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1

Introduction

The present rapid development of global communications and computer science demands for constantly
increasing capacities of data transmission and data processing. For a number of reasons, ranging from a
higher bandwith to the inexpensiveness of optical fiber materials, the conventional technologies based on
electric currents are more and more complemented or replaced by a technology on the basis of light. As
in electronics, there is a trend towards integration in optics. Components with diverse functionalities are
to be combined into single monolithic chips, denoted by the shorthands PIC or OIC for photonic or optical
integrated circuits. Consequently, the field is called ‘integrated optics’ [148, 62, 91, 60], as a subdivision of
‘photonics’.

Dielectric waveguides constitute the integrated optical analogon to the conductor paths of microelectronics.
Frequently, these are small ribs or strips with cross section dimensions in the order of micrometers, fabri-
cated by various etching techniques from stacks of transparent dielectric films. Similar to optical fibers, the
structures are able to confine, to ‘guide’ light via the mechanism of total internal reflection. This thesis aims
at improvements in the understanding of light propagation in dielectric waveguides and devices composed
of them, by means of numerical simulations.

Transparent materials with specific optical properties are of particular interest for general as well as for
integrated optics. For this thesis, special emphasis lies on waveguides made of epitaxially grown rare earth
iron garnet films [163]. Along with low losses in the relevant wavelength regions around

�������
m and

�������
m,

a window of transparency of optical fibers, these materials show comparably large magnetooptic effects of
first order (Faraday effect) and second order (Cotton-Mouton-effect) [174]. Garnet films are thus well
qualified for integrated optics, where their pronounced Faraday effect enables the design of nonreciprocal
devices. These are intended to distinguish between optical waves propagating in opposite directions. In the
current framework, a device with two ports A and B that establishes a connection from A to B, but blocks all
power transmission from B to A, is called an ‘isolator’. A more sophisticated ‘circulator’ comprises more
ports, three at least, which are connected in a circular manner. In fact, magnetooptic garnets seem to be the
only materials available for the realization of these components.

Numerical simulation of light propagation in dielectric waveguides [136, 157] amounts to solving the
Maxwell equations for the waveguide domain. Besides other small contributions, the optical properties
of garnet waveguides are described by a locally isotropic permittivity profile that causes the light guiding
and an additional small magnetooptic part. The numerical model includes the first part rigorously, while
the magnetooptic contribution to the permittivity is considered as a perturbation. Thus Chapters 1–5 of this
thesis deal with waveguides made from isotropic materials.

Chapter 1 surveys the theoretical (analytical) foundations which are relevant for the following numerical
simulations. For this thesis, emphasis is on waveguides with a rectangular, piecewise constant permittivity
profile, as they typically emerge from fabrication processes employing wet-chemical or ion-beam etching.
Here peculiarities of the garnet refractive index parameters demand to be very strict in the treatment of the
resulting dielectric interfaces. This feature already distinguishes the numerical analysis of the magnetooptic
structures from other simulations dealing e.g. with semiconductor materials, glasses, or polymers.

Nonreciprocal devices typically comprise long longititudinally homogeneous waveguide segments to ac-
cumulate the small magnetooptic effects. Hence the discussion shall be kept in the framework of guided
waves, the so called ‘modes’. For reasons explained in Section 1.2, calculating the guided mode interfer-
ence must be preferred to alternative modeling e.g. by means of beam propagation techniques [179, 57]. We
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consider only the simplest type of longitudinal inhomogenities, i.e. junctions of waveguides with different
cross sections. The subsequent chapters illustrate that even these junctions lead to complex and interesting
devices.

The remaining parts of Chapter 1 describe fundamental perturbational techniques. Single modes may be
perturbed by small permittivity variations, uniformly on an area of the waveguide cross section. This is the
subject of Section 1.3, which includes a simple model for waveguides made of absorbing materials. We
have argued that adequate recognition of the dielectric boundaries is indispensable. Consequently, one has
to expect a strong influence of the interface positions on the light propagation. Interferometric devices made
of garnet waveguides usually have very strict fabrication tolerances with respect to the waveguide geometry.
Section 1.4 provides the basic expressions for a perturbational geometry tolerancing of waveguides with a
rectangular cross section.

Anisotropic permittivity contributions may lead to polarization coupling. The proper modeling tool is cou-
pled mode theory [45, 59] as sketched in Section 1.5, which allows to incorporate the magnetooptic effects.
The same basic coupled mode formalism can be applied for the analysis of multiwaveguide couplers, which
are the subject of the last chapter. Therefore, the last section of Chapter 1 contains remarks on coupled
modes of different polarization as well as on coupled modes of different waveguides.

Chapter 2 summarizes mode properties and perturbational expressions for the much simpler case of planar
waveguides where the waveguide cross section is restricted to one relevant dimension. Section 2.2 recalls
the transfer matrix strategy for the numerical or quasi-analytical calculation of the modes of isotropic planar
multilayer waveguides. It establishes the numerical basis for the planar device designs in Chapter 7.

While the exact mode analysis of slab waveguides with piecewise constant permittivity is fairly easy, for
waveguides with twodimensional cross section this task is far more involved. Apart from circular geometries
there are no known analytical solutions; an overview over the various numerical techniques can be found e.g.
in Refs. [23, 159]. The procedure proposed in Chapter 3, published as ‘wave matching method’ (WMM),
may be viewed as a more or less direct extension of the planar technique to channel waveguides. While
Chapter 3 states the background for the mode solving algorithm, Chapters 4 focuses on WMM results for
a number of common benchmark structures, for both the semivectorial (Section 4.1) and the fully vectorial
program versions (Section 4.2). The current implementation allows for quite general cross section shapes,
and we have tested the mode solver on several composite geometries (Section 4.3) as well.

Previously to the later application of the perturbational techniques from Chapter 1 for concrete designs,
Chapter 5 attempts a numerical assessment of their practical behaviour. The chapter contains sections on
mode attenuation, geometry tolerancing, and coupled mode theory.

Single magnetooptic waveguides are the subject of Chapter 6. With the magnetooptic permittivity con-
tribution considered as a perturbation, we describe light propagation in the framework of coupled mode
theory. A classification of the magnetooptic effects in Section 6.1 for waveguides of definite symmetry is
followed by Section 6.2 on nonreciprocal phase shifters for modes of both polarizations and by Section 6.3
on nonreciprocal polarization converters. Each of these applications corresponds to a configuration, where
the bias magnetic field is oriented along one of the cartesian coordinate axes. Section 6.4 investigates a
setup with inclined magnetization, leading to a combination of nonreciprocal phase shift and polarization
conversion. This enables the design of unidirectional polarization converters, i.e. waveguides that switch
between orthogonal polarizations in one direction of light propagation, but keep the polarization state for
light propagating in the opposite direction.

Chapter 7 reports on our proposals for complete isolator or circulator devices, respectively, and polarization
splitters. The structures are based on three waveguide couplers with broad and multimode central wave-
guides, for which the term ‘radiatively coupled waveguides’ was coined in Ref. [85]. Following an overview
of the typical coupling characteristics, the simulations of this chapter combine many of the tools and meth-
ods from the previous parts, ranging from the planar and three-dimensional mode solvers over the pertur-
bational formalisms for geometry tolerancing and coupled mode theory to the properties of magnetooptic
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waveguides. The simulation of a polarization independent four port circulator, composed of radiatively cou-
pled polarization splitters and of two magnetooptic unidirectional polarization converters, completes the last
chapter.

