Energy and power of the electromagnetic field Energy and power of the electromagnetic field

As a piece of classical electromagnetic theory, we consider the energy and power associated with the electromagnetic field.
Starting from the expression for the Lorentz force that governs the motion of a charged particle in an electromagnetic field,
and relying on the Maxwell equations in the time domain, we introduce the expressions for the energy density and power
flow of the electromagnetic field. The related continuity equation (Poynting’s theorem), in integral and differential form, will
R X be discussed. After switching to the frequency domain, we then look at implications for the averaged quantities associated
@ PhoQS Paderborn University, Germany with time-harmonic electromagnetic fields. Examples cover the power and energy of plane harmonic electromagnetic waves,

and the energy-related quantities associated with simple superpositions of guided waves, where the latter can benefit from
illustrations by means of an online solver at www.siio.eu/oms.html.
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Contents

® Photonics / integrated optics; theory, motto; phenomena, introductory examples.

® Brush up on mathematical tools.

® Maxwell equations, different formulations, interfaces, energy and power flow.

® (lasses of simulation tasks: scattering problems, mode analysis, resonance problems.

® Normal modes of dielectric optical waveguides, mode interference.

® Examples for dielectric optical waveguides.
® Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

® Bent optical waveguides; whispering gallery resonances; circular microresonators.

® Coupled mode theory, perturbation theory.
® A touch of photonic crystals; a touch of plasmonics.

o (...).
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part of Master curricula in Electrical Engineering and Electrical Systems Engineering.




Energy and power of the electromagnetic field

TEO, Re E,

Overview

X [um]

e EM field, energy and power,
Poynting theorem,

X [um]

® frequency domain,

® plane waves, simple guided waves.

Textbooks
® W. Nolting, Grundkurs Theoretische Physik, Bd. 3: Elektrodynamik, Verlag Zimmermann-Neufang, Ulmen (1990).
® D. . Griffiths, Introduction to Electrodynamics (3rd./intern. ed.), Pearson Benjamin Cummings, San Francisco (2008),

® J.D. Jackson, Classical Electrodynamics (3rd. ed.), Wiley, New York (1998).

Energy of electromagnetic fields

(TD)
® Force on a particle with charge ¢, velocity v, in a field E, B :
F =q4(E +v xB).
® Work for shifting the particle by dr =vd¢:
dW =F -dr=q(E+v xB) -vdt = ¢E -vds,

. dw
® respective power: rrie gE -v.

For a charge density pg(r,¢) :
force density f = pf(E +v X B), oy
C» power density f-v=pE -v=J;-E,
total work per time unit done in V: dd? = /v Je- EAQV.

Maxwell equations

SI, in matter, time domain, differential form:

V-D = p, E(r,t): electric field,
VxE = -B, D(r,t): (di-)electric displacement,
V-B = 0, B(r,t): magnetic induction (field, flux density),
. H(r,t): magnetic field (. . .),
VxH = Ji+D, pfgr7 t): density of free charges,
Ji(r,1): density of free currents,
D = eE+P, P(r, t): polarization,
B = po(H+M). M(r,t): magnetization,
€0: vacuum permittivity,
(+ constitutive relations) [o: vacuum permeability.

VXxE=-B, VxH=J;+D

Ji-E

(VxH-D)-E
(VxH-D)-E—(VxE+B) H

-D-E-B-H
—(H-(VXE)—E-(V xH))

—(E-D+H -B)—V - (ExH).




Power & energy density

(TD)
VxH=Ji+D, VxE=-B

G /va-EdV:—/V(E-D—i—H-B)dV—/vV-(ExH)dV.

