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Reciprocal and nonreciprocal photonic integrated circuits
The functionality of integrated optical circuits in the frequency domain is typically characterized through their scattering ma-
trices. In case of linear devices made exclusively of media with symmetric dielectric permittivity, it can be shown rigorously
(we shall see at least an outline of the proof) that these scattering matrices are symmetric. This implies that the devices behave
reciprocally: In a well-defined sense, the transmission in “forward and backward directions” is exactly the same for each pair
of ports. We look at a few examples where, at a first glance, this reciprocal behaviour is far from obvious. At the same time,
devices that show nonreciprocal behaviour are deemed highly useful; there is an ongoing quest for the realization of optical
isolators or circulators in an integrated optical setting. Possible ways to circumvent the conditions for reciprocity will be
mentioned. We close with a look at a few examples of concepts for waveguide-based devices relying on magnetooptic media.
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Photonic / optical integrated circuits

Channel dimensions width × height ≈ 1µm2, chip area ≈ 1 mm2, operation wavelength λ ≈ 1µm.
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(Non-) reciprocal components

reciprocal (adjective): Merriam-Webster Dictionary (online)

inversely related; shared, felt, or shown by both sides; mutually corresponding; (. . .)
Etymology: Latin reciprocus, returning the same way, alternating

?
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Garnet crystals

Magnetic garnets: cubic crystals, {c3+}3[a3+]2(d3+)3O12, 160 ions per cubic unit cell.
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Reciprocal and nonreciprocal photonic integrated circuits

Overview

• Scattering matrices, theory
• Reciprocal circuits
• Nonreciprocal devices
• Magnetooptic components

References
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What is — and what is not — an optical isolator, Nature Photonics 7, 579–582 (2013)
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PIC, scattering matrix

E(r), H(r)

ǫ̂(r), µ̂(r)
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PIC, scattering matrix

S
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Setting

E(r), H(r)

ǫ̂(r), µ̂(r)

• Frequency domain, ∼ exp(iωt),
ω = kc = 2πc/λ, c = 1/

√
ϵ0µ0.

• Linear problems,
relative permittivity ϵ̂ and permeability µ̂,
(spatial dependent, tensorial).

• Electric and magnetic fields E and H,
∇× E = −iωµ0µ̂H,
∇× H = iωϵ0ϵ̂E.

• Convenient notation:

ψ = (E,H) or ψ =

(
E
H

)
.
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Access waveguides, port modes, orthogonality

z

x, y

ǫ̂(x, y), µ̂(x, y)
A set of guided modes of the same channel:(

Em

Hm

)
(x, y, z) =

(
Ēm

H̄m

)
(x, y) e−iβmz,

∇× Em = −iωµ0µ̂Hm, ∇× Hm = iωϵ0ϵ̂Em, ϵ̂† = ϵ̂, µ̂† = µ̂,

βm ∈ R, βl ̸= βm if l ̸= m, Ēm, H̄m → 0 for x, y → ±∞.

(Ea,Ha;Eb,Hb) :=
1
4

∫∫
(E∗

a × Hb + Eb × H∗
a)z dx dy

(El,Hl;Em,Hm) = δlm Pm, δlm =

{
0, if l ̸= m,
1, otherwise.

(“power orthogonality”)
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Access waveguides, port modes, orthogonality

z

x, y

ǫ̂(x, y), µ̂(x, y)
Directional modes:(

Ef
m

Hf
m

)
(x, y, z) =

(
Ēf

m

H̄f
m

)
(x, y) e−iβmz,

(
Eb

m
Hb

m

)
(x, y, z) =

(
Ēb

m

H̄b
m

)
(x, y) e+iβmz,

βm > 0, Ēb
m = (Ēf

m)
∗, H̄b

m = −(H̄f
m)

∗,
applies, if ϵ̂∗ = ϵ̂, i.e. if ϵ̂T = ϵ̂ and ϵ̂† = ϵ̂,
and if µ̂∗ = µ̂, i.e. if µ̂T = µ̂ and µ̂† = µ̂.

(Ea,Ha;Eb,Hb) :=
1
4

∫∫
(E∗

a × Hb + Eb × H∗
a)z dx dy

(
Ef

l ,Hf
l ;Ef

m,Hf
m
)
= δlmPm,

(
Ef

l ,Hf
l ;Eb

m,Hb
m
)
= 0,(

Eb
l ,Hb

l ;Ef
m,Hf

m
)
= 0,

(
Eb

l ,Hb
l ;Eb

m,Hb
m
)
= −δlmPm.
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Access waveguides, port modes, orthogonality

z

x, y

ǫ̂(x, y), µ̂(x, y)
Directional modes:(

Ef
m

Hf
m

)
(x, y, z) =

(
Ēf

m

H̄f
m

)
(x, y) e−iβmz,

(
Eb

m
Hb

m

)
(x, y, z) =

(
Ēb

m

H̄b
m

)
(x, y) e+iβmz,

βm > 0, Ēb
m = (Ēf

m)
∗, H̄b

m = −(H̄f
m)

∗,
applies, if ϵ̂∗ = ϵ̂, i.e. if ϵ̂T = ϵ̂ and ϵ̂† = ϵ̂,
and if µ̂∗ = µ̂, i.e. if µ̂T = µ̂ and µ̂† = µ̂.

[Ea,Ha;Eb,Hb] :=
1
4

∫∫
(Ea × Hb + Ha × Eb)z dx dy

[
Ef

l ,Hf
l ;Ef

m,Hf
m
]
= 0,

[
Ef

l ,Hf
l ;Eb

m,Hb
m
]
= −δlmPm,[

Eb
l ,Hb

l ;Ef
m,Hf

m
]
= δlmPm,

[
Eb

l ,Hb
l ;Eb

m,Hb
m
]
= 0.
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Access waveguides, port modes, orthogonality

z

x, y

ǫ̂(x, y), µ̂(x, y)
Directional modes, compact:

ψf
m(x, y, z) = ψ̄f

m(x, y) e−iβmz,

ψb
m(x, y, z) = ψ̄b

m(x, y) e+iβmz.