Work on this thesis was accompanied by the following publications:� M. Lohmeyer, N. Bahlmann, O. Zhuromskyy, H. Dötsch, and P. Hertel. Unidirectional magnetooptic
polarization converters. Journal of Lightwave Technology, 1999. Submitted.� M. Lohmeyer, N. Bahlmann, O. Zhuromskyy, and P. Hertel. Wave-matching-simulations of integrated
optical coupler structures. Fiber and integrated optics, 1999. Submitted (invited).� M. Lohmeyer, N. Bahlmann, O. Zhuromskyy, and P. Hertel. Radiatively coupled waveguide po-
larization splitter simulated by wave-matching based coupled mode theory. Optical and Quantum
Electronics, 1999. Accepted for publication.� M. Lohmeyer, N. Bahlmann, and P. Hertel. Geometry tolerance estimation for rectangular dielectric
waveguide devices by means of perturbation theory. Optics Communications, 163(1-3):86–94, 1999.� M. Fehndrich, A. Josef, L. Wilkens, J. Kleine-Börger, N. Bahlmann, M. Lohmeyer, P. Hertel, and
H. Dötsch. Experimental Investigation of the Nonreciprocal Phase Shift of a TE-Mode in a Magneto-
Optic Rib Waveguide. Applied Physics Letters, 74(20):2918–2920, 1999.� O. Zhuromskyy, M. Lohmeyer, N. Bahlmann, H. Dötsch, and P. Hertel. Analysis of Polarization
Independent Mach-Zehnder Type Integrated Optical Isolator. Journal of Lightwave Technology,
17(7):1200–1205, 1999.� N. Bahlmann, M. Lohmeyer, H. Dötsch, and P. Hertel. Finite-Element Analysis of Nonreciprocal
Phase Shift for TE Modes in Magnetooptic Rib Waveguides with a Compensation Wall. IEEE Journal
of Quantum Electronics, 35(2):250–253, 1999.� M. Lohmeyer, N. Bahlmann, O. Zhuromskyy, and P. Hertel. Wave-matching-simulations of integrated
optical coupler structures. In G. C. Righini and S. I. Najafi, editors, Integrated Optics Devices III,
volume 3620 of SPIE Proceedings, pages 68–78, 1999.� M. Lohmeyer, N. Bahlmann, O. Zhuromskyy, and P. Hertel. Perturbational estimation of geometry
tolerances for rectangular integrated optics devices. In G. C. Righini and S. I. Najafi, editors, Inte-
grated Optics Devices III, volume 3620 of SPIE Proceedings, pages 311–319, 1999.� N. Bahlmann, M. Lohmeyer, O. Zhuromskyy, H. Dötsch, and P. Hertel. Nonreciprocal coupled wave-
guides for integrated optical isolators and circulators for TM-modes. Optics Communications, 161(4-
6):330–337, 1999.� N. Bahlmann, M. Lohmeyer, H. Dötsch, and P. Hertel. Integrated magneto-optic Mach-Zehnder in-
terferometer isolator for TE-modes. Electronics Letters, 34(22):2122–2123, 1998.� A. F. Popkov, M. Fehndrich, M. Lohmeyer, and H. Dötsch. Nonreciprocal TE-mode phase shift by
domain walls in magnetooptic rib waveguides. Applied Physics Letters, 72(20):2508–2510, 1998.� M. Lohmeyer. Vectorial wave-matching mode analysis of integrated optical waveguides. Optical and
Quantum Electronics, 30:385–396, 1998.� M. Wallenhorst, V. Backherms, A. Josef, N. Bahlmann, M. Lohmeyer, H. Dötsch, and P. Hertel.
Optimized nonreciprocal rib waveguides for integrated magneto-optic isolators. In K. Rubin, J. A.
Bain, T. Nolan, D. Bogy, B. J. H. Stadler, M. Levy, J. P. Lorenzo, M. Mansuripur, Y. Okamura, and
R. Wolfe, editors, High-Density Magnetic Recording and Integrated Magneto-Optics: Materials and
Devices, volume 517 of MRS Symposium Proceedings Series, pages 463–468, 1998.



4 Introduction� M. Lohmeyer, M. Shamonin, N. Bahlmann, P. Hertel, and H. Dötsch. Radiatively coupled waveguide
concept for an integrated magneto-optic circulator. In K. Rubin, J. A. Bain, T. Nolan, D. Bogy,
B. J. H. Stadler, M. Levy, J. P. Lorenzo, M. Mansuripur, Y. Okamura, and R. Wolfe, editors, High-
Density Magnetic Recording and Integrated Magneto-Optics: Materials and Devices, volume 517 of
MRS Symposium Proceedings Series, pages 519–524, 1998.� N. Bahlmann, M. Lohmeyer, M. Wallenhorst, H. Dötsch, and P. Hertel. A comparison of an improved
design for two integrated optical isolators based on nonreciprocal Mach-Zehnder interferometry. In
K. Rubin, J. A. Bain, T. Nolan, D. Bogy, B. J. H. Stadler, M. Levy, J. P. Lorenzo, M. Mansuripur,
Y. Okamura, and R. Wolfe, editors, High-Density Magnetic Recording and Integrated Magneto-
Optics: Materials and Devices, volume 517 of MRS Symposium Proceedings Series, pages 513–518,
1998.� M. Lohmeyer, N. Bahlmann, O. Zhuromskyy, H. Dötsch, and P. Hertel. Phase-matched rectangular
magnetooptic waveguides for applications in integrated optics isolators: numerical assessment. Optics
Communications, 158:189–200, 1998.� N. Bahlmann, M. Lohmeyer, M. Wallenhorst, H. Dötsch, and P. Hertel. An improved design of an in-
tegrated optical isolator based on nonreciprocal Mach-Zehnder interferometry. Optical and Quantum
Electronics, 30:323–334, 1998.� M. Lohmeyer. Wave-matching method for mode analysis of dielectric waveguides. Optical and
Quantum Electronics, 29:907–922, 1997.� M. Lohmeyer, M. Shamonin, and P. Hertel. Integrated Optical Circulator based on Radiatively Cou-
pled Waveguides. Optical Engineering, 36(3):889–895, 1997.� M. Shamonin, M. Lohmeyer, and P. Hertel. Directional coupler based on radiatively coupled wave-
guides. Applied Optics, 36(3):635–641, 1997.� M. Shamonin, M. Lohmeyer, and P. Hertel. Analysis of Power-Dependent Switching Between Radia-
tively Coupled Planar Waveguides. Journal of Lightwave Technology, 15(6):983–989, 1997.� M. Lohmeyer, M. Shamonin, and P. Hertel. Boundary Conditions for the Finite Difference Beam
Propagation Method Based on Plane Wave Solutions of the Fresnel Equation. IEEE Journal of Quan-
tum Electronics, 33(2):279–285, 1997.� M. Shamonin, M. Lohmeyer, and P. Hertel. Radiatively coupled magneto-optic waveguides. In S. I.
Najafi and M. N. Armenise, editors, Functional Photonic and Fiber Devices, volume 2695 of SPIE
Proceedings, pages 355–361, 1996.� M. Shamonin, M. Lohmeyer, P. Hertel, and H. Dötsch. Magneto-optic waveguides: modeling and
applications. In S. I. Najafi and M. N. Armenise, editors, Functional Photonic and Fiber Devices,
volume 2695 of SPIE Proceedings, pages 344–354, 1996.� M. Shamonin, M. Lohmeyer, P. Hertel, and H. Dötsch. Optimization of a nonreciprocal phase shifter
comprising a magneto-optic slab waveguide. Optics Communications, 131:37–40, 1996.
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1 Optical waveguide theory

The following sections provide the theoretical basis for the numerical simulations considered in the subse-
quent chapters. Section 1.1 introduces the notation and lists fundamental equations. Although frequently a
more compact notation would have been possible, relations which enter the numerical simulations directly
or may serve for immediate inspection are written explicitely in components. Naturally, in distinct formula-
tions most of the material of Section 1.1 is the subject of standard texts on optical waveguide theory, e.g. of
Refs. [136, 157, 62, 91]; here explicit references are not included.

