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Energy and power of the electromagnetic field
As a piece of classical electromagnetic theory, we consider the energy and power associated with the electromagnetic field.
Starting from the expression for the Lorentz force that governs the motion of a charged particle in an electromagnetic field,
and relying on the Maxwell equations in the time domain, we introduce the expressions for the energy density and power
flow of the electromagnetic field. The related continuity equation (Poynting’s theorem), in integral and differential form, will
be discussed. After switching to the frequency domain, we then look at implications for the averaged quantities associated
with time-harmonic electromagnetic fields. Examples cover the power and energy of plane harmonic electromagnetic waves,
and the energy-related quantities associated with simple superpositions of guided waves, where the latter can benefit from
illustrations by means of an online solver at www.siio.eu/oms.html.
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Course Optical Wavegude Theory

Contents

• Photonics / integrated optics; theory, motto; phenomena, introductory examples.
• Brush up on mathematical tools.
• Maxwell equations, different formulations, interfaces, energy and power flow.
• Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
• Normal modes of dielectric optical waveguides, mode interference.
• Examples for dielectric optical waveguides.
• Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.
• Bent optical waveguides; whispering gallery resonances; circular microresonators.
• Coupled mode theory, perturbation theory.
• A touch of photonic crystals; a touch of plasmonics.
• ( . . . ) .

L.048.24019 / L.048.92038, summer semester, English,
lectures (14×), homework (7×), exercises / tutorials (13×), two sessions / week,
part of Master curricula in Electrical Engineering and Electrical Systems Engineering.
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Energy and power of the electromagnetic field

Overview

• EM field, energy and power,
Poynting theorem,

• frequency domain,
• plane waves, simple guided waves.
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Textbooks
• W. Nolting, Grundkurs Theoretische Physik, Bd. 3: Elektrodynamik, Verlag Zimmermann-Neufang, Ulmen (1990).
• D. J. Griffiths, Introduction to Electrodynamics (3rd. / intern. ed.), Pearson Benjamin Cummings, San Francisco (2008),
• J. D. Jackson, Classical Electrodynamics (3rd. ed.), Wiley, New York (1998).
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Maxwell equations

SI, in matter, time domain, differential form:

∇ · D = ρf,

∇× E = −Ḃ,
∇ · B = 0,

∇× H = Jf + Ḋ,

D = ϵ0E + P,
B = µ0(H + M).

(+ constitutive relations)

E(r, t): electric field,
D(r, t): (di-)electric displacement,
B(r, t): magnetic induction (field, flux density),
H(r, t): magnetic field (. . .),
ρf(r, t): density of free charges,
Jf(r, t): density of free currents,
P(r, t): polarization,

M(r, t): magnetization,
ϵ0: vacuum permittivity,
µ0: vacuum permeability.
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Energy of electromagnetic fields

V

E, B

∂V

J f

(TD)
• Force on a particle with charge q, velocity v, in a field E, B :

F = q(E + v × B).

• Work for shifting the particle by dr = v dt :
dW = F · dr = q(E + v × B) · v dt = qE · v dt,

• respective power:
dW
dt

= qE · v.

For a charge density ρf(r, t) :

force density f = ρf(E + v × B),

power density f · v = ρfE · v = Jf · E,

total work per time unit done in V :
dWV

dt
=

∫

V
Jf · E dV .
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∇× E = −Ḃ, ∇× H = Jf + Ḋ

Jf · E = (∇× H − Ḋ) · E

= (∇× H − Ḋ) · E − (∇× E + Ḃ) · H

= − Ḋ · E − Ḃ · H
−
(
H · (∇× E)− E · (∇× H)

)

= − (E · Ḋ + H · Ḃ)−∇ · (E × H).

Jf = ∇× H − Ḋ

0 = ∇× E + Ḃ

∇ · (A × B) = B · (∇× A)− A · (∇× B)
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Power & energy density

(TD)
∇× H = Jf + Ḋ, ∇× E = −Ḃ∫

V
Jf · E dV = −

∫

V
(E · Ḋ + H · Ḃ) dV −

∫

V
∇ · (E × H) dV .

