy .

• Nondegenerate modes m, n, normalized to power Pm, are orthogonal as

(Em,Hm|En,Hn) = δmn Pm.

• The total energy P transferred per time unit along the channel by a general
guided field thus separates into contributions Pm of individual modes m:

P =
∑

m∈G
|cm|2Pm.

Proof: [6].

4 Momentum-related orthogonality
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• General guided stationary field:
A superposition of modes m,
with complex amplitudes cm :

(
E

H

)
(x, y, z) =

∑

m∈G
cm

(
Em

Hm

)
(x, y) e−iβmz

• The z-component of the time-averaged flux density of the momentum-z-
component (Minkowski momentum [1]) associated with that field is given by
the stress tensor component

T zz =
1

2
Re (ϵ0E∗ ⊙ (ϵ̂E) + µ0H

∗ ⊙H) ,

where
A⊙B =

1

2
(AxBx + AyBy − AzBz) .

• Then, per time unit, the electromagnetic field transfers the momentum

M = ⟨E,H|E,H⟩ ,
through any waveguide cross-section plane, where, for two integrable electro-
magnetic fields Ea,Ha and Eb,Hb, the product ⟨ . | . ⟩ is defined as

⟨Ea,Ha|Eb,Hb⟩ =
1

4

∫∫ [
ϵ0 (Ea ⊙ (ϵ̂Eb)

∗ +E∗
b ⊙ (ϵ̂Ea))

+ µ0 (Ha ⊙H∗
b +H

∗
b ⊙Ha)

]
dx dy .

• Nondegenerate modes m, n, normalized to power Pm, are orthogonal as

⟨Em,Hm|En,Hn⟩ = δmnMm, with
Pm

Mm
=

ω

βm
= ± c

Nm
.

• The momentum M transferred per time unit along the channel thus separates
into contributions Mm of individual modes m:

M =
∑

m∈G
|cm|2Mm.

Proof: [3].

5 TFLN / LNOI channels
x
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ǫ̂f

Z
Y

X, x
z

y

θ

X-cut
SiO2 | LN | SiO2 | air

(Material dispersion, data in [7, 8, 9])

λ/µm ns, nc na no ne

1.550 1.4483 1.0 2.1837 2.1220

0.775 1.4589 1.0 2.2242 2.1565

t/µm c/µm ϕ θ

0.6 1.0 30◦ 30◦

ϵ̂f =



n2

o 0 0

0 n2
e cos

2 θ + n2
o sin

2 θ (n2
e − n2

o) cos θ sin θ

0 (n2
e − n2

o) cos θ sin θ n2
e sin

2 θ + n2
o cos

2 θ




Mirror symmetry y ↔ −y,
ϵx, ϵy, ϵz, δ ∈ R, even in y modal parity,
(Re, Im) E•, H• are even (+) or odd (−) functions of y.

ϵ̂ =



ϵx 0 0

0 ϵy δ

0 δ ϵz







∂yEz + iβEy

−iβEx − ∂xEz

∂xEy − ∂yEx


 = −iωµ0



Hx

Hy

Hz


 ,




∂yHz + iβHy

−iβHx − ∂xHz

∂xHy − ∂yHx


 = iωϵ0



ϵxEx

ϵyEy + δEz

ϵzEz + δEy




SYM Ex Ey Ez Hx Hy Hz

Re − + 0 + − 0

Im 0 0 − 0 0 +

+
ASY Ex Ey Ez Hx Hy Hz

Re 0 0 + 0 0 −
Im + − 0 − + 0

CPX Ex Ey Ez Hx Hy Hz

Re − + + + − −
Im + − − − + +

Applies to all modes,
no degeneracies.

6 Dispersion
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2 |(m |m′ )|
(m |m ) + (m′ |m′ )

< 10−3,

2 |⟨m |m′ ⟩|
⟨m |m ⟩ + ⟨m′ |m′ ⟩ < 10−3

∀m ̸= m′, @λ, w.

7 Mode profiles
λ = 1.55µm, w = 0.3445µm, Lc = 680µm
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[∼ W], where applicable.

( 0 | 0 ) = 1.0

|( 0 | 1 )| = 6.3 · 10−4

|( 1 | 0 )| = 6.3 · 10−4

( 1 | 1 ) = 1.0

ω ⟨ 0 | 0 ⟩ /β0 = 1.0 + 3.5 · 10−5

2 |⟨ 0 | 1 ⟩| /(⟨ 0 | 0 ⟩ + ⟨ 1 | 1 ⟩) = 8.8 · 10−4

2 |⟨ 1 | 0 ⟩| /(⟨ 0 | 0 ⟩ + ⟨ 1 | 1 ⟩) = 8.8 · 10−4

ω ⟨ 1 | 1 ⟩ /β1 = 1.0 + 5.7 · 10−5

8 Light pulses

z

P,M

A guided light pulse, localized (integrable) in time, travelling along the channel:
(E
H
)
(x, y, z, t) =

1

2π

∫ ∞

0

(
E

H

)
(x, y, z, ω) eiωt dω + c.c.

with (
E

H

)
(x, y, z, ω) =

∑

m∈G(ω)
cm(ω)

(
Em

Hm

)
(x, y, ω) e−iβm(ω)z.

• Energy and momentum transferred through the x-y-plane at z during the time
interval t ∈ [t0, t1] :

P(z, t0, t1) =

∫ t1

t0

(∫∫
Sz(x, y, z, t) dx dy

)
dt ,

S = E ×H,

M(z, t0, t1) =

∫ t1

t0

(∫∫
Tzz(x, y, z, t) dx dy

)
dt ,

Tzz = E ⊙D +H⊙B.

• Apply limits t0 → −∞, t1 → ∞ :

P(z) =

∫∫
Sz(x, y, z) dx dy =

∫ ∞

0

( ∑

m∈G(ω)
|cm(ω)|2 Pm(ω)

)
dω,

M(z) =

∫∫
T zz(x, y, z) dx dy =

∫ ∞

0

( ∑

m∈G(ω)
|cm(ω)|2 Mm(ω)

)
dω.

Energy and momentum transferred through the waveguide cross sectional plane
are additive both for different frequencies and different spatial waveguide modes.

9 Computational setting

Simulations with the JCMwave solvers [5], finite element method (FEM):

• Computational windows (x, y) ∈ [−2µm, t + 2.0µm]× [−b/2− 3µm, b/2 +

3µm], for λ = 1.55µm, and channel base width b = w + 2d tan(ϕ).
• Boundary conditions, N & S: PEC, E & W: transparent boundaries (↔ PMLs).
• Adaptive mesh refinement, target accuracy 5 · 10−8 (N -eigenvalues).
• Where applicable: Symmetry enforced by PEC or PMC conditions at y = 0,

computation on half the window.
• Benchmarking by comparison with other tools (COMSOL, CST).
• Tight limits for effective index intervals from analytic TFLN slab solver [10].
• Automated parameter scans: Computations with SYM/ASY symmetry on half

the window for diagonal part of the permittivity & perturbational correction.
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