With the garnet waveguides in mind, one has to be very strict in the treatment of dielectric interfaces.
Roughly this can be realized as follows. The discontinuities may be less significant for two reasons: Ei-
ther the refractive index contrast itself is small, or it is high enough, such that the strength of the guided
electromagnetic field at the interface becomes negligible. For a waveguide made of semiconductor mate-
rial with typical substrate, film, and cover permittivities of

�	����

,
�	�����

,
����


, the first reason applies to the
substrate-film interface with a permittivity contrast of

���
, the second one to the film-cover boundary with

a contrast of �	� � (these are parameters of common mode solver benchmark problems). In contrast, an air
covered Yttrium-Iron-Garnet (YIG) film on a Gallium-Gadolinium-Garnet (GGG) substrate corresponds to
a permittivity profile of

�����
,
�����

,
����


, apart from the magnetooptic properties. Here permittivity contrasts of� � � and
�����

require explicit consideration of the dielectric boundaries for all modeling attempts.

The somewhat exotic parameters have specific consequences for the field profiles as well. For an illustration,
we refer to the basic ray model for the planar three layer dielectric waveguide. The guided field may be
viewed to be composed from constructively interfering rays in the film region, which propagate at a certain
angle with respect to the film plane. For the above example of semiconductor parameters, the condition
of total reflection at the film boundaries leads to a small maximum propagation angle of

���
. In contrast,

the garnet waveguide permits angles up to
��� �

. Guided fields in these waveguides have large components
in the direction of propagation, the fields are no longer transversal. There is a pronounced dependence on
the orientation of polarization, even for waveguides made of isotropic material. The familiar viewpoint of
propagating plane waves should be completely abandoned. The term ’polarization’ is to be associated with
mode amplitudes, rather than with the electric field vector, which varies in size and orientation over the
waveguide cross section.

1.1 Properties of guided modes

The further reasoning of this thesis is based on the macroscopic Maxwell equations of electrodynamics for
the electric field � , magnetic induction � , dielectric displacement � , and the magnetic field � . We are
interested in stationary optical fields, i.e. fields with a harmonic time dependence at angular frequency � .
With the space and time coordinates denoted � , � ,  , and ! , the electric field can be written

�#"$�&%'�(%' )%*!*+-, �� ./ "$�0%'�1%' 2+ ei �3!54 �� ./76 "$�&%'�(%' �+ e 8 i �3! � (1.1)

Analogous relations combine the time dependent quantities � , � , � , and the complex amplitude fields
.9

,.:
,
.;

. The Maxwell equations have to be supplemented by suitable material relationships. Assuming a
linear dielectric medium with the magnetic susceptibility vanishing [106, 123] at optical frequencies, these
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are .9 , �0< .; and
.: ,>= <@?= ./ % (1.2)

with vacuum permittivity = < and permeability
�&<

. For the modeling of waveguiding phenomena, the relative
permittivity

?= is to be considered depending on the space coordinates. Now the Maxwell equations for the
frequency domain in an uncharged medium, with the magnetic induction and the dielectric displacement
eliminated, read

curl
./ , 8 i � � < .; % curl

.; , i �-= < ?= ./ % div
?= ./ , 
 % div

.; , 
A� (1.3)

The curl equations can be combined to form the wave equations

curl curl
./ ,CB�D ?= ./ % or curl

?=FEHG curl
.; ,CB�D .; % (1.4)

where B>,I�KJ�LM,N��O&J�P is the vacuum wavenumber, given by the frequency � and the speed of lightLQ, � J@R = < � < , or alternatively by the vacuum wavelength parameter P .

Although many applications in integrated optics rely on crystalline materials, frequently the deviation of
the permittivity from isotropy is small. Therefore we focus on waveguiding structures made of isotropic
lossless media first. Anisotropic contributions are included in Sections 1.3, 1.5 by means of perturbation
theory. Note that a change of coordinates aiming at a diagonalization of the permittivity tensor is usually
not an option in the current framework. The waveguide geometry dictates the proper coordinate system.
Otherwise a description of the guided wave propagation in slanted coordinates would be required.

ST
f

T
c

T
s

U V
W X Figure 1.1: Rib waveguide cross section. Y s, Y f, and Y c denote the refrac-

tive indices of the substrate, the film, and the cover layers. Z and [ are the
width and height of the rib, \ is the thickness of the remaining film outside
the rib. As suggested by the figure, throughout this thesis the directions
of the transverse coordinate axes ] and ^ will be referred to by the terms
horizontal and vertical. The _ -axis denotes the longitudinal direction, the
direction of light propagation.

Figure 1.1 shows a typical example for a longitudinally homogeneous dielectric waveguide, assumed to be
made of isotropic lossless material with refractive index ` . It is prescribed by a real diagonal permittivity
profile =-,a` D that depends on the transverse coordinates � and � only.

We are interested in solutions of Eqs. (1.3) or (1.4), respectively, in the form./ "$�0%'�1%' 2+-, / "$�&%'��+ e 8 i b& % .; "$�0%'�1%' 2+c, ; "$�0%'�d+ e 8 i b& % (1.5)

i.e. modes with harmonic dependence on the propagation coordinate  . A mode is defined by its propagation
constant b and by the electric part

/
and magnetic part

;
of the mode profile. Frequently, b is referred to

in terms of the effective mode index ` eff ,eb�J	B or the effective permittivity = eff ,a` Deff.

With ansatz (1.5) inserted into Eqs. (1.3), these split into a first set combining the real parts of the trans-
verse electric and magnetic components with the imaginary parts of the longitudinal components, and a
second identical set that includes the imaginary parts of the transverse and the real parts of the longitudinal
components. Solutions of both systems for the same parameter b and for identical boundary conditions of
integrable fields should coincide up to a real constant. Therefore, without loss of generality, the mode profile
can be written

/ ,f"$gQh�%'gji2% i glk�+ , ; ,m"$noh�%'noip% i nqkF+ where the component functions glh , gQi , gQk , noh ,noi , nrk are real. Note that the longitudinal components of
/

and
;

are i gsk and i nrk .
To summarize the notation, the electric and magnetic field associated with a mode of propagation constantb has the form

�s"$�0%'�1%' d%*!'+c, tu gjhg i
i glk

vw "$�0%'�d+ ei "x�3! 8 b& 2+ % �y"$�0%'�1%' d%*!*+-, tu nohn i
i nrk

vw "$�&%'��+ ei "x�3! 8 bz 2+ � (1.6)
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In general it must be assumed to be hybrid, i.e. none of the components vanish. Adhering to common
notational rules, the second term and the factors

� J�� from Eq. (1.1) are suppressed in Eq. (1.6) and in
related following equations.