Define

• Poynting vector S = E × H, (energy flux density, power density).

• Energy density w =
1
2
(E · D + H · B), (. . . of the electromagnetic field).

[S] =
V
m

A
m

=
W
m2

=
J

s m2
,

[w] =
V
m

A s
m2

=
W s
m3

=
J

m3
.
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∫

V
∇ · (E × H) dV =

∫

V
∇ · S dV

=

∮

∂V
S · da .

S = E × H

Gauss theorem

ẇ =
1
2
(Ė · D + E · Ḋ + Ḣ · B + H · Ḃ)

=
1
2
(Ė · (ϵ0ϵ̂E) + E · (ϵ0ϵ̂Ė) + Ḣ · (µ0µ̂H) + H · (µ0µ̂Ḣ))

=
1
2
(
ϵ0(Ė · (ϵ̂E) + E · (ϵ̂Ė)) + µ0(Ḣ · (µ̂H) + H · (µ̂Ḣ))

)

=
1
2
(
ϵ0((ϵ̂

TĖ) · E + E · (ϵ̂Ė)) + µ0((µ̂
TḢ) · H + H · (µ̂Ḣ))

)

=
1
2
(
ϵ0((ϵ̂Ė) · E + E · (ϵ̂Ė)) + µ0((µ̂Ḣ) · H + H · (µ̂Ḣ))

)

= E · Ḋ + H · Ḃ .

w =
1
2
(E · D + H · B)

D = ϵ0ϵ̂E, Ḋ = ϵ0ϵ̂Ė,

B = µ0µ̂H, Ḃ = µ0µ̂Ḣ

x · (Ay) = (ATx) · y

ϵ̂T = ϵ̂, µ̂T = µ̂
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Poynting theorem

(TD)
∇× H = Jf + Ḋ, ∇× E = −Ḃ∫

V
Jf · E dV = −

∫

V
(E · Ḋ + H · Ḃ) dV −

∫

V
∇ · (E × H) dV .

• Poynting vector S = E × H,

• Energy density w =
1
2
(E · D + H · B),

• D = ϵ0ϵ̂E, ϵ̂T = ϵ̂, ϵ̂ (ω), B = µ0µ̂H, µ̂T = µ̂, µ̂ (ω)

ẇ = (E · Ḋ + H · Ḃ).
V

∂V

J f

E, B
w, Sda

d
dt

∫

V
w dV = −

∫

V
Jf · E dV −

∮

∂V
S · da, (V arbitrary) ẇ +∇ · S = −Jf · E.

11
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Remarks

S = E × H, w =
1
2
(E · D + H · B),

d
dt

∫

V
w dV = −

∫

V
Jf · E dV −

∮

∂V
S · da, ẇ +∇ · S = −Jf · E. (∗)

• Analogue: Continuity equation for (free) charges.

d
dt

∫

V
ρf dV = −

∮

∂V
Jf · da, ρ̇f +∇ · Jf = 0.

• Alternative formulations exist.
• Poynting vector appears only under a divergence operator.
• (∗): Applicable to nondispersive linear reciprocal media.
• Continuity equation for the momentum associated with the electromagnetic field.
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Remarks

S = E × H, w =
1
2
(E · D + H · B),

d
dt

∫

V
w dV = −

∫

V
Jf · E dV −

∮

∂V
S · da, ẇ +∇ · S = −Jf · E. (∗)

• Analogue: Continuity equation for (free) charges.
• Alternative formulations exist.
• Poynting vector appears only under a divergence operator.

S′ = S +∇×Ψ ∇ · S′ = ∇ · S. ∇ · (∇×Ψ) = 0

• (∗): Applicable to nondispersive linear reciprocal media.
• Continuity equation for the momentum associated with the electromagnetic field.
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Remarks

S = E × H, w =
1
2
(E · D + H · B),

d
dt

∫

V
w dV = −

∫

V
Jf · E dV −

∮

∂V
S · da, ẇ +∇ · S = −Jf · E. (∗)

• Analogue: Continuity equation for (free) charges.
• Alternative formulations exist.
• Poynting vector appears only under a divergence operator.
• (∗): Applicable to nondispersive linear reciprocal media.