(ψa;ψb) :=
1
4

∫∫
(E∗

a × Hb + Eb × H∗
a)z dx dy

(
ψf

l ;ψ
f
m
)
= δlmPm,

(
ψf

l ;ψ
b
m
)
= 0,(

ψb
l ;ψ

f
m
)
= 0,

(
ψb

l ;ψ
b
m
)
= −δlmPm.

[ψa;ψb] :=
1
4

∫∫
(Ea × Hb + Ha × Eb)z dx dy

[
ψf

l ;ψ
f
m
]
= 0,

[
ψf

l ;ψ
b
m
]
= −δlmPm,[

ψb
l ;ψ

f
m
]
= δlmPm,

[
ψb

l ;ψ
b
m
]
= 0.
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Power transport

z

x, y

ǫ̂(x, y), µ̂(x, y)
A superposition of directional modes:

ψ =

(
E
H

)
=
∑

m

Fmψ
f
m +

∑
m

Bmψ
b
m.

Power flow along the channel:∫∫
Sz dx dy =

1
4

∫∫
(E∗ × H + E × H∗)z dx dy

= (ψ;ψ)

=
∑
l,m

{
F∗

l Fm
(
ψf

l ;ψ
f
m
)
+ F∗

l Bm
(
ψf

l ;ψ
b
m
)
+ B∗

l Fm
(
ψb

l ;ψ
f
m
)
+ B∗

l Bm
(
ψb

l ;ψ
b
m
)}

=
∑

m

(|Fm|2Pm − |Bm|2Pm) .
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Scattering matrices, prerequisites

E(r), H(r)

ǫ̂(r), µ̂(r)

• Passive, linear circuit.

• Domain of interest Ω, boundary ∂Ω.
• Access channels / “spaces”: lossless.
• Physical ports p = i, ii, . . . :

cross-sectional planes,
local coordinates xp, yp, zp ;
axis zp oriented outwards of Ω.

• On each port p, establish sets Np of
propagating directional modes{
ψd

p,m := (Ed
p,m,Hd

p,m), βp,m; d = f,b
}

.
• Ports are such that all mode fields vanish
• on all “other” port planes, and
• on ∂Ω outside the ports.
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Scattering matrices, prerequisites
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∂Ω
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Scattering matrices, ports, fields

E(r), H(r)

ǫ̂(r), µ̂(r)zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

Field on port plane p and “outside”:(
E
H

)
(xp, yp, zp) =

∑
m∈Np

Fp,mψ̄
f
p,m(xp, yp) e−iβp,mzp + Bp,mψ̄

b
p,m(xp, yp) eiβp,mzp .
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Scattering matrices, ports, fields

E(r), H(r)

ǫ̂(r), µ̂(r)zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

Field on port plane p and “outside”:

ψp =
∑

m∈Np

Fp,mψ
f
p,m + Bp,mψ

b
p,m.
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Scattering matrices

E(r), H(r)

ǫ̂(r), µ̂(r)zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

• Merge mode and port indices {m}, {p}
into one set {ν}, N = ∪pNp.
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Scattering matrices

E(r), H(r)

ǫ̂(r), µ̂(r)zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

• Merge mode and port indices {m}, {p}
into one set {ν}, N = ∪pNp.

• Assert that all fields vanish
on ∂Ω outside the ports.
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Scattering matrices

E(r), H(r)

ǫ̂(r), µ̂(r)zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

• Merge mode and port indices {m}, {p}
into one set {ν}, N = ∪pNp.

• Assert that all fields vanish
on ∂Ω outside the ports.

• Field on ∂Ω :

ψ =
∑
ν∈N

{
Fνψ

f
ν + Bνψ

b
ν

}
.
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Scattering matrices

E(r), H(r)

ǫ̂(r), µ̂(r)zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)
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• Assert that all fields vanish
on ∂Ω outside the ports.

• Field on ∂Ω :

ψ =
∑
ν∈N

{
Fνψ

f
ν + Bνψ

b
ν

}
.

• B = (Bν) : ∼ incident waves,
traveling towards the interior of Ω.

F = (Fν) : ∼ outgoing waves,
traveling towards the exterior of Ω.
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Scattering matrices

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Merge mode and port indices {m}, {p}
into one set {ν}, N = ∪pNp.

• Assert that all fields vanish
on ∂Ω outside the ports.

• Field on ∂Ω :

ψ =
∑
ν∈N

{
Fνψ

f
ν + Bνψ

b
ν

}
.

• B = (Bν) : ∼ incident waves,
traveling towards the interior of Ω.

F = (Fν) : ∼ outgoing waves,
traveling towards the exterior of Ω.

Linear circuit linear dependence of F on B,
Scattering matrix S of the circuit: F = S B, S = (Sνµ).

Sνµ : (µ, b) → (ν, f),
reflection / transmission coefficients.
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Scattering matrices, power

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Uniform normalization of all modes:
Pp,m = P0 ∀p,m.
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Scattering matrices, power

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Uniform normalization of all modes:
Pp,m = P0 ∀p,m.

• Power orthogonality on ports
(ψd

p,l;ψ
r
p,m)p = ±δdrδlmP0

(Ea,Ha;Eb,Hb)p =
1
4

∫∫
p
(E∗

a × Hb + Eb × H∗
a)zp

dxp dyp,
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Scattering matrices, power

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Uniform normalization of all modes:
Pp,m = P0 ∀p,m.

• Power orthogonality on ports
(ψd

p,l;ψ
r
p,m)p = ±δdrδlmP0

. . . extends to the full boundary ∂Ω :
(ψd

p,l;ψ
r
q,m) = ±δdrδlmδpqP0 or

(ψd
ν ;ψ

r
µ) = ±δdrδνµP0.

(Ea,Ha;Eb,Hb) :=
1
4

∫
∂Ω

(E∗
a × Hb + Eb × H∗

a) · da
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Scattering matrices, power

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Uniform normalization of all modes:
Pp,m = P0 ∀p,m.

• Power orthogonality on ports
(ψd

p,l;ψ
r
p,m)p = ±δdrδlmP0

. . . extends to the full boundary ∂Ω :
(ψd

ν ;ψ
r
µ) = ±δdrδνµP0.

Net power outflow of the circuit:

P =

∫
∂Ω

S · da

= (ψ;ψ)

=
∑
ν∈N

(
|Fν |2 − |Bν |2

)
P0 .