With ansatz Eq. (1.6), Eqs. (1.3) reduce to a real system of first order differential equations for the mode
componentsb&gjh{, � � < noi 8}| h	gQk , bznohs, 8 �-= < =~gji 8�| hpnrk , �-= < ='glkK, | i�noh 8}| h�nri ,b&g i , 8 � �0< n h 8}| i g k , b&n i , �-= < ='g h 8�| i n k , � �0< n k , | h g i 8}| i g h ,=*bzgQk�, 8#| hp='gQh 8}| i�='gji , b&nqkA, 8l| h�nrh 8�| i�nri , (1.7)

where the curl equations (the first two rows) imply the two divergence relations.

1.1.1 Vectorial mode equations

Eqs. (1.7) allow us to eliminate four of the six component fields. Alternatively, the two transverse electric,
the two transverse magnetic, or the two longitudinal components may be retained. Using the abbreviations� ,>= EHG " | h =�+ , ��,>= EHG " | i =�+ , and ��, � J�"�b D 8 B D =�+ , the vectorial mode equations read" | Dh 4 | Di 4 B D = 8 b D +�gQh 4 | h � gjh 4 | h	��gQij, 
" | Dh 4 | Di 4 B D = 8 b D +�gji 4 | i � gQh 4 | i���gQij, 
 % (1.8)

" | Dh 4 | Di 4 B D = 8 b D +�noh 8 � | i�nrh 4 � | hpnoi�, 
" | Dh 4 | Di 4 B D = 8 b D +�n i 4 � | i n h 8 � | h n i , 
 % (1.9)

" | h ��= | h 4 | i �o= | i 8 =�+ R = < g k 4 b�B EHG " | h � | i 8�| i � | h + R �0< n k , 
" | h	� | h 4 | i�� | i 8 � + R � < nrk 4 b�B EHG " | i�� | h 8}| h	� | i�+ R = < glkK, 
 �
(1.10)

While these three formulations should be equivalent, the second one is usually preferred for numerical
simulations: In contrast to glh and gji in Eq. (1.8), the basic fields of Eq. (1.9) are continuous at dielectric
interfaces. For common waveguides, at least one of nqh and noi is a large component, thus evaluation of
the remaining fields is considered less error prone than subtracting derivatives of the small longitudinal
components in Eq. (1.10).

1.1.2 Semivectorial approximation

Frequently, waveguide simulations are performed in semivectorial approximation as introduced in Refs.
[139, 140]. The assumption that one of the transverse electric or magnetic components vanishes reduces the
vectorial mode problem to a scalar wave equation.

For semivectorial TE modes, or quasi TE modes, glh is set to zero. The dominant electric component g#i
satisfies the semivectorial TE wave equation" | Dh 4 | Di 4 B D = 8 b D +�gji{, 
A� (1.11)

Semivectorial TM modes or quasi TM modes are characterized by vanishing n�h . For the dominant magnetic
component noi the semivectorial TM wave equation"�= | h �= | h 4 | Di 4 B D = 8 b D +�nois, 
 (1.12)

holds. Both equations follow immediately from the vectorial formulations (1.8), (1.9) with the approxima-
tion of small horizontal permittivity variations, i.e. for | i�=�,�= | i . Without this assumption, the first rows
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of Eqs. (1.8), (1.9) would be violated. Typically, � is along the substrate surface, the direction in which the
field is less tightly confined. Note that the transverse directions are no longer treated alike, as they are in the
fully vectorial formalism.

A number of arguments supports this approximation:� For planar waveguides (cf. Chapter 2) the mode set exactly splits into a subset with transverse electric
components only (TE modes) and another subset with transverse magnetic components only (TM
modes). If a planar waveguide is laterally bounded, i.e. transformed to a broad rib waveguide, " | i =�+
is still small, and the qualitative features of the mode fields should be retained. Consequently, the
modes of the rib waveguides also split into a subset with large gsi , noh components and small gQh , noi
fields, and another subset with large glh , noi and small gji , noh . Although all modes have both small
longitudinal electric and magnetic components, the former are commonly called TE modes, the latter
are named TM modes. As in the planar case, g i and n i serve as basic fields for the semivectorial
modes.� Leading to mode fields with five nonvanishing components, the semivectorial approximation as for-
mulated above is self consistent: The entire set of Eqs. (1.7) is fulfilled, provided that Eqs. (1.11),
(1.12) hold, and that the assumption | i�=-�C= | i is valid.

Note that with an alternative ansatz of vanishing g#i for TM modes or vanishing nri for TE polar-
ization (cf. Refs. [139, 140]), this self consistency property would be violated, as can be shown by
inspection of Eqs. (1.8), (1.9).� Regarding the corrections of scalar modes in weakly guiding structures due to increased refractive
index contrast, a perturbation formalism [157, 123] can be applied. It predicts vanishing lowest order
polarization correction for the basic scalar modes polarized along one of the coordinate axes, provided
that the waveguide has a mirror symmetry (see Section 1.1.3). This supports the assumptions of one
negligible transverse component.� In most cases, the approximation yields correct results, at least if only the propagation constants are
compared with data from fully vectorial simulations. For rectangular rib or raised strip waveguides,
usually one of the transverse electric or magnetic mode components turns out to be significantly
larger than the other one, and the main assumption for semivectorial modeling is fulfilled. On stan-
dard benchmark problems [159], semivectorial and vectorial mode solvers achieve an equal level of
accuracy.

Strictly speaking the first two arguments are not applicable to a waveguide with a discontinuous permittivity
profile, or to a waveguide with a profile that does not distinguish between the � and � axes. The only way
to assure reliability of the semivectorial approximation is to compare it with a fully vectorial calculation on
the same problem, or with experimental data, if available.

However, there are applications that require the extended accuracy of fully vectorial calculations (cf. e.g.
Section 6.3), even if one of the transverse mode components is still small. Additionally, certain configura-
tions yield modes with both transverse electric components of the same order of magnitude [95]. This occurs
if two modes of the same symmetry (see Section 1.1.3) are degenerate or almost degenerate. There are even
applications relying on such structures [96, 94], where semivectorial analysis is obviously insufficient.

1.1.3 Symmetric waveguides

Frequently, waveguides are mirror symmetric with respect to the transformation �7� 8 � . Figure 1.1 is an
example; in fact, all basic structures discussed in this thesis fall into this class. Their guided modes have a
definite parity. As can be realized by inspection of Eqs. (1.7), the Maxwell equations demand equal parity
for nrh , gji , and nrk , and reversed parity for gQh , noi , and glk . Throughout this thesis, we call a hybrid mode
with even noh , gji , and nqk symmetric (s), one with these components odd will be denoted antisymmetric (a).
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Commonly, modes of rectangular waveguides are classified by their dominant transverse components, where
the naming conventions TE and TM of Section 1.1.2 transfer to truly hybrid modes. A lower index indicates
the number of nodal lines parallel to the � axis in the dominant electric and magnetic component, respec-
tively (with the exception of Chapter 2 and Section 4.3.3, only vertical nodal lines occur). Consequently, for
a waveguide with mirror symmetry, all TE modes with even index and TM modes with odd index are sym-
metric. The corresponding semivectorial fields approximate symmetric hybrid modes. This is summarized
in Table 1.1. Immediate consequences of these statements are discussed e.g. in Section 6.1.�3� �3� �3� �s� �s� �#�

(s) � � � � � � TE � , TM � , TE � , TM � , ���~�
(a) � � � � � � TM � , TE � , TM � , TE � , ���~�

Table 1.1: Naming conventions (s)/(a), TE/TM, and signs � of the mode components under the reflection ]¡ I�5] ,
for waveguides with mirror symmetry with respect to the ^ - _ -plane.