(FD, ≈) w ∼
(
ϵ0

d(ωϵ)
dω

E · E + µ0
d(ωµ)

dω
H · H

)
.

• Continuity equation for the momentum associated with the electromagnetic field.
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Remarks

S = E × H, w =
1
2
(E · D + H · B),

d
dt

∫

V
w dV = −

∫

V
Jf · E dV −

∮

∂V
S · da, ẇ +∇ · S = −Jf · E. (∗)

• Analogue: Continuity equation for (free) charges.
• Alternative formulations exist.
• Poynting vector appears only under a divergence operator.
• (∗): Applicable to nondispersive linear reciprocal media.
• Continuity equation for the momentum associated with the electromagnetic field.

d
dt

∫

V
(D × B)dV = −

∫

V
(ρfE + Jf × B)dV +

∮

∂V
T · da. ( . . . )
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Poynting vector, power, energy density

. . . in the context of the OWT course:

• Mode normalization, orthogonality.
• Scattering matrices.
• Power balance:

Assessment of numerical results.
• Fields: What to plot?

(FD)

E(r), H(r)

ǫ̂(r), µ̂(r)zi

ziv

ziii

zii(ii)

(i)
Ω

∂Ω

(iii)

(iv)
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Maxwell equations, Fourier transform

∇ · D = ρf, ∇× E = −Ḃ, ∇ · B = 0, ∇× H = Jf + Ḋ

& F(r, t) =
1√
2π

∫
F̃(r, ω) eiωtdω, F̃(r, ω) =

1√
2π

∫
F(r, t) e−iωtdt

E(r, t), D(r, t), B(r, t), H(r, t), ρf(r, t), Jf(r, t)

Ẽ(r, ω), D̃(r, ω), B̃(r, ω), H̃(r, ω), ρ̃f(r, ω), J̃f(r, ω).
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∇× E = −Ḃ, E(r, t) =
1√
2π

∫
Ẽ(r, ω) eiωtdω, B(r, t) =

1√
2π

∫
B̃(r, ω) eiωtdω.

(∇× E)(r, t) = ∇×
(

1√
2π

∫
Ẽ(r, ω) eiωtdω

)

=
1√
2π

∫
(∇× Ẽ)(r, ω) eiωtdω

= −Ḃ(r, t)

= − d
dt

(
1√
2π

∫
B̃(r, ω) eiωtdω

)

=
1√
2π

∫
−iωB̃(r, ω) eiωtdω

⇒ 1√
2π

∫ (∇× Ẽ + iωB̃
)
(r, ω) eiωtdω = 0 or

(∇× Ẽ + iωB̃
)
(r, ω) = 0 ∀ r, ω.
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Maxwell equations, Fourier transform

∇ · D = ρf, ∇× E = −Ḃ, ∇ · B = 0, ∇× H = Jf + Ḋ

& F(r, t) =
1√
2π

∫
F̃(r, ω) eiωtdω, F̃(r, ω) =

1√
2π

∫
F(r, t) e−iωtdt

E(r, t), D(r, t), B(r, t), H(r, t), ρf(r, t), Jf(r, t)

Ẽ(r, ω), D̃(r, ω), B̃(r, ω), H̃(r, ω), ρ̃f(r, ω), J̃f(r, ω),

∇ · D̃ = ρ̃f, ∇× Ẽ = −iωB̃, ∇ · B̃ = 0, ∇× H̃ = J̃f + iωD̃

(Caution: arbitrary choice of ∼ exp(±iωt) !).
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Maxwell equations, frequency domain

∇ · D̃ = ρ̃f, ∇× Ẽ = −iωB̃, ∇ · B̃ = 0, ∇× H̃ = J̃f + iωD̃.