Define
e Poynting vector S =FE x H, (energy flux density, power density).
. 1
e Energy density w = E (E -D+H - B), (... of the electromagnetic field).
VA w J
Sl =——=—= —
5] mm m? sm?
] V As Ws J
W=——=—=—"—.
m m? m m’

Poynting theorem

(TD)
VxH=Ji+D, VXE=-B

- /Jf-EdV:—/(E-D+H-B)dV—/V-(ExH)dV.
v v v
da
e Poynting vector S =FE x H,
e Energy density w:%(E-D+H~B),

o D=ciE, & =¢ e{w), B=poiiH, iT = fi, jifw}
~~~ yw=(E-D+H-B). v

d arbitrai .
— de:—/Jf~EdV— S-da, UM W4 V.S=-J;-E.
% [52%

dr Jy, =

- (E x H)dV

/V~SdV
Jy

= 74 S -da.
Joy

(E-D+E-D+H B+H-B)

N —

D = ¢yéE, D = ¢)éE
B = popH, B= u‘(,/le
(E - (e0éE) +E - (€o¢E) + H - (pofiH) + H - (poftH))

co(E - (éE) +E - (¢E)) + po(H - (4H) + H - (iH)))

0 ((€'E)-E+E - (éE)) + po((i"H) - H + H - (iH)))

el o [lT =1

co((éE) -E+E - (éE)) + po((2H) - H + H - (1H)))
-D+H-B.

WO = = =N —

[ | Britannica
By Academic

John Henry Poynting, (born September 9, 1852, Monton, Lancashire, England—died March 30, 1914, Birmingham,
Warwickshire) was a British physicist who introduced a theorem that assigns a value to the rate of flow of

electromagnetic energy known as the Poynting vector.

He was a professor of physics at Mason Science College (later the University of Birmingham) from 1880 until his
death. In papers published in 1884-85, he showed that the flow of energy at a point can be expressed by a simple
formula in terms of the electric and magnetic forces at that peint. This is Poynting’s theorem. He also wrote papers
on radiation and the pressure of light. After 12 years of experiments he determined in 1891 the mean density of
the Earth and in 1893 the gravitational constant, a measure of the effect of gravity. He published his results in The
Mean Density of the Earth (1894) and The Earth; Its Shape, Size, Weight and Spin (1913).




Remarks Remarks

1 1
S=E xH, w:E(E‘D+H‘B), S=EXxH, W:E(E-D—}—H-B),
d d
— dez—/Jf~EdV— S-da, w+V-S=—-J;-E. (%) f/wdv:_/Jf.Edv_ S-da, w+V-S=—J;-E.
dr Jy v oy dr Jy v oY
e Analogue: Continuity equation for (free) charges. ® Analogue: Continuity equation for (free) charges.
e Alternative formulations exist.
d .
— P dv = — Jf . da, Pf + V . Jf = 0 TOP PUBLISHING EUROPEAN JOURNAL OF PHYSICS
dl V av Eur. J. Phys. 30 (2009) 983-993 doi: 10.1088/0143-0807/30/5/007

Four Poynting theorems

® Alternative formulations exist. ) )
Paul Kinsler, Alberto Favaro and Martin W McCall
) Poynting vector appears only under a divergence Qperator_ Blackett Laboratory, Imperial College, Prince Consort Road, London SW7 2AZ, UK
b (*)' Apphcable to nondisperSive linear reCiprocal media' Fuuermmgmsm:a:lsel.Summmyn(ﬂuxv:cmmnndmcircnne:p(\ndil\gcnergyd:n:inﬂ.nlnngmlhlhcre:ldg\:l
. . . . . . terms and their corresponding bound currents.
e Continuity equation for the momentum associated with the electromagnetic field. P v ey Tempora e e
ExH «E-E+uH-H E-3,P+H . -5,M 0 Jp. Ky
ExB «E-E+u;'B-B E-3P +E-Vx M Ji
DxH &'D-D+pgH-H H-3,M —-H-VxP K
DxB &'D-D+u;'B-B 0 -B-VxP+D-VxM Kp.Ju