The above convention is to be applied if the hybrid character of modes is important, or if multiple modes
of undefined polarization come into play. However, frequently one deals with multimode waveguides, and
only one polarization is considered. Note that in this context the symmetry property usually indicates the
symmetry of the basic field component of the relevant polarization, i.e. TE

<
, TM

<
, TE D , TM D , �F�F� modes are

named symmetric, modes with odd index are called antisymmetric.

Additionally, longitudinal homogeneous waveguides are symmetric with respect to  �� 8  . From each
field of the form (1.5) a mode with inverted propagation constant 8 b can be constructed. Inspection of
Eqs. (1.7) shows that the profile has the form "$g#h�%'gQi@% 8 i glk�+ , " 8 noh�% 8 nrip% i nrk¢+ . According to Eq. (1.13),
this operation reverses the direction of the power flux, thus the mode propagates at the same frequency in the
negative  direction. These backward traveling modes will be relevant for the discussion of orthogonality
properties in the following section.

1.1.4 Power flux and mode orthogonality

A mode is called guided, if the time averaged Poynting vector £¤, Re " /�¥ ; 6 +*J�� associated with the field
(1.5) can be integrated over the waveguide cross section plane. Due to ansatz (1.6) of real component fields,£ has a longitudinal component ¦ k ,§"$g h n i 8 g i n h +*J�� only. A general hybrid guided mode carries the
power ¨ , ��ª©5© "$g h n i 8 g i n h + d � d � � (1.13)

In the semivectorial approximation, this expression evaluates to¨ , b��� � < ©5©N« g Di 8 b E(D gji | Di gji�¬ d � d �o� b��� � < ©3© g Di d � d � (1.14)

for TE, and¨ , b���-= < ©3© �=r« n Di 8 b E(D noi | Di noi ¬ d � d ��� b���-= < ©3© �= n Di d � d � (1.15)

for TM polarized modes, where for the last terms in Eqs. (1.14), (1.15) the profiles are assumed only weakly
guiding in the � -direction, such that terms b E(D | Di are small, if compared to the basic fields.

Closely related is the topic of mode orthogonality. Let
./r­

,
.; ­

and b ­ denote mode profiles of the
form (1.5), (1.6) and their propagation constants that correspond to the same lossless dielectric waveguide.
Eqs. (1.3) directly lead to the identity

div " ./�®&¥ .; 6­ 4 ./�6­ ¥ .; ® +5, 
�� (1.16)
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By integrating over the cross section and inserting ansatz (1.5), one arrives at the orthogonality property" /¯® % ; ®�°~/ ­ % ; ­ +5,a± ® ­ ¨ ­ % (1.17)

where

¨ ­
denotes the power (1.13) assigned to mode ² , and ± ® ­ , �

for ³5,´² , ± ® ­ , 

otherwise. It is

valid for b ®cµ,eb ­ , i.e. for nondegenerate hybrid modes, with the bilinear product defined as" /¯® % ; ®�°~/ ­ % ; ­ +5, �� ©5© "$g ® h n ­ i 8 g ® i n ­ h 4 g ­ h n ® i 8 g ­ i n ® h + d � d � � (1.18)

This form will be used e.g. in the framework of coupled mode theory in Section 1.5. Obviously hybrid
modes of opposite symmetry (cf. Section 1.1.3) are orthogonal with respect to this product.

Subtracting the corresponding relation for one backward traveling mode (propagation constant 8 b ­ ) leads
to a more familiar and simpler, but nonsymmetric form��ª©5© "$g ® h n ­ i 8 g ® i n ­ h + d � d ��,a± ® ­ ¨ ­ % (1.19)

which requires ¶ b ® ¶ µ,�¶ b ­ ¶ .
Analogous expressions hold for semivectorial fields. Assuming terms ·eb E(D | Di to be negligible again, with
two TE modes inserted, Eq. (1.19) readsb ­��� � < ©5© g ® i g ­ i d � d �o,a± ® ­ ¨ ­ % (1.20)

while two nondegenerate TM modes satisfy the relationb ­���-= < ©3© �= n ® i n ­ i d � d �r,a± ® ­ ¨ ­ � (1.21)

Semivectorial modes are strictly orthogonal with respect to the product (1.18), if they belong to different
symmetry classes of Table 1.1. In particular, this applies to the fundamental modes of both polarizations in
a symmetric waveguide. For general nondegenerate semivectorial modes, approximate orthogonality (1.17)
may be expected, since this relation holds for the corresponding hybrid fields. In contrast to the planar case
(see Eq. (2.8)), arbitrary three-dimensional quasi TE modes are not a priori strictly orthogonal to quasi TM
modes.

Note that the general form (1.18) is not positive definite, while its restrictions on semivectorial fields, i.e.
the left hand sides of Eqs. (1.20), (1.21), define scalar products for the single basic field components g{i andnoi . However, the definiteness property will not be needed throughout this thesis, since we do not employ
Hilbert space methods.

1.1.5 Piecewise constant permittivity

The profile of our example waveguide in Figure 1.1 can be divided into regions of constant permittivity.
With vanishing transverse derivatives of the permittivity, the various formulations of the mode problem
(1.8)–(1.12) shrink to the single Helmholtz equation| Dh	¸ 4 |1¹i	¸ ,§"�b ¹�8 B ¹ =�+ ¸ % (1.22)

uniformly for the six mode components ¸»º�¼ glh�%'gji2%'gQk	%'nrh2%'noi2%'nrk�½ . It applies for all points on the
waveguide cross section except on the boundary lines, where appropriate boundary conditions have to be
implemented. Abandoning the sets of globally valid differential equations, this formulation emphasizes the
viewpoint that guiding effects as well as polarization coupling arise from the permittivity discontinuity lines
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only, while in between (i.e. locally) the fields satisfy the equation for electromagnetic waves in an infinite
homogeneous medium.

We further specialize to structures with the dielectric boundary lines parallel to the transverse coordinate
axes, as in Figure 1.1. This class includes the majority of waveguides investigated in the cited references,
the standard benchmark problems, and the magnetooptic waveguides discussed for isolator applications.
Especially for the latter, inclusion of suitable boundary conditions becomes important, since typical per-
mittivity contrasts are such that the fields are neither negligible on the interfaces, nor are the contrasts low
enough to allow disregarding the permittivity jump.