Field on ∂Ω : ψ =
∑
ν∈N

{
Fνψ

f
ν + Bνψ

b
ν

}
.
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Scattering matrices, power

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

Net power outflow of the circuit:

P =
∑
ν∈N

(
|Fν |2 − |Bν |2

)
P0 .

• Incidence of mode µ only,
Bξ = 0 ∀ξ ̸= µ ,

• Fν = SνµBµ,

P =
(∑

ν∈N
|Fν |2P0

)
− |Bµ|2P0 .
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Scattering matrices, power

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

Net power outflow of the circuit:

P =
∑
ν∈N

(
|Fν |2 − |Bν |2

)
P0 .

• Incidence of mode µ only,
Bξ = 0 ∀ξ ̸= µ ,

• Fν = SνµBµ,

P =
(∑

ν∈N
|Sνµ|2|Bµ|2P0

)
− |Bµ|2P0 .

|Sνµ|2 : Transmittance / reflectance of the circuit for the path µ → ν.
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Scattering matrices, reciprocity

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

Response of the circuit
for reversed wave propagation ?

Sνµ Sµν ?
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Scattering matrices, reciprocity

• Ea,Ha and Eb,Hb solve ∇× E = −iωµ0µ̂H, ∇× H = iωϵ0ϵ̂E
(Separate fields a, b in the same circuit ϵ̂, µ̂).

∇ · (Ea × Hb + Ha × Eb) = 0, if ϵ̂ and µ̂ are symmetric,
i.e. if ϵ̂T = ϵ̂, µ̂T = µ̂.



18

Scattering matrices, reciprocity

• Ea,Ha and Eb,Hb solve ∇× E = −iωµ0µ̂H, ∇× H = iωϵ0ϵ̂E
(Separate fields a, b in the same circuit ϵ̂, µ̂).

∇ · (Ea × Hb + Ha × Eb) = 0, if ϵ̂ and µ̂ are symmetric,
i.e. if ϵ̂T = ϵ̂, µ̂T = µ̂.

0 =

∫
Ω
∇ · (Ea × Hb + Ha × Eb) d3r =

∫
∂Ω

(Ea × Hb + Ha × Eb) · da.



18

Scattering matrices, reciprocity

• Ea,Ha and Eb,Hb solve ∇× E = −iωµ0µ̂H, ∇× H = iωϵ0ϵ̂E
(Separate fields a, b in the same circuit ϵ̂, µ̂).

∇ · (Ea × Hb + Ha × Eb) = 0, if ϵ̂ and µ̂ are symmetric,
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Scattering matrices, reciprocity

• Ea,Ha and Eb,Hb solve ∇× E = −iωµ0µ̂H, ∇× H = iωϵ0ϵ̂E
(Separate fields a, b in the same circuit ϵ̂, µ̂).

∇ · (Ea × Hb + Ha × Eb) = 0, if ϵ̂ and µ̂ are symmetric,
i.e. if ϵ̂T = ϵ̂, µ̂T = µ̂.

0 =

∫
∂Ω

(Ea × Hb + Ha × Eb) · da.
[ψa;ψb] :=

∫
∂Ω

(Ea × Hb + Ha × Eb) · da.

• Fields on ∂Ω : ψj =

(
Ej

Hj

)
=
∑
ν∈N

{
Fj,νψ

f
ν + Bj,νψ

b
ν

}
, j = a, b.

0 =
∑
ν, µ

(
Fa,νFb,µ[ψ

f
ν ;ψ

f
µ] + Fa,νBb,µ[ψ

f
ν ;ψ

b
µ] + Ba,νFb,µ[ψ

b
ν ;ψ

f
µ] + Ba,νBb,µ[ψ

b
ν ;ψ

b
µ]
)
.
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Scattering matrices, reciprocity

(uniform normalization Pν = P0)

0 =
∑
ν

P0
(
Ba,νFb,ν − Fa,νBb,ν

)
,

0 = Ba · Fb − Fa · Bb,
( Fj = S Bj )

0 = Ba · S Bb − (S Ba) · Bb,

0 = Ba · S Bb − Ba · ST Bb,

0 = Ba ·
(
S − ST)Bb.

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S
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Scattering matrices, reciprocity

(uniform normalization Pν = P0)

0 =
∑
ν

P0
(
Ba,νFb,ν − Fa,νBb,ν

)
,

0 = Ba · Fb − Fa · Bb,
( Fj = S Bj )

0 = Ba · S Bb − (S Ba) · Bb,

0 = Ba · S Bb − Ba · ST Bb,

0 = Ba ·
(
S − ST)Bb for all Ba, Bb.

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

ST = S, Sνµ = Sµν for all ν, µ.
The scattering matrix of a reciprocal circuit is symmetric.

Reciprocal circuit: made of reciprocal media, with ϵ̂T = ϵ̂, µ̂T = µ̂.
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Remarks

µ̂T = µ̂
ǫ̂T = ǫ̂

ST = S

The scattering matrix of a reciprocal circuit
is symmetric.

• Relevance in circuit / component design.

• Applies to linear circuits with loss or gain.

• An exact result.

• Numerical simulations (FD):
“domain of interest” → “computational domain”,
theory matches the setting in many solvers;
one of the few criteria for simulation assessment.

• Can simplify certain simulation tasks.
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Y-junction

(a)

(b)

(c)

F(a)
F(b)
F(c)

 =



0 1/
√

2 1/
√

2
1/
√

2 0 0
1/
√

2 0 0

B(a)
B(b)
B(c)


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Y-junction

(a)

(b)

(c)

F(a)
F(b)
F(c)

 =

 0

1/
√

2 1/
√

2
1/
√

2

0 0

1/
√

2

0 0

B(a)
B(b)
B(c)


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Y-junction

(a)

(b)

(c)

F(a)
F(b)
F(c)

 =

 0
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√

2 1/
√

2

1/
√

2 0 0
1/
√

2 0 0

B(a)
B(b)
B(c)





21

Y-junction

(a)

(b)

(c)

F(a)
F(b)
F(c)

 =

 0 1/
√

2 1/
√

2
1/
√

2 0 0
1/
√

2 0 0

B(a)
B(b)
B(c)


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Y-junction

(a)

(b)

(c)

F(a)
F(b)
F(c)

 =

 0 1/
√

2 1/
√

2
1/
√

2 0 0
1/
√

2 0 0

B(a)
B(b)
B(c)



1

1/2

1/2

1/2

1
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Junction between single and multi-mode waveguides

w

nb

W

ng

(b)

(a)

2-D TE, nb = 1, ng = 2,
w = 0.4µm, W = 4µm, λ = 1.5µm.