F(r, t) ∈ R F̃(r,−ω) = (F̃(r, ω))∗

“at frequency ω0”: F̃(r, ω) =
√

π

2
F̄(r) δ(ω − ω0) +

√
π

2
F̄∗

(r) δ(ω + ω0)

F(r, t) =
1
2

{
F̄(r) eiω0t + F̄∗

(r) e−iω0t
}

,

F(r, t) = Re
{

F̄(r) eiω0t
}

,

“F(r, t) =
1
2

F̄(r) eiω0t + c.c.”.

Ē(r), D̄(r), B̄(r), H̄(r), ρ̄f(r), J̄f(r), “∼ exp(iω0t)”

∇ · D̄ = ρ̄f, ∇× Ē = −iω0B̄, ∇ · B̄ = 0, ∇× H̄ = J̄f + iω0D̄.

Caution: Decorations ,̃ ,̄ 0 , c.c. are often omitted; context determines interpretation of symbols.

18

Maxwell equations, dispersion

(FD, ∈ C)
Material dispersion: ϵ̂(r, ω), µ̂(r, ω) are frequency dependent.

D̃(r, ω) = ϵ0ϵ̂(r, ω)Ẽ(r, ω), B̃(r, ω) = µ0µ̂(r, ω)H̃(r, ω)

(TD, ∈ R)
D(r, t) = ϵ0

∫
ϵ̂TD(r, t − t′)E(r, t′) dt′,

B(r, t) = µ0

∫
µ̂TD(r, t − t′)H(r, t′) dt′.
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Electromagnetic energy, frequency domain

D = ϵ0ϵ̂E, ϵ̂T = ϵ̂, ϵ̂† = ϵ̂, ϵ̂ (ω), B = µ0µ̂H, µ̂T = µ̂, µ̂† = µ̂, µ̂ (ω), ρf = 0, Jf = 0.

Lossless reciprocal nondispersive uncharged linear media:

E(r, t) = Re Ẽ(r) eiωt, H(r, t) = Re H̃(r) eiωt, T =
2π
ω

,

w =
1
2
(ϵ0 E · ϵ̂E + µ0 H · µ̂H), S = E × H

S, w oscillate in time.

(→ FD)
Consider time-averaged quantities: f̄ (t) =

1
T

∫ t+T

t
f (t′) dt′

(exercise)
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Optical Waveguide Theory, L.048.24019 / L.048.92038, SS 2026 Exercises (b) 23.04.2026

1. ( . . . )
2. Time-averaged Poynting vector and energy density

(a) Suppose that a(r, t) and b(r, t) are scalar fields (or components of vector fields) of the form

a(r, t) = ã(r) eiωt, b(r, t) = b̃(r) eiωt. Using the conventions for the complex notation of

time-harmonic fields, here for angular frequency ω = 2π/T , with time period T , write out the

(real, physical) product a b, and show that the time-average
f̄(t) = 1

T

∫
t+T

t
f(t ′) dt ′of that product evaluates to a b = 1

2
Re(ã∗

b̃), where ∗ denotes complex conjugation.

(b) Show that, for time-harmonic electromagnetic fields of the form E(r, t) = Ẽ(r) eiωt (D, B, H

analogously), the time-averaged Poynting vector S and the time averaged energy density w take the

forms

S = 1

2
Re

(
Ẽ ∗× H̃

)
, and w = 1

4
Re

(
Ẽ ∗ · D̃ + H̃ ∗ · B̃

)
.

3. Plane harmonic electromagnetic waves
Consider an electromagnetic wave with an electric field of the form

E(r, t) = E0 e−i(k · r − ωt),with frequency ω, wave vector k, and amplitude vector E0 (remember the conventions for complex

notation of time harmonic fields). The wave is assumed to propagate through a lossless isotropic ho-

mogeneous linear medium without free charges or currents, characterized by the relative permittivity ϵ,

relative permeability µ, and refractive index n = √
ϵµ.