Hybrid modes

General hybrid modes are still described by two basic fields. They satisfy the wave equation (1.22) sep-
arately, i.e. the fields are decoupled. Expressing the remaining components in terms of the two directly
computed fields leads to the following alternative formulations, corresponding to Eqs. (1.8)–(1.10):tu gQhgji

i gQk
vw , tu gjhgQi8 i b EHG " | hpgQh 4 | i�gji�+

vw % tu nohnoi
i nrk

vw , �� � < tu 8 b&g i 4 b EHG " | hFi g h 4 | Di g i +bzgjh 8 b EHG " | Dh gjh 4 | hFi�gji	+
i " | hpgji 8¾| i�gjh@+

vw % (1.23)

tu gQhgji
i gQk

vw , ��-= < = tu b&noi 8 b EHG " | hFi�nrh 4 | Di noi�+8 bznoh 4 b EHG " | Dh nrh 4 | hFi�nri�+
i " | i n h 8}| h n i +

vw % tu nohnri
i nqk

vw , tu nrhnoi8 i b EHG " | h	noh 4 | i�noi�+
vw % (1.24)

tu g hgji
i gQk

vw , �R = < tu �¿" 8 B | i�À 8 b | h@Á +�¿"ÂB | h À 8 b | i Á +
i Á

vw % tu n hnoi
i nqk

vw , �R �0< tu �¿"ÂB�= | i�Á 8 b | h@À +�¿" 8 B�= | h Á 8 b | i À +
i À

vw % (1.25)

with �Ã, � J�"�b D 8 B D =�+ and basic fields Á , R = < glk , À , R � < nrk of the same dimension. Note that the
above expressions are valid at points with constant and isotropic permittivity only.

The boundaries considered here are uncharged interfaces. The tangential components of the electric and
magnetic fields and the normal components of the dielectric displacement and the magnetic induction are
continuous on the plane that divides the two dielectric media. Hence the electric and magnetic mode com-
ponents are subject to the following boundary conditions: On horizontal boundaries (parallel to the � axis)
the quantities =~gQh , gji , glk , noh , noi , nrk are continuous, while on vertical boundaries (parallel to the � axis)
continuity is required for glh , ='gQi , gQk , noh , noi , nrk . These conditions connect the two basic unknown fields
according to Eqs. (1.23)–(1.25).

Particular problems arise from the corners in a piecewise constant profile. Consider e.g. the corner of the
rib flank and the outer film surface at �Ä,»! , �¾,»Å#J�� in the rib waveguide profile of Figure 1.1. On a
horizontal line through this point, glh has to be continuous inside the rib for �ÇÆCÅsJ�� . Outside the rib, for��È�ÅsJ�� , gjh jumps by a factor of ` Df at �¾,É! . At the same time, on the entire vertical line through the
corner, gQh is required to be continuous. Obviously, the conditions are contradictory for finite functions, and
the mode profiles are known to be divergent at such corner points [8, 144, 20].

The derivations of the relations regarding mode orthogonality (Section 1.1.4), perturbation theory (Sec-
tion 1.3), or coupled mode theory (Section 1.5), are formulated in terms of

/
and

;
. Partial integration

with respect to the transverse coordinates involves derivatives of the form div " /É¥ ; + only. Thus these re-
sults are compatible with the discontinuous mode fields of waveguides with piecewise constant permittivity.

A number of perturbational expressions, e.g. for geometry variations (Section 1.4), for the TE phase shift in
a magnetooptic waveguide (Section 6.2.2), or for roughness scattering [55, 104] are based on integrals of the
squared electric mode profile along vertical dielectric interfaces, typically the sidewalls of a rib waveguide.
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In that case it is usually not adequate to neglect the discontinuities in gsi , since one would have to admit
an uncertainty in the order of the squared permittivity ratio. For an interface between a magnetic garnet
(refractive index 2) and air, this is a factor of 16.

Semivectorial modes

For modeling under the semivectorial approximation, merely one scalar field must be calculated directly.
The components gQi for TE and nri for TM polarization are the basis for five component approximations to
the mode profiles.

TE:tu gjhgji
i g k

vw , tu 
gQi8 i b EHG | i g i
vw % tu nohnri

i n k
vw , �� � < tu 8 b&gQi 4 b EHG | Di gji8 b EHG | hFi�gji

i | h	gQi
vw % (1.26)

TM:tu gjhgji
i glk

vw , ��-= < = tu b&noi 8 b EHG | Di noib EHG | hFi n i8 i | h	noi
vw % tu nohnoi

i nrk
vw , tu 
noi8 i b EHG | i�noi

vw �
(1.27)

We demand the following boundary conditions for the g#i component of quasi TE modes to hold: On hori-
zontal boundaries, gQi and its normal derivative | h	gQi ( ·ynrk ) must be continuous. On vertical boundaries,
continuity is required for the product =~g i (the normal component of the dielectric displacement) and the
derivative | i�gji ( ·agQk ). In general there is a discontinuity in gli on the vertical boundary lines.

For quasi TM modes, continuity conditions should be formulated in terms of n¯i . On horizontal boundaries,noi and the product = EHG | h�nri ( ·ÊgQk ) must be continuous, while on vertical boundaries both the field nqi
and its normal derivative | i n i ( ·>n k ) have to be continuous.

While this choice of boundary conditions for the semivectorial approximation is common [113], it is not
compelling [139, 140]. Obviously the conditions do not follow from Eqs. (1.11)–(1.12), since otherwise
horizontal and vertical boundaries would be treated alike (the second term in Eq. (1.12) reads = | i�= EHG | i
alternatively). Inspection of Eqs. (1.26), (1.27) shows that the semivectorial modes of both polarizations
satisfy the boundary conditions on horizontal discontinuities exactly. On vertical boundaries, quasi TE
modes violate the continuity requirements for n h and n k . Likewise, quasi TM modes do not satisfy the
conditions for gQh and gQk . Note that this is the only approximation in the semivectorial ansatz for piecewise
constant permittivity, provided the wave equation (1.22) is obeyed exactly.

1.1.6 Interval for effective mode indices

Usually, a mode analysis program needs an interval ` b, ` t to be supplied, which the algorithm searches for
the effective indices of guided modes. A tight estimate is desirable, since the computational effort grows
with increasing interval length. For planar multilayer waveguides as investigated in Chapter 2, outwards
exponential field decays and a harmonic field shape on at least one inner layer are necessary to satisfy the
conditions of square integrable fields and of suitable continuity at the dielectric interfaces. Thus appropriate
interval boundaries ` b, ` t are given by the maximum of the refractive indices of the outermost layers,
and by the refractive index maximum on the inner layers, respectively. Analogous limits apply to radially
symmetric profiles.

However, in case of the vectorial modes of a raised strip or rib waveguide, determining a suitable interval is
more complicated. Consider the rib waveguide of Figure 1.1. Straightforward extension of the above rule to
the regions of constant permittivity is not possible, since this would obviously yield an empty interval.
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From the numerical method employed in this thesis (Chapter 3), the following practical recipe emerges.
Effective mode indices are never found above the level of the refractive index maximum, therefore this
maximum constitutes the top boundary ` t of the search interval. The ansatz (3.3) for the mode field fails on
unbounded corner regions (cf. Figure 3.1), if the trial value for the propagation constant is below B�` , where` is the local refractive index. Thus, the bottom limit ` b is given by the maximum of the refractive indices
of the corner regions.

Ë�ÌÍ ÎË$Ì�Ï�Ð Ë Figure 1.2: Planar structures limiting a
rib waveguide.