(a): TE0, (b): TE0 – TE9, S: 11× 11 (guided modes).
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Junction between single and multi-mode waveguides

w

nb

W

ng

(b)

(a)

2-D TE, nb = 1, ng = 2,
w = 0.4µm, W = 4µm, λ = 1.5µm.

(a): TE0, (b): TE0 – TE9, S: 11× 11 (guided modes).

|S(b)0,(a)0|2 = 0.37,
|S(b)2,(a)0|2 = 0.28,
|S(b)4,(a)0|2 = 0.17,
|S(b)6,(a)0|2 = 0.11,
|S(b)8,(a)0|2 = 0.05.

|S(a)0,(b)0|2 = 0.37,
|S(a)0,(b)2|2 = 0.28,
|S(a)0,(b)4|2 = 0.17,
|S(a)0,(b)6|2 = 0.11,
|S(a)0,(b)8|2 = 0.05.

(The complex entries agree.)

— Advertisement —

DIY
QuEPS solver, free!

https://www.siio.eu/queps.html
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Junction between single and multi-mode waveguides

(a)0

0 1 2 3 4-1-2-3-4

0

1

2

3

-1

-2

-3

z [µm]

x 
[µ

m
]

TE, ∣E
y
∣2

T = 0.98

(b)0

0 1 2 3 4-1-2-3-4

0

1

2

3

-1

-2

-3

z [µm]

x 
[µ

m
]

TE, ∣E
y
∣2

T = 0.37
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Junction between single and multi-mode waveguides

(a)0

0 1 2 3 4-1-2-3-4

0

1

2

3

-1

-2

-3

z [µm]

x 
[µ

m
]

TE, ∣E
y
∣2

T = 0.98

∑
m cm (b)m

0 1 2 3 4-1-2-3-4

0

1

2

3

-1

-2

-3

z [µm]

x 
[µ

m
]

TE, ∣E
y
∣2

T = 0.98
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Nonreciprocal?

https://dx.doi.org/10.1126/science.1206038
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Nonreciprocal?

https://dx.doi.org/10.1126/science.1206038
https://dx.doi.org/10.1126/science.1216682
https://dx.doi.org/10.1126/science.1213954
https://dx.doi.org/10.1038/nphoton.2013.185
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Nonreciprocal devices

(a) (b)

Isolator: unidirectional transmission,(
F(a)
F(b)

)
=

(
0 0
1 0

)(
B(a)
B(b)

)
.

(a) (c)

(d)

(b)

Circulator: transmission cycle,
F(a)
F(b)
F(c)
F(d)

 =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0




B(a)
B(b)
B(c)
B(d)

 .
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Nonreciprocal devices

(a) (b)

Isolator: unidirectional transmission,(
F(a)
F(b)

)
=

(
0 0
1 0

)(
B(a)
B(b)

)
.

(a) (c)

(d)

(b)

Circulator: transmission cycle,
F(a)
F(b)
F(c)
F(d)

 =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0




B(a)
B(b)
B(c)
B(d)

 .

Not realizable with
tim

e-constant linear reciprocal media.
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Nonreciprocal devices, options

(a) (b)

Way out: Violate one of the conditions for reciprocity.

• ϵ̂(t), time varying structures:
the frequency domain formalism is not applicable.

• χ̂(2), χ̂(3), nonlinear effects:
circuits cannot be described by a linear scattering matrix.

• ϵ̂T ̸= ϵ̂, nonreciprocal media:
the scattering matrix is not required to be symmetric.
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Nonreciprocal devices, options

(a) (b)

Way out: Violate one of the conditions for reciprocity.

• ϵ̂(t), time varying structures:
the frequency domain formalism is not applicable.

• χ̂(2), χ̂(3), nonlinear effects:
circuits cannot be described by a linear scattering matrix.

• ϵ̂T ̸= ϵ̂, nonreciprocal media:
the scattering matrix is not required to be symmetric.

Z. Yu, S. Fan, Complete optical isolation created by indirect interband photonic transitions.
Nature Photonics 3, 91—94 (2009).

H. Lira, Z. Yu, S. Fan, M. Lipson, Electrically Driven Nonreciprocity Induced by Interband Photonic Transition on
a Silicon Chip. Physical Review Letters 109, 033901 (2012)

https://doi.org/10.1038/nphoton.2008.273
https://doi.org/10.1103/PhysRevLett.109.033901
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Nonreciprocal devices, options

(a) (b)

Way out: Violate one of the conditions for reciprocity.

• ϵ̂(t), time varying structures:
the frequency domain formalism is not applicable.

• χ̂(2), χ̂(3), nonlinear effects:
circuits cannot be described by a linear scattering matrix.

• ϵ̂T ̸= ϵ̂, nonreciprocal media:
the scattering matrix is not required to be symmetric.

C. G. Poulton, R. Pant, A. Byrnes, S. Fan, M. J. Steel, B. J. Eggleton,
Design for broadband on-chip isolator using stimulated Brillouin scattering in dispersion-engineered chalcogenide
waveguides, Optics Express 20, 21235–21246 (2012)

A. Li, W. Bogaerts, Reconfigurable nonlinear nonreciprocal transmission in a silicon photonic integrated circuit,
Optica 7, 7–14 (2020)

A. D. White, G. H. Ahn, K. V. Gasse, K. Y. Yang, L. Chang, J. E. Bowers, J. Vučković,
Integrated passive nonlinear optical isolators, Nature Photonics 17, 143–149 (2023)

https://doi.org/10.1364/OE.20.021235
https://doi.org/10.1364/OPTICA.7.000007
https://doi.org/10.1038/s41566-022-01110-y
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Nonreciprocal devices, options

(a) (b)

Way out: Violate one of the conditions for reciprocity.