(a) Write out the remaining parts D, B, H of the electromagnetic field in terms of the quantities

introduced above. State conditions such that all Maxwell equations are satisfied.

(b) Show that, for this wave, the time averaged energy density w and the time-averaged Poynting vector

S take the following alternative forms:w = 1

2
ϵ0ϵ |E0|2 = 1

2
µ0µ |H0|2,

S = 1

2

√
ϵ0ϵ
µ0µ

|E0|2 k

k
= 1

2

√
µ0µ
ϵ0ϵ

|H0|2 k

k
= w cm

k

k
.

Here cm = (
√
ϵ0ϵµ0µ)−1 is the phase velocity in the medium, and H0 is the amplitude vector

associated with the magnetic part of the wave field.

( . . . )

4. ( . . . )
Hand in your solutions until Wednesday, May 13, 09:15. Good luck! 21

2(a) Time averages of a product of time-harmonic fields

a(r, t) =
1
2

(
ã(r) eiωt + ã∗(r) e−iωt

)
, b(r, t) =

1
2

(
b̃(r) eiωt + b̃∗(r) e−iωt

)
, f̄ (t) =

1
T

∫ t+T

t
f (t′) dt′, T =

2π
ω

(a b)(r, t) =
1
T

∫ t+T

t
a(r, t′) b(r, t′) dt′

=
1

4T

∫ t+T

t
(ã eiωt′ + ã∗ e−iωt′ ) (b̃ eiωt′ + b̃∗ e−iωt′ ) dt′ (r)

=
1

4T

∫ t+T

t
(ã b̃ ei2ωt′ + ã b̃∗ + ã∗ b̃ + ã∗ b̃∗ e−i2ωt′ ) dt′

=
1

4T

∫ t+T

t
ã b̃ ei2ωt′ dt′ +

1
4T

∫ t+T

t
(ã b̃∗ + ã∗ b̃) dt′ +

1
4T

∫ t+T

t
ã∗ b̃∗ e−i2ωt′ dt′

=
1

4T
(ã b̃∗ + ã∗ b̃)

∫ t+T

t
dt′

=
1

4T
(ã b̃∗ + ã∗ b̃)(t + T − t)

=
1
4
(ã b̃∗ + ã∗ b̃)

=
1
2

Re (ã∗(r) b̃(r)).

∫ t+T

t
e±i2ωt′ dt′ =

1
±i2ω

(
e±i2ω(t + T) − e±i2ωt

)
=

e±i2ωt

±i2ω

(
e±i2ωT − 1

)
=

e±i2ωt

±i2ω

(
e±i4π − 1

)
= 0.
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2(b) Time-averaged Poynting vector and energy density

E(r, t) =
1
2

(
Ẽ(r) eiωt + Ẽ∗

(r) e−iωt
)

, D, B, H likewise, (a b)(r, t) =
1
2

Re (ã∗(r) b̃(r)).

S = E × H =




EyHz − EzHy
EzHx − ExHz
ExHy − EyHx


 (r, t), (r)

S = E × H =




EyHz − EzHy
EzHx − ExHz
ExHy − EyHx


 =

1
2

Re




Ẽ∗
y H̃z − Ẽ∗

z H̃y

Ẽ∗
z H̃x − Ẽ∗

x H̃z

Ẽ∗
x H̃y − Ẽ∗

y H̃x


 =

1
2

Re
(

Ẽ∗ × H̃
)

.

w =
1
2
(E · D + H · B) =

1
2
(ExDx + EyDy + EzDz + HxBx + HyBy + HzBz)

w =
1
2

(
E · D + H · B

)
=

1
2

(
ExDx + EyDy + EzDz + HxBx + HyBy + HzBz

)

=
1
4

Re
(
Ẽ∗

x D̃x + Ẽ∗
y D̃y + Ẽ∗

z D̃z + H̃∗
x B̃x + H̃∗

y B̃y + H̃∗
z B̃z

)

=
1
4

Re
(

Ẽ∗ · D̃ + H̃∗ · B̃
)
.
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Electromagnetic energy, frequency domain

D = ϵ0ϵ̂E, ϵ̂T = ϵ̂, ϵ̂† = ϵ̂, ϵ̂ (ω), B = µ0µ̂H, µ̂T = µ̂, µ̂† = µ̂, µ̂ (ω), ρf = 0, Jf = 0.