The interval can be narrowed if one accepts the approximation of scalar fields. A scalar mode corresponding
to the permittivity profile = is a continuously differentiable field Ñ satisfying the wave equation (1.22). For
such fields, the effective mode indices of layered, but laterally bounded structures are limited by the effective
indices of the planar waveguides corresponding to the smallest and largest thickness of the guiding film
(provided these support guided modes). Roughly, this can be seen as follows. We refer to the rib waveguide
of Figure 1.1. Defining a linear operator ÒKÓÔ, | Dh 4 | Di 4 B D = , the wave equation (1.22) becomes an
eigenvalue problem Ò-Ó�Ñ7,abzÑ . Analogously, operators Ò-Ó$Õ and ÒcÓ Õ×ÖpØ shall describe permittivity profiles of
broad (in the sense of appropriate limits) raised strip waveguides with thicknesses ! and ! 4 À , see Figure 1.2.
Employing standard Hilbert space theory [169], the operators can be shown to satisfy the inequality Ò�Ó Õ×ÖpØ¡ÙÒcÓ Ù ÒcÓ$Õ . Each has a number of discrete eigenvalues b Ó Õ×ÖpØÚ , b ÓÚ , b Ó ØÚ at the top of the spectrum. Assuming
these to be in descending order, the operator inequality transfers to the eigenvalues: b Ó ÕÛÖ@ØÚ Ù b ÓÚ Ù b Ó ØÚ .
With increasing strip width, the waveguides with profiles =�Ü and = ÜÞÝàß support a growing number of guided
modes, while the lowest order propagation constants approach the levels of the fundamental propagation
constants b Ó ÕÛÖ@Øpl , b Ó Õpl of the corresponding planar waveguides (three layer waveguides with refractive indices` s, ` f, ` c and guiding film thickness ! or ! 4 À , respectively). Thus, in the limit of large strip width, the
effective mode indices b ÓÚ J	B of the waveguide in question are limited byb Ó Õ×ÖpØpl Ù b ÓÚ Ù b Ó$Õpl

�
(1.28)

Note that this argument does not apply to the semivectorial or fully vectorial mode problem, since suitable
Hilbert space formulations seem to be not available. Nevertheless, frequently the approximation ` b ,áb Ó Õpl ,` t ,eb Ó Ø~Ö@Õpl from Eq. (1.28) is helpful for a mode analysis algorithm.
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Figure 1.3: Leaky for TM polarization?
For this rib waveguide, the planar propagation constants of the layer stacks
corresponding to sections I and II are ê I

TE ë�ìÔí�î ��ï�ð�ñFð , ê I
TM ë¢ìòí§î � ó�ô î¢õ ,ê II

TE ë¢ìsí�î ��ï�ö¢ð�÷ , ê II
TM ë¢ìsí�î ��ï�ð�÷�÷ , thus ê I

TE ø ê II
TM.

While for semivectorial calculations replacing the scalar values b Ó$Õpl , b Ó Ø~Ö@Õpl by planar propagation constants
of appropriate polarization is reasonable, it is unclear, whether this extension remains correct in the fully
vectorial, i.e. the physically relevant case. Consider e.g. an only slightly etched rib waveguide. The limiting
planar waveguides as sketched in Figure 1.2 may be such that the TM effective index level of the thicker one
is below the TE effective index of the thinner guide. Figure 1.3 shows an example. Does this rib waveguide
support a losslessly propagating, hybrid antisymmetic (dominantly TM polarized) mode? It would comprise
a small gQi field at a propagation constant below the TE level of the outer slabs. Corresponding remarks in
Ref. [159] and the investigation of Refs. [105, 103] indicate that for such waveguides the fundamental TM
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mode must be assumed to be leaky. This amounts to the existence of a minimum etching depth, which has
to be exceeded for TM waves to propagate losslessly.

However, for the waveguides investigated in this thesis, there is no experimental evidence that the leakage,
if present, should be significant when compared to other effects causing power loss, even if some structures
(e.g. some ribs of Section 6.2.2 or a benchmark waveguide of Section 4.1.2, for !�, 
�� � � m) fall into the
class where leakage may occur.

1.2 Waveguide junctions

Some interesting devices consist of a number of longitudinally homogeneous waveguide segments only.
Examples are the radiatively coupled waveguide structures of Chapter 7, or multimode interference couplers
with a basic element as investigated in Section 4.1.4. These devices consist of one or more well separated
input waveguides, followed by a usually multimode coupling section of definite length Ò , and by a number
of output waveguides. Light is inserted via a single mode of one of the input ports. At the first junction the
power gets distributed among the modes of the coupling segment. At its end, the interfering modes excite
one or more modes of the output waveguides.

III

ù

úàûýü

0 þA B

D C

III

Figure 1.4: Composite device comprising three
longitudinal homogeneous waveguide sections I
– III, and input and output waveguides A to D.
Guiding regions are indicated by darker shading.

Consider a junction between two waveguide segments I and II as sketched in Figure 1.4, located at  �, 

.

Both profiles support a number of guided modes with propagation constants b I® , b II­ , and mode profiles Ñ I® ," / I® % ; I® + , Ñ II­ ,�" / II­ % ; II­ + . For several well separated waveguides as in segment I, the mode set consists
of the modes of the isolated waveguides (A and D in Figure 1.4), while for a profile like segment II the
modes of the entire structure are relevant. Modes belonging to the same profile are orthogonal with respect
to the product (1.18), "�Ñ I® ° Ñ I­ +�, ¨

I­ ± ® ­ , and "�Ñ II® ° Ñ II­ +Q, ¨
II­ ± ® ­ , due to either an exact orthogonality, as

for the modes of segment II, or due to the large waveguide distance, as for segment I.

The permittivity profiles = I, = II shall be such that the reflections due to a mode Ñ Iÿ incident on the junction at ¡, 
 can be neglected. This approximation is justified e.g. if Ñ Iÿ is small at abrupt longitudinal permittivity
discontinuities, as in Figure 1.4. Then the incident mode profile may be assumed to be a reasonable initial
field for the further light propagation at the beginning of segment II.

Inside segment II, apart from a remainder � II, the electromagnetic field is a superposition of guided modes"$�l%ý�a+ "$�0%'�1%' d%*!'+c, � ­�� II­ �� ¨
II­ Ñ II­ "$�0%'�d+ ei �3! 8 i b II­  4 � II "$�0%'�1%' 2+ ei �3! % (1.29)

with � , � ,  -independent amplitudes � II­ . At the junction, the superposition matches the initial field Ñ Iÿ , scaled
to an input power

¨
inÿ :¨

inÿ¨
Iÿ Ñ Iÿ "$�&%'��+3, � ­ � II­ �� ¨

II­ Ñ II­ "$�&%'��+ 4 � II "$�0%'�1% 
 + � (1.30)

Assuming "�� II ° Ñ II­ +#, 

for all ² , the (real) propagating mode amplitudes are determined by the overlap
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between the incident mode of segment I and the modes of segment II. Projection of Eq. (1.30) on Ñ II­ yields� II­ ,
¨

inÿ¨
Iÿ ¨ II­ "�Ñ II­ ° Ñ Iÿ + � (1.31)

For a similar treatment of the junction between segments II and III, at  o,CÒ , the unknown remaining field� II must be assumed to be negligible. � II is made up of the unguided part of the electromagnetic field in
section II, the forward propagating radiating fields emerging from an excitation at  ò, 


. At  Ô,ÊÒ it is
small, if either it is initially small, i.e. if the superposition (1.30) approximates the incident mode well, or
if segment II is of sufficient length such that the radiated power has left the relevant region at the junction.
The applications discussed in Section 4.3.4 and Chapter 7 usually meet both prerequisites.