• ϵ̂(t), time varying structures:
the frequency domain formalism is not applicable.

• χ̂(2), χ̂(3), nonlinear effects:
circuits cannot be described by a linear scattering matrix.

• ϵ̂T ̸= ϵ̂, nonreciprocal media:
the scattering matrix is not required to be symmetric.

H. Dötsch, N. Bahlmann, O. Zhuromskyy, M. Hammer, L. Wilkens, R. Gerhardt, P. Hertel, A. F. Popkov,
Applications of magneto-optical waveguides in integrated optics: review, JOSA B 22 (1), 240–253 (2005)

Y. Shoji, T. Mizumoto, Magneto-optical non-reciprocal devices in silicon photonics,
Science and Technology of Advanced Materials 15 (1), 014602 (2014)

K. Srinivasan and B. J. H. Stadler, Review of integrated magneto-optical isolators with rare-earth iron garnets for
polarization diverse and magnet-free isolation in silicon photonics, Optical Materials Express 12, 697–716 (2022)

http://dx.doi.org/10.1364/JOSAB.22.000240
https://doi.org/10.1088/1468-6996/15/1/014602
https://doi.org/10.1364/OME.447398
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Bulk / microoptic isolator, concept

M

Polarizer, 0◦ 45◦ Faraday rotator Polarizer, 45◦

Faraday effect: Magneto-optic circular birefringence,
nonreciprocal rotation of polarization.
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Garnet crystals

Magnetic garnets: cubic crystals, {c3+}3[a3+]2(d3+)3O12, 160 ions per cubic unit cell.

Magneto-optical rare-earth iron garnets

• High Faraday rotation & reasonable transparency in the near infrared
among the (the only?) nonreciprocal materials discussed for integrated optics.

• Coupled magnetic sublattices, ferrimagnetic crystals.
• Properties, also the sign of the Faraday rotation, depend on the substitution of atoms.
• Spontaneous magnetization (orientation) influenceable by external magnetic fields.
• Domain lattices, compensation walls, (. . .) can be created.
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Magnetooptic media, permittivity

y

z

#

M

x

'

Magnetization M, m = M/|M|,
first order magnetooptic effect:

ϵ̂ = n213×3 + mx δϵ̂
x
mo + my δϵ̂

y
mo + mz δϵ̂

z
mo .

M

M

M

δϵ̂x
mo =

 0 0 0
0 0 iξ
0 −iξ 0

 δϵ̂y
mo =

 0 0 −iξ
0 0 0
iξ 0 0

 δϵ̂z
mo =

 0 iξ 0
−iξ 0 0

0 0 0


ξ = nλΘF/π, specific Faraday-rotation ΘF, (∼|M|) .

|ξ| ≪ n2 perturbation theory . . .
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Perturbational evaluation of magnetooptic effects

x

y
E

TE TM

E

Magnetooptic channel, fundamental TE- and TM-like modes:(
E
H

)
(x, y, z) =

∑
m

Cm(z)
1√
P0

(
Ēm

H̄m

)
(x, y), m = TE,TM , C =

(
CTE
CTM

)
,

(CMT . . .) ∂zC = −i
(
βTE 0

0 βTM

)
C − i

(
κTE,TE κTE,TM
κ∗TE,TM κTM,TM

)
C ,

κl,m = γ

∫∫
E∗

l δϵ̂moEm dx dy , γ =
ωϵ0

4P0
.
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Magnetooptic effects in a channel waveguide

x

y

s TE-PS TM-PS TE/TM-CV
δβTE = κTE,TE δβTM = κTM,TM κ = κTE,TM

+ 0 0 ≈ −γ

∫∫
ξETE

y ETM
z dx dyM

δϵ̂x
mo

− −2γ
∫∫

ξETE
y ETE

z dx dy ≈ 0 0

+ ≈ 0 2γ
∫∫

ξETM
x ETM

z dx dy 0
M

δϵ̂y
mo − 0 0 ≈ γ

∫∫
ξETE

z ETM
x dx dy

+ 0 0 ≈ −iγ
∫∫

ξETE
y ETM

x dx dy
M

δϵ̂z
mo

− 0 0 0

Symmetry y ↔ −y : n2(x, y) = n2(x,−y), ϵ̂mo(x, y) = s ϵ̂mo(x,−y).
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Nonreciprocal phase shifters

M

M

MO channels with transverse magnetization:

Propagation constants of modes propagating
in forward (f) and backward direction (b) differ, ∆βnr = βf−βb.

Tailored nonreciprocal phase shifters:
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Nonreciprocal phase shifters
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MO channels with transverse magnetization:
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M. Wallenhorst, M. Niemöller, H. Dötsch, P. Hertel, R. Gerhardt, and B. Gather, Enhancement of the Nonreciprocal
Magnetooptic Effect of TM Modes Using Iron Garnet Double Layers with Opposite Faraday Rotation, Journal of
Applied Physics 77, 2902–2905 (1995).

https://doi.org/10.1063/1.359516
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Nonreciprocal phase shifters

M

M

MO channels with transverse magnetization:

Propagation constants of modes propagating
in forward (f) and backward direction (b) differ, ∆βnr = βf−βb.

Tailored nonreciprocal phase shifters:
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M. Fehndrich, A. Josef, L. Wilkens, J. Kleine-Börger, N. Bahlmann, M. Lohmeyer, P. Hertel, H. Dötsch, Experimen-
tal Investigation of the Nonreciprocal Phase Shift of a TE-mode in a Magneto-optic Rib Waveguide, Applied Physics
Letters 74 (20), 2918–2920 (1999)

https://doi.org/10.1063/1.123965
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Nonreciprocal phase shifters

M

M

MO channels with transverse magnetization:

Propagation constants of modes propagating
in forward (f) and backward direction (b) differ, ∆βnr = βf−βb.