Lossless reciprocal nondispersive uncharged linear media:

E(r, t) = Re Ẽ(r) eiωt, H(r, t) = Re H̃(r) eiωt, T =
2π
ω

,

w =
1
2
(ϵ0 E · ϵ̂E + µ0 H · µ̂H), S = E × H

S, w oscillate in time.

(→ FD)
Consider time-averaged quantities: f̄ (t) =

1
T

∫ t+T

t
f (t′) dt′

(exercise)

w =
1
4

Re
(
ϵ0 Ẽ∗ · ϵ̂ Ẽ + µ0 H̃∗ · µ̂ H̃

)
, S =

1
2

Re
(

Ẽ∗ × H̃
)

.
dw
dt

= 0,
d
dt

∫

V
w dV = 0,

dS
dt

= 0.
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Power balance

D = ϵ0ϵ̂E, ϵ̂T = ϵ̂, ϵ̂† = ϵ̂, ϵ̂ (ω), B = µ0µ̂H, µ̂T = µ̂, µ̂† = µ̂, µ̂ (ω), ρf = 0, Jf = 0.

Lossless reciprocal nondispersive uncharged linear media:

E(r, t) = Re Ẽ(r) eiωt, H(r, t) = Re H̃(r) eiωt

w =
1
4

Re
(
ϵ0 Ẽ∗ · ϵ̂ Ẽ + µ0 H̃∗ · µ̂ H̃

)
, S =

1
2

Re
(

Ẽ∗ × H̃
)

.

• ẇ +∇ · S = 0 . . . ?

25

ẇ +∇ · S = 0

ẇ(r, t) =
1
T

∫ t+T

t
ẇ(r, t′) dt′

=
1
T

(
w(r, t + T)− w(r, t)

)

= 0

(∇ · S)(r, t) =
1
T

∫ t+T

t
(∇ · S)(r, t′) dt′

= ∇ ·
(

1
T

∫ t+T

t
S(r, t′) dt′

)

= ∇ · S(r, t)

f (t) =
1
T

∫ t+T

t
f (t′) dt′

w periodic in time with period T/2
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Power balance

D = ϵ0ϵ̂E, ϵ̂T = ϵ̂, ϵ̂† = ϵ̂, ϵ̂ (ω), B = µ0µ̂H, µ̂T = µ̂, µ̂† = µ̂, µ̂ (ω), ρf = 0, Jf = 0.

Lossless reciprocal nondispersive uncharged linear media:

E(r, t) = Re Ẽ(r) eiωt, H(r, t) = Re H̃(r) eiωt

w =
1
4

Re
(
ϵ0 Ẽ∗ · ϵ̂ Ẽ + µ0 H̃∗ · µ̂ H̃

)
, S =

1
2

Re
(

Ẽ∗ × H̃
)

,

ẇ +∇ · S = 0

ẇ = 0, ∇ · S = ∇ · S

∇ · S = 0,
∮

V
S · da = 0.

(“power balance”, conservation of energy) V
∂V

da
E, H
∼ exp(iωt)

w, S
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Plane harmonic electromagnetic waves

E(r, t) = Re
(

E0 e−i(k · r − ωt)
)

A plane wave, with frequency ω, wave vector k, amplitude vector E0, propagating in a lossless isotropic homogeneous linear
medium without free charges or currents, with relative permittivity ϵ, permeability µ, and refractive index n =

√
ϵµ.

(exercise)

H . . . ?