Thus, neglecting reflections again, as with the first junction the field at the second junction can be written"$�Q%ý�e+ "$�&%'�(%'ÒQ%*!*+ , � ­�� II­ �� ¨
II­ Ñ II­ "$�0%'�d+ ei �3! 8 i b II­ Ò

, � ® � III® �� ¨
III® Ñ III® "$�0%'�d+ ei �3! 4 � III "$�0%'�1%'ÒK+ ei �3! % (1.32)

where an extension of the notation to segment III is obvious. Projection of Eq. (1.32) on Ñ III� leads to the
complex amplitude for output mode number 	� III� , � ¨

inÿ � ­ Å ­� ÿ e 8 i b II­ Ò with real weights Å ­� ÿ , �� ¨
III� ¨ II­ ¨ II­ ¨ Iÿ "�Ñ III� ° Ñ II­ + "�Ñ II­ ° Ñ Iÿ + (1.33)

that are given by the overlaps of the normalized modes at the two junctions. As for segment I, we assume
orthogonality for the modes of segment III. Then the power transferred to output mode 	 after excitation in
input mode 
 is¨

out� , ¨ inÿ���� � ­ Å ­� ÿ e 8 i b II­ Ò ��� D % or

¨
out� , ¨ inÿ � ®�
 ­ Å ®� ÿ Å ­� ÿ������ "�b II® 8 b II­ +�Ò � (1.34)

If extended to a larger number of waveguide segments this kind of modeling may be referred to as Prop-
agating Mode Analysis (PMA) [65, 173]. Regarding the treatment of the waveguide junctions, we have
employed the simplest model only. If radiation and reflection are less negligible, i.e. if significant field
intensities are to pass large longitudinal refractive index discontinuities, advanced simulations should be
based on more sophisticated overlap techniques [157] or least squares approaches as described in [116],
which include reflections as well. These are to be applied also if e.g. the light propagation through an end
facet of a waveguide is to be simulated [21, 122, 162]. A few remarks on the problem of end-fire coupling
light into and out of a waveguide follow in Section 6.3.2.

Use of beam propagation techniques [179, 57] would be an alternative to the PMA approach. The majority
of the vast number of proposed propagation schemes are unidirectional, they neglect reflections. While the
beam propagation method (BPM) yields approximations to both the radiated and the guided field after a
junction, frequently one is interested in the guided part only, provided that the waveguide segments are long
enough, and such that the radiated field does not reenter the guiding structures.

Most BPM algorithms are based on the paraxial approximation or higher order, wide angle variants. Usu-
ally for the longitudinal direction a slowly varying envelope approximation is employed, which requires a
reference refractive index parameter to be supplied. Guided modes are propagated at a wavenumber the
deviation of which from the exact value grows with the deviation from the reference refractive index. With a
paraxial BPM algorithm, propagation of one mode may be modeled exactly. Setting the reference parameter
to the average effective mode index allows us to simulate the correct beat length for two modes [72]. But for
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more than two modes, the simulation will always introduce phase errors which accumulate with increasing
propagation distance, leading to an erroneous interference pattern. These considerations become important
if the interval allowed for propagation constants is large [158], e.g. for the deeply etched garnet waveguides
of Chapters 6, 7. Therefore for the rectangular structures investigated in this thesis the propagating mode
analysis must be considered less approximative than beam propagation modeling, provided that sufficiently
accurate mode profiles and propagation constants for the single and composite waveguides are available.

1.2.1 Two coupled parallel waveguides

Two coupled parallel waveguides constitute the simplest variant of a directional coupler. This is the result
of omitting the central guiding region of segment II in Figure 1.4. Additionally, according to the desired
light path, only one of guides A and D and one of B and C shall be present in segment I and III, respectively.
Usually the waveguides are meant to be single-moded, only one polarization is considered, and both wave-
guides are assumed to be identical. Depending on the permittivity contrast, they are to be placed in close
proximity.

Then the coupling segment II supports two modes, one of even symmetry (index s) and one of odd symmetry
(index a), and the power Eq. (1.34) transferred from input port 
�, A, D to output port 	ª, B, C is¨

out� , ¨ inÿ « "$Å s� ÿ + D 4 "$Å a� ÿ + D 4 ��Å s� ÿ Å a� ÿ ����� "�b II
s 8 b II

a +�Ò ¬ � (1.35)

The two mode interference results in a strictly harmonic beating pattern with half-beat-length, or coupling
length,Ò c , Ob II

s 8 b II
a

�
(1.36)

In the limit of weakly coupled waveguides, i.e. for large gap width or large refractive index contrast, one
can assume ¶ Å s� ÿ ¶	��¶ Å a� ÿ ¶p� � J�� . For the straight path A � B or D � C the transmission reads¨

out
B , ¨ in

A

�� « � 4 ����� "�b II
s 8 b II

a +�Ò-¬q% (1.37)

while one obtaines¨
out
C , ¨ in

A

��Ç« � 8 ����� "�b II
s 8 b II

a +�Ò-¬ (1.38)

for the cross light path A � C or D � B.

In this thesis, symmetrical two waveguide couplers will be employed as test structures for the mode solver
characterization (Sections 4.1.3, 4.3.1), for an assessment of the coupled mode theory (Section 5.3), and for a
demonstration of geometry tolerancing (Section 5.2). The simulation is restricted to piecewise longitudinally
homogeneous structures. However, real devices are usually designed as four port couplers with branches
comprising waveguide bends (X-couplers). Analysis can be kept in the framework of guided modes with
a kind of quasistatic approximation [156, 62, 16]. In that case, the device length Ò in Eq. (1.35) must be
replaced by a value between the actual length of the coupling section and a length beyond which the overlap
of the modes in the diverging waveguides becomes negligible.
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1.3 Single mode perturbations

For many integrated optical waveguides, the permittivity profile
?=K,>= 4 ± ?= can be split into the contribution=q, ` D of an isotropic lossless refractive index ` and a residual ± ?= , a perturbation. Assuming the mode

profiles and the propagation constants corresponding to the original permittivity = to be known, in this
section we are interested in the influence of the perturbation profile ± ?= on the propagation constants.

The curl equations (1.3) for the mode profiles can be written as" C 4 i b R + / , 8 i � � < ; % " C 4 i b R + ; , i �-= < ?= / % (1.39)

where the curl operator has been split into a longitudinal part b R and a part C acting on the transverse
coordinates only,

R , tu 
 � 
8 � 
 

 
 
 vw % C , tu 
 
 | i
 
 8l| h8l| i | h 
 vw �
(1.40)

With these two operators and standard scalar product notation ���Ç%����r,������ 6 � d � d � , one can define
[157] the following functional B �Ó in terms of the six independent mode components g#h�% �F�F� %'nrk :

B �Ó " / % ; +3, �-= < � / % ?= / � 4 � �0< � ; % ; � 4 i � / % C ; � 8 i � ; % C / �� / % R ; � 8 � ; % R / � �
(1.41)

If a valid mode field is inserted, i.e. for
/

and
;

satisfying Eqs. (1.39), the functional evaluates to the
propagation constantbò, B �Ó " / % ; + � (1.42)

Using the identity � �Ç%�" C 4 i b R +!���o,"�*" C 4 i b R +#�Ç%���� , one can show that B �Ó is stationary at a mode
field in the sense of |%$ B �Ó " / 4'& �Ç% ; 4(& �Ç+F¶ $*) < , 


for arbitrary � , � . While the stationarity property