Tailored nonreciprocal phase shifters:

(TM)

h

x

nc

nt

w

M

�

t

F

nb �

b

F
b t

y

0

ns

(TE)

w

x

h

y

M

nc

nf

ns

t

+� ��

�a a 2a 3a0

M

(polarization-independent)
w

y

t

b

x

h

nc

nb

ns

M�

b

F

nt

M

+�

t

F
��

t

F

O. Zhuromskyy, H. Dötsch, M. Lohmeyer, L. Wilkens, P. Hertel, Magnetooptical waveguides with polarization
independent nonreciprocal phase shift, Journal of Lightwave Technology 19 (2), 214–221 (2001)

https://doi.org/10.1109/50.917885
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Nonreciprocal Mach-Zehnder interferometer

A B

M

L

L =

{
π/∆βnr, one nonreciprocal arm,
π/2∆βnr, two nonreciprocal arms.
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Nonreciprocal Mach-Zehnder interferometer

[µm]

[mm] (EIM-BPM)
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Components relying on nonreciprocal phase shift

Mach-Zehnder interferometers
N. Bahlmann, M. Lohmeyer, M. Wallenhorst, H. Dötsch and P. Hertel, An improved design of an integrated optical
isolator based on nonreciprocal Mach-Zehnder interferometry, Opt. and Quant. Electr. 30 (5/6), 323–334 (1998)
N. Bahlmann, M. Lohmeyer, H. Dötsch, P. Hertel, Integrated magneto-optic Mach-Zehnder interferometer isolator for
TE-modes, Electronics Letters 34 (22), 2122–2123 (1998)
O. Zhuromskyy, M. Lohmeyer, N. Bahlmann, H. Dötsch, P. Hertel, A. F. Popkov, Analysis of polarization independent
Mach-Zehnder type integrated optical isolator, Journal of Lightwave Technology 17 (7), 1200–1205 (1999)

Directional couplers
N. Bahlmann, M. Lohmeyer, O. Zhuromskyy, H. Dötsch, P. Hertel, Nonreciprocal coupled waveguides for integrated
optical isolators and circulators for TM-modes, Optics Communications 161 (4–6), 330–337 (1999)
M. Lohmeyer, M. Shamonin, P. Hertel, Integrated optical circulator based on radiatively coupled magnetooptic waveg-
uides, Optical Engineering 36, 889–895 (1997)

Multimode interference couplers
O. Zhuromskyy, M. Lohmeyer, N. Bahlmann, P. Hertel, H. Dötsch, A. F. Popkov, Analysis of nonreciprocal light propa-
gation in multimode imaging devices, Optical and Quantum Electronics 32 (6/8), 885–897 (2000)

https://doi.org/10.1023/A:1006958820957
https://doi.org/10.1049/el:19981485
http://dx.doi.org/10.1109/50.774255
https://doi.org/10.1016/S0030-4018(99)00027-9
http://dx.doi.org/10.1117/1.601255
https://doi.org/10.1023/A:1007078814985
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Nonreciprocal polarization conversion

w

L

ns

nf

ncM

h

Longitudinal magnetization: Polarization conversion.

η(z) =
∣∣∣∣CTM(z)
CTE(0)

∣∣∣∣2 =
|κ|2

(∆β/2)2 + |κ|2 sin2
(
π

2
z

Lc

)
,

CTM(0) = 0 ,
∆β = βTE − βTM ,

Lc =
π

2
√

(∆β/2)2 + |κ|2
,

complete conversion requires ∆β = 0 .

M. Lohmeyer, N. Bahlmann, O. Zhuromskyy, H. Dötsch, P. Hertel, Phase-matched rectangular magnetooptic waveg-
uides for applications in nonreciprocal integrated optics devices: Numerical assessment, Optics Communications
158 (1–6), 189–200 (1998)

https://doi.org/10.1016/S0030-4018(98)00527-6
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Nonreciprocal polarization conversion

w

L

ns

nf

ncM

h

Longitudinal magnetization: Polarization conversion.

η(z) =
∣∣∣∣CTM(z)
CTE(0)

∣∣∣∣2 =
|κ|2

(∆β/2)2 + |κ|2 sin2
(
π

2
z

Lc

)
,

CTM(0) = 0 ,
∆β = βTE − βTM ,

Lc =
π

2
√

(∆β/2)2 + |κ|2
,

complete conversion requires ∆β = 0 .

M

(?)
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Unidirectional polarization conversion

h

t

L

ns

nc

#

M

x

z

nf;��

nf;+�

y

w

∆βf

Lf
c

ηf
max

 ̸=


∆βb

Lb
c

ηb
max

Choose parameters with ∆βb = 0, i.e. ηb
max = 1, and L = Lb

c = 2Lf
c .

No polarization conversion in forward direction,
but complete conversion for backwards propagating light.
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Circulator (≈)

h

y

WG1 WG2

n

c

W

n

s

n

f

w

A D

B C

L

cv

L

ps

M

#

t

g�

�

z

x

y

z

h/µm w/µm t/µm ϑ/ ◦ g/µm W/µm Lps/µm Lcv/µm ns nf nc ±ξ λ/µm
0.634 0.798 0.181 63 0.103 3.616 492 1832 1.95 2.302 1.0 0.005 1.3
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Circulator (≈)

(a) (b) (c) (d)

Transmission cycles, polarization sensitive:

ATE → BTE → DTM → CTM → ATE,
ATM → BTM → DTE → CTE → ATM.

Transmission cycle, disregarding polarization:

A → B → D→ C → A.

M. Lohmeyer, N. Bahlmann, O. Zhuromskyy,
H. Dötsch, P. Hertel, Unidirectional magnetooptic
polarization converters, Journal of Lightwave
Technology 17 (12), 2605–2611 (1999)

http://dx.doi.org/10.1109/50.809683
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Concluding remarks

Reciprocal and nonreciprocal photonic integrated circuits

• Circuits made of media with symmetric permittivity and permeability are reciprocal,
i.e. are characterized by a symmetric scattering matrix.

• Nonreciprocal behaviour of optical components requires
specialized media or nonstandard features.

µ̂T = µ̂
ǫ̂T = ǫ̂

ST = S
h

L

ns

nc

nf,−ξ

nf,+ξ
w

t
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. . .

— supplementary material —
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SiIO, online solvers

siio.eu / computational-photonics.eu

https://www.siio.eu/
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Course overview

Optical waveguide theory

A Photonics / integrated optics; theory, motto; phenomena, introductory examples.

B Brush up on mathematical tools.