(exercise)

w, S . . . ?
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Optical Waveguide Theory, L.048.24019 / L.048.92038, SS 2026 Exercises (b) 23.04.2026

1. ( . . . )
2. Time-averaged Poynting vector and energy density

(a) Suppose that a(r, t) and b(r, t) are scalar fields (or components of vector fields) of the form

a(r, t) = ã(r) eiωt, b(r, t) = b̃(r) eiωt. Using the conventions for the complex notation of

time-harmonic fields, here for angular frequency ω = 2π/T , with time period T , write out the

(real, physical) product a b, and show that the time-average
f̄(t) = 1

T

∫
t+T

t
f(t ′) dt ′of that product evaluates to a b = 1

2
Re(ã∗

b̃), where ∗ denotes complex conjugation.

(b) Show that, for time-harmonic electromagnetic fields of the form E(r, t) = Ẽ(r) eiωt (D, B, H

analogously), the time-averaged Poynting vector S and the time averaged energy density w take the

forms

S = 1

2
Re

(
Ẽ ∗× H̃

)
, and w = 1

4
Re

(
Ẽ ∗ · D̃ + H̃ ∗ · B̃

)
.

3. Plane harmonic electromagnetic waves
Consider an electromagnetic wave with an electric field of the form

E(r, t) = E0 e−i(k · r − ωt),with frequency ω, wave vector k, and amplitude vector E0 (remember the conventions for complex

notation of time harmonic fields). The wave is assumed to propagate through a lossless isotropic ho-

mogeneous linear medium without free charges or currents, characterized by the relative permittivity ϵ,

relative permeability µ, and refractive index n = √
ϵµ.

(a) Write out the remaining parts D, B, H of the electromagnetic field in terms of the quantities

introduced above. State conditions such that all Maxwell equations are satisfied.

(b) Show that, for this wave, the time averaged energy density w and the time-averaged Poynting vector

S take the following alternative forms:w = 1

2
ϵ0ϵ |E0|2 = 1

2
µ0µ |H0|2,

S = 1

2

√
ϵ0ϵ
µ0µ

|E0|2 k

k
= 1

2

√
µ0µ
ϵ0ϵ

|H0|2 k

k
= w cm

k

k
.

Here cm = (
√
ϵ0ϵµ0µ)−1 is the phase velocity in the medium, and H0 is the amplitude vector

associated with the magnetic part of the wave field.

( . . . )

4. ( . . . )
Hand in your solutions until Wednesday, May 13, 09:15. Good luck! 29

3(a) Plane harmonic electromagnetic waves

(∼ exp(iωt), ,̃ ,̄ 0)
Ansatz: E(r) = E0 e−ik · r,

H(r) = H0 e−ik · r.

∇× E = −iωµ0µH

∇× E = −ik × E0 e−ik · r = −iωµ0µH0 e−ik · r,

⇒ H0 =
1

ωµ0µ
k × E0.

∇× H = iωϵ0ϵE

∇× H = −ik × H0 e−ik · r = iωϵ0ϵE0 e−ik · r,

⇒ E0 =
−1
ωϵ0ϵ

k × H0.

∇× (∇× E) = −ik × (−ik × E0) e−ik · r = −iωµ0µ∇× H = −iωµ0µiωϵ0ϵE0 e−ik · r

a × (b × c) = b(a · c)− c(a · b), E0 ⊥ k, k = |k|
⇒ ω2ϵ0µ0ϵµE0 = −k × (k × E0) = −k(k · E0) + E(k · k) = k2E0,

⇒ k = ω
√
ϵ0µ0ϵµ.
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3(b) Plane harmonic electromagnetic waves, associated power

E(r) = E0 e−ik · r, H(r) = H0 e−ik · r

w =
1
4

Re
(
ϵ0ϵ|E|2 + µ0µ|H|2

)
. |a × b|2 = |a|2|b|2 − (a · b)2, k ⊥ E0, k ⊥ H0, k = ω

√
ϵ0µ0ϵµ

|E|2 = |E0|2 =
1

ω2ϵ2
0ϵ

2
|k × H0|2 =

1
ω2ϵ2

0ϵ
2

(
k2|H0|2 − (k · H0)

2
)
=

k2

ω2ϵ2
0ϵ

2
|H0|2 =

µ0µ

ϵ0ϵ
|H0|2,

|H|2 = |H0|2 =
ϵ0ϵ

µ0µ
|E0|2,

⇒ w =
1
2
ϵ0ϵ |E0|2 =

1
2
µ0µ |H0|2.