Remarks Remarks
1 1
S=E XH, W:E(E-D+H-B), S=E xH, W:E(E-D+H-B),
d . d )
@ wdV =— [ Jg- EAV — S-da, w+V-S=—-J;E. (%) 7 wdV =— [ Ji-EdV — S-da, w+V-S=—-J¢ E.
tJy % v tJy % v

® Analogue: Continuity equation for (free) charges. Analogue: Continuity equation for (free) charges.

o Alternative formulations exist. ® Alternative formulations exist.
® Poynting vector appears only under a divergence operator. ® Poynting vector appears only under a divergence operator.
S —S1VxW® vV.S=V.S. ® (x): Applicable to nondispersive linear reciprocal media.
d —_— d E—
® (x): Applicable to nondispersive linear reciprocal media. W~ (eo (do:j)E -E + o (ctljuu) H - H).

® Continuity equation for the momentum associated with the electromagnetic field.
e Continuity equation for the momentum associated with the electromagnetic field.



Remarks

1
S=ExH, w=(E-D+H-B),

d
< de:—/Jf~EdV— S-da, w+V-S=—Ji-E. ()
dr Jy v oV

Analogue: Continuity equation for (free) charges.

® Alternative formulations exist.

Poynting vector appears only under a divergence operator.

(x): Applicable to nondispersive linear reciprocal media.

e Continuity equation for the momentum associated with the electromagnetic field.

d
—/(DxB)dV:—/(pr—i—foB)dV—l— T da.
dr Jy y ov

Maxwell equations, Fourier transform

V- D=p, VXxE=-B V-B=0, VxH=Ji+D

1 - : - 1 .
& F(r, t) = E /F(r, UJ) elwrdw, F‘(r7 w) = 7@ /‘I?(r7 [) e_lwrdt

G E(r,1), D(r,1), B(r,1), H(r,1), pi(r,1), Ji(r,1)
<> E(r,w), D(r,w), B(r,w), H(r,w), pi(r,w), Ji(r,w).

Poynting vector, power, energy density

. in the context of the OWT course:

® Mode normalization, orthogonality.
® Scattering matrices.

® Power balance:
Assessment of numerical results.

® Fields: What to plot?

(FD)

E)Q/ ’

Q

/ (V X E +iwB)(r,w) el =0 or (VXE+iwB)(r,w)=0 Vr,w.

«o» d » DA




Maxwell equations, Fourier transform

V-D=p, VXE=-B, V-B=0, VxH=Ji+D

_ L F(r.w) elw! r f'wt
& F(r,t)_m/F( lWdw, F(r,w) \/ﬂ/ Wi gy
G E(r,1), D(r,1), B(r,1), H(r,1), pi(r,1), Ji(r,1)

<> E(r,w), D(r,w), B(r,w), H(r,w), pi(r,w), Ji(r,w),

V- D=p, VxE=—-iwB, V-B=0, V xH=J;+iwD

(Caution: arbitrary choice of ~ exp(£iwr)!).

Maxwell equations, dispersion

(FD, € C)
Material dispersion: é(r,w), fi(r,w) are frequency dependent.

D(r,w) = €é(r,w)E(r,w), B(r,w) = pofi(r,w)H(r,w)

(TD, € R)
G Do) =« / exn(r, i — 7 )E(r,1') d7,

B(r.1) = 1o / fim(r,t — )H(r, () df

Maxwell equations, frequency domain

V-D=p;, VxE=—iwB, V-B=0, V xH=]J;+iuwD.
F(r,t) eR ~ F(r,—w) = (F(r,w))*

F(r,w) = \/gﬁ(r)é(w—wo) + \/gF*(r) d(w 4 wo)

C» F(r,t) = { (r) lwot—i-F*(r)e_iwot},
F(r, t)— {F Wof},

() lwot—l—CC

“at frequency wp”:

“F(r,1) =

) \

G E@), D(r), B(r), (), pi(r), Te(r), R
V-D=p;, VXE=—iwB, V-B=0, V xH=]J;+iwD.

Caution: Decorations ~, 7, , c.c. are often omitted; context determines interpretation of symbols.

Electromagnetic energy, frequency domain

D=ciE, &' =¢ & =& ehw) B=poitH, )7 =, it = i, fifeo}, pr=0, Jy=0.

Lossless reciprocal nondispersive uncharged linear media:
E(r,t) = Re E(r) eiwt, H(r,t) =Re fi(r)eim, =2
w
1
WZE(eOE-éE—i—pQH-ﬂH), S=EXxH

C» S, w oscillate in time.

(— FD)
Consider time-averaged quantities:  f(¢) = T / f(H)ar

(exercise)
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Power balance

D=ciE, & =¢ ¢l =¢ ey, B=popH, p7 =, ot =, idesy, pr=0, Jy=0.

Lossless reciprocal nondispersive uncharged linear media:
E(r,t) = Re E(r) eth, H(r,t) = Re H(r) elw!

_ e 1 _
-€E+,u0H-ﬂH), S:ERe(E*x

Power balance

14T
/ w(r,t') d’
Jt

ﬁ) | (w(r,t +T) — w(r,1))

w periodic in time with period 7'/2

Plane harmonic electromagnetic waves

D=ciE, & =¢ & =¢ e}, B=popH, i' =, gt =, pesy, pr=0, Jr=0.

Lossless reciprocal nondispersive uncharged linear media:

E(r,t) = Re E(r) eth, H(r,t) = Re H(r) elw!

E(r,) =Re (EO o—ilk-r— wt))

A plane wave, with frequency w, wave vector k, amplitude vector E(, propagating in a lossless isotropic homogeneous linear
medium without free charges or currents, with relative permittivity €, permeability y, and refractive index n =  /epu.

1 ~ % ~ ~ % ~ = 1 = ~
W:ZRe G()E €E+M0H ﬂH)’ SZERC (E*XH), (exercise)
H ...?
w I ﬁ _ 0 da B (exercise)
" w5 ..
G %-0 VS-V.S

G v.s-o, fﬁ-dazo.
v

(“power balance”, conservation of energy)

oV
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3(b) Plane harmonic electromagnetic waves, associated power

E(r) = Ege %7 H(r) = Hye kT
|
W= Re (eoe\EF + poulHP?).

la x b* = | 2 (a-b)*, k L Ey, k L Ho, k = wy/Siocpt
2 Holt
81 = 1B — oy e ol = 7—22 (R 1HP — (- Ho)*) = = |Hol> = L Hol?,
LL/‘(_“(_
=P = |Ho> = 2 |Eg P,
Lot
EE R 5
= WEl= Eolf = £ Hy|".
W Zfoﬁl ol ZMUM ol
ST= 1R E* xH
o L 5 ><(b><c):b(a~c)—c(a'b),kLEo,kLHO
* * * . # 1 2 €€ 5
E* x H=E} x Hy = Ej x (k x Eg) = (k(E}, + Eo) — Eo(Ej, k) = |Eo| ke ; \ s
W WO WO
k
MOM‘H ‘27'
€€
€06~ €o€ 1

= f—Oﬁcms Clﬂ =
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3(a) Plane harmonic electromagnetic waves

(~expliwt)s50)
Ansatz: E(r) = Ege KT,
H(r) = H, e—ikr,
V X E = —iwpouH
V x E=—ik x Ege KT = _jopouHye kT,
k x E()A

= Hy=
WHoH

V X H = iweyeE
V x H = —ik x Hye KT —juepeEye ik T,

=1
k X Hy.
WenEe

= Eg=

VX (V. x E) = —ik x (—ik X Eg)e T T = _ipouV x H = —iwpopiwegeEge " * T

ax (bxc)=ba-c)—cla:b), Ey Lk k=|k|
= wieuoeEy = —k x (k x Eg) = —k(k - Eg) + E(k - k) = K°Eq,
= k= wy/eooep.

Plane harmonic electromagnetic waves

E(r,t) =Re (E()e*i(k'r* wt))

A plane wave, with frequency w, wave vector k, amplitude vector E(, propagating in a lossless isotropic homogeneous linear
medium without free charges or currents, with relative permittivity e, permeability p, and refractive index n = /ep.

(exercise)
—ilk-r— 1
H(,t):Re(Hoe i(k-r W)), Hy= — kxE, Eo= —kxH,
WO M wWepe
Ey Lk Hy Lk Ey LH, k=|k|=w/éemop.
(exercise)
1 , 1 2 < 1 [ege 2 k 2k _ k
W= —¢€p€e|Ey|" = = H S = - =_ =T S —Wen —
5 o€ |Eo|” = 5 puop [Hol”, 5 Mo#' "2 =5 |Ho| m
1 c
Cp=—=-—. (cm: phase velocity in the medium)
v/ EOEHO M n
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