C Maxwell equations, different formulations, interfaces, energy and power flow.

D Classes of simulation tasks: scattering problems, mode analysis, resonance problems.

E Normal modes of dielectric optical waveguides, mode interference.

F Examples for dielectric optical waveguides.

G Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

H Bent optical waveguides; whispering gallery resonances; circular microresonators.

I Coupled mode theory, perturbation theory.

J A touch of photonic crystals; a touch of plasmonics.

https://www.siio.eu/theory.html
https://www.siio.eu/Teaching/OWT/Lectures/owtA.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtB.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtC.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtD.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtE.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtF.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtG.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtH.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtI.pdf
https://www.siio.eu/Teaching/OWT/Lectures/owtJ.pdf
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SFB 225

Sonderforschungsbereich 225:
Oxidische Kristalle für elektro- und magneto-optische Anwendungen,
Physik, Universität Osnabrück, 1985–2000.

On magneto-optics-related results:

H. Dötsch, N. Bahlmann, O. Zhuromskyy, M. Hammer, L. Wilkens, R. Gerhardt, P. Hertel, A. F. Popkov,
Applications of magneto-optical waveguides in integrated optics: review, JOSA B 22 (1), 240–253 (2005)

https://fis.uni-osnabrueck.de/vivouos/display/organisation15
http://dx.doi.org/10.1364/JOSAB.22.000240
https://www.siio.eu/Papers/Jrnl/dbz05.pdf
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Reciprocity theorems

(Ea,Ha) and (Eb,Hb) solve ∇× E = −iωµ0µ̂H, ∇× H = iωϵ0ϵ̂E.

∇ · (E∗
a × Hb + Eb × H∗

a)

= Hb · (∇× E∗
a)− E∗

a · (∇× Hb) + H∗
a · (∇× Eb)− Eb · (∇× H∗

a)

= iωµ0 Hb · (µ̂Ha)
∗ + iωϵ0 E∗

a · ϵ̂Eb − iωµ0 H∗
a · µ̂Hb − iωϵ0 Eb · (ϵ̂Ea)

∗

= iωϵ0(E∗
a · ϵ̂Eb − Eb · (ϵ̂Ea)

∗)− iωµ0(H∗
a · µ̂Hb − Hb · (µ̂Ha)

∗)

= −iωϵ0 E∗
a · (ϵ̂† − ϵ̂)Eb + iωµ0 H∗

a · (µ̂† − µ̂)Hb

= 0, if ϵ̂† = ϵ̂ and µ̂† = µ̂.

(Variant with complex conjugates, applies if ϵ̂ and µ̂ are Hermitian.)
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Reciprocity theorems

(Ea,Ha) and (Eb,Hb) solve ∇× E = −iωµ0µ̂H, ∇× H = iωϵ0ϵ̂E.

∇ · (Ea × Hb + Ha × Eb)

= Hb · (∇× Ea)− Ea · (∇× Hb) + Eb · (∇× Ha)− Ha · (∇× Eb)

= −iωµ0 Hb · µ̂Ha − iωϵ0 Ea · ϵ̂Eb + iωϵ0 Eb · ϵ̂Ea + iωµ0 Ha · µ̂Hb

= iωϵ0(Eb · ϵ̂Ea − Ea · ϵ̂Eb)− iωµ0(Hb · µ̂Ha − Ha · µ̂Hb)

= iωϵ0 Ea · (ϵ̂T − ϵ̂)Eb − iωµ0 Ha · (µ̂T − µ̂)Hb

= 0, if ϵ̂T = ϵ̂ and µ̂T = µ̂.

(Non-conjugate variant, applies if ϵ̂ and µ̂ are symmetric.)
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Directional modes, profiles

z

x, y

ǫ̂(x, y), µ̂(x, y)

A lossless and reciprocal channel,
ϵ̂ = ϵ̂† = (ϵ̂∗)T, ϵ̂ = ϵ̂T, ϵ̂∗ = ϵ̂, µ̂ = µ̂† = (µ̂∗)T, µ̂ = µ̂T, µ̂∗ = µ̂.

C :=

 0 0 ∂y
0 0 −∂x

−∂y ∂x 0

, R :=

 0 1 0
−1 0 0
0 0 0

, C∗ = C, R∗ = R.

Equations for the profile (Ēf, H̄f) of a forward propagating mode with β > 0 :

(C + iβR) Ēf = −iωµ0µ̂H̄f, (C + iβR) H̄f = iωϵ0ϵ̂Ēf,

(C∗ − iβR∗) Ē∗
f = iωµ0µ̂

∗H̄∗
f , (C∗ − iβR∗) H̄∗

f = −iωϵ0ϵ̂
∗Ē∗

f ,

(C − iβR) Ē∗
f = −iωµ0µ̂(−H̄∗

f ), (C − iβR) (−H̄∗
f ) = iωϵ0ϵ̂Ē

∗
f .

The profile (Ēb, H̄b) with Ēb = Ē∗
f , H̄b = −H̄∗

f satisfies the equations for −β.
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Mode orthogonality
β ∈ R• A set of guided modes of the same waveguide (ϵ̂, µ̂):(

Em

Hm

)
(x, y, z) =

(
Ēm

H̄m

)
(x, y) e−iβmz,

∇× Em = −iωµ0µ̂Hm,
∇× Hm = iωϵ0ϵ̂Em,
βl ̸= βm, if l ̸= m.
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Mode orthogonality
β ∈ R• A set of guided modes of the same waveguide (ϵ̂, µ̂):(

Em

Hm

)
(x, y, z) =

(
Ēm

H̄m

)
(x, y) e−iβmz,

∇× Em = −iωµ0µ̂Hm,
∇× Hm = iωϵ0ϵ̂Em,
βl ̸= βm, if l ̸= m.

• Pm =
1
4

∫∫ (
E∗

mxHmy − E∗
myHmx + EmxH∗

my − EmyH∗
mx
)

dx dy .
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• Em,Hm → 0 for x, y → ±∞.
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Mode orthogonality
β ∈ R• A set of guided modes of the same waveguide (ϵ̂, µ̂):(

Em

Hm

)
(x, y, z) =

(
Ēm

H̄m

)
(x, y) e−iβmz,

∇× Em = −iωµ0µ̂Hm,
∇× Hm = iωϵ0ϵ̂Em,
βl ̸= βm, if l ̸= m.