S =
1
2

Re (E∗ × H). a × (b × c) = b(a · c)− c(a · b), k ⊥ E0, k ⊥ H0

E∗ × H = E∗
0 × H0 =

1
ωµ0µ

E∗
0 × (k × E0) =

1
ωµ0µ

(k(E∗
0 · E0)− E0(E∗

0 · k)) =
1

ωµ0µ
|E0|2k =

√
ϵ0ϵ

µ0µ
|E0|2

k
k

=

√
µ0µ

ϵ0ϵ
|H0|2

k
k
.

√
ϵ0ϵ

µ0µ
=

ϵ0ϵ√
ϵ0ϵµ0µ

= ϵ0ϵcm, cm =
1

√
ϵ0ϵµ0µ⇒ S =

1
2

√
ϵ0ϵ

µ0µ
|E0|2

k
k
=

1
2

√
µ0µ

ϵ0ϵ
|H0|2

k
k
= w cm

k
k
.
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Plane harmonic electromagnetic waves

E(r, t) = Re
(

E0 e−i(k · r − ωt)
)

A plane wave, with frequency ω, wave vector k, amplitude vector E0, propagating in a lossless isotropic homogeneous linear
medium without free charges or currents, with relative permittivity ϵ, permeability µ, and refractive index n =

√
ϵµ.

(exercise)

H(r, t) = Re
(

H0 e−i(k · r − ωt)
)

, H0 =
1

ωµ0µ
k × E0, E0 =

−1
ωϵ0ϵ

k × H0.

E0 ⊥ k, H0 ⊥ k, E0 ⊥ H, k = |k| = ω
√
ϵ0ϵµ0µ.

(exercise)

w =
1
2
ϵ0ϵ |E0|2 =

1
2
µ0µ |H0|2, S =

1
2

√
ϵ0ϵ

µ0µ
|E0|2

k
k
=

1
2

√
µ0µ

ϵ0ϵ
|H0|2

k
k
= w cm

k
k
,

cm =
1√

ϵ0ϵµ0µ
=

c
n

. (cm: phase velocity in the medium)
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Optical Waveguide Theory, L.048.24019 / L.048.92038, SS 2026 Exercises (c) 13.05.2026
1. Counterpropagating waves, energy transport

Consider a superposition of two y-polarized plane harmonic electromagnetic waves with angular fre-

quency ω and vacuum wavenumber k. Assume that these waves propagate in opposite directions along

the z-axis, through a homogeneous, nonmagnetic medium with refractive index n. This relates to an

electric field of the form
Ey(z, t) = af ei(ωt− knz) + ab ei(ωt+ knz) ,with complex amplitudes af and ab. Evaluate the time averaged energy density and the time averaged

power flux density S. Compare with the absolute squares |E|2, |H|2 of the electric and magnetic field.

2. ( . . . )

3. ( . . . )

Hand in your solutions until Wednesday, May 27, 09:15. Good luck!
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Examples: Simple guided waves

0

1

2

-1

-2

x 
[µ

m
]

TE0, Re E
y

0 2 4 6 8 10 12 14 16 18 20

0

1

2

-1

-2

z [µm]

x
[µ

m
]

TE0, w
S, w, |E|2, |H|2, . . . ?

— Advertisement —

DIY
OMS solver, free!
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Optical Waveguide Theory, summer semester 2026

Upcoming:
• Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
• Normal modes of dielectric optical waveguides, mode interference.
• Examples for dielectric optical waveguides.

First sessio
n: Wednesday, April 15, at 09:15 in room P1.5.01.4. Seats available.