• Pm =
1
4

∫∫ (
E∗

mxHmy − E∗
myHmx + EmxH∗

my − EmyH∗
mx
)

dx dy .

• Em,Hm → 0 for x, y → ±∞.

• ∇ · (E∗
l × Hm + Em × H∗

l ) = 0 for all l,m
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Mode orthogonality
β ∈ R• A set of guided modes of the same waveguide (ϵ̂, µ̂):(

Em

Hm

)
(x, y, z) =

(
Ēm

H̄m

)
(x, y) e−iβmz,

∇× Em = −iωµ0µ̂Hm,
∇× Hm = iωϵ0ϵ̂Em,
βl ̸= βm, if l ̸= m.

• Pm =
1
4

∫∫ (
E∗

mxHmy − E∗
myHmx + EmxH∗

my − EmyH∗
mx
)

dx dy .

• Em,Hm → 0 for x, y → ±∞.

• ∇ · (E∗
l × Hm + Em × H∗

l ) = 0 for all l,m

0 = i(βl − βm)

{∫∫ (
Ē∗

l × H̄m + Ēm × H̄∗
l
)

z dx dy
}

ei(βl − βm)z,
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Mode orthogonality
β ∈ R• A set of guided modes of the same waveguide (ϵ̂, µ̂):(

Em

Hm

)
(x, y, z) =

(
Ēm

H̄m

)
(x, y) e−iβmz,

∇× Em = −iωµ0µ̂Hm,
∇× Hm = iωϵ0ϵ̂Em,
βl ̸= βm, if l ̸= m.

• Pm =
1
4

∫∫ (
E∗

mxHmy − E∗
myHmx + EmxH∗

my − EmyH∗
mx
)

dx dy .

• Em,Hm → 0 for x, y → ±∞.

• ∇ · (E∗
l × Hm + Em × H∗

l ) = 0 for all l,m

0 = i(βl − βm)

{∫∫ (
Ē∗

l × H̄m + Ēm × H̄∗
l
)

z dx dy
}

ei(βl − βm)z,

(E1,H1;E2,H2) :=
1
4

∫∫ (
E∗

1xH2y − E∗
1yH2x + H∗

1yE2x − H∗
1xE2y

)
dx dy
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Mode orthogonality
β ∈ R• A set of guided modes of the same waveguide (ϵ̂, µ̂):(

Em

Hm

)
(x, y, z) =

(
Ēm

H̄m

)
(x, y) e−iβmz,

∇× Em = −iωµ0µ̂Hm,
∇× Hm = iωϵ0ϵ̂Em,
βl ̸= βm, if l ̸= m.

• Pm =
1
4

∫∫ (
E∗

mxHmy − E∗
myHmx + EmxH∗

my − EmyH∗
mx
)

dx dy .

• Em,Hm → 0 for x, y → ±∞.

• ∇ · (E∗
l × Hm + Em × H∗

l ) = 0 for all l,m

0 = i(βl − βm)

{∫∫ (
Ē∗

l × H̄m + Ēm × H̄∗
l
)

z dx dy
}

ei(βl − βm)z,

(E1,H1;E2,H2) :=
1
4

∫∫ (
E∗

1xH2y − E∗
1yH2x + H∗

1yE2x − H∗
1xE2y

)
dx dy

(El,Hl;Em,Hm) =

{
0, if l ̸= m,
Pm, otherwise.

(The modes are “power orthogonal”.)
(Statements hold for propagating guided modes.)

( (., .; ., .) is frequently used for mode normalization.)



45

Scattering matrices, port plane positions

∼ exp(iωt) (FD)

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Shift port plane of mode ν by ∆zν : Fν → F′
ν = Fν e−iβν∆zν ,

Shift port plane of mode µ by ∆zµ: Bµ → B′
µ = Bµ eiβµ∆zµ ,

F′
ν = S′νµ B′

µ, S′νµ = Sνµ e−i(βν∆zν + βµ∆zµ).
(Moving port planes ↔ Phase change in reflection / transmission coefficients.)

(Moving port planes ↔ No effect on reflectances / transmittances.)
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Scattering matrices, symmetry

(iii)(iv)

(i) (ii)

Circuit with specific spatial symmetry & symmetrical setting of the port planes

respective symmetry in related coefficients of S, symmetric power transmission.
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Scattering matrices, power balance

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Net power outflow across the border of the circuit:

P =

∫
∂Ω

S · da = (E,H;E,H) = P0

(
B∗ · (S†S − 1)B

)
,

uniform normalization, Pν = P0 for all ν.



47

Scattering matrices, power balance

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Net power outflow across the border of the circuit:

P =

∫
∂Ω

S · da = (E,H;E,H) = P0

(
B∗ · (S†S − 1)B

)
,

uniform normalization, Pν = P0 for all ν.

• Lossless circuit
∫
∂Ω

S · da = 0 S†S = 1,

the scattering matrix of a lossless circuit is unitary.
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Scattering matrices, power balance

zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)

S

• Net power outflow across the border of the circuit:

P =

∫
∂Ω

S · da = (E,H;E,H) = P0

(
B∗ · (S†S − 1)B

)
,

uniform normalization, Pν = P0 for all ν.

• Lossless circuit
∫
∂Ω

S · da = 0 S†S = 1,

the scattering matrix of a lossless circuit is unitary.

• Lossy circuit
∫
∂Ω

S · da ≤ 0 B∗ · S†S B ≤ B∗B,∑
ν

|Sνµ|2 ≤ 1 for all µ. (The sum of transmittances mode µ to all other modes ν is less than one.)
(Interior lossy media, or radiative losses: outgoing propagating modes not taken into account.)
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Isolator devices, assessment

(a) (b)

Concepts for i.o. isolators, criteria

• Zero / low backward transmission, high extinction ratio.
• High forward transmission, low insertion loss.
• Wide frequency range of operation, broadband.
• Polarization independent.
• Passive, no external power source / external electronics.
• Compatible with other photonic circuitry, what concerns

operation (frequency range, mode field shapes) and
fabrication (photonic platform, media, integration).

• . . .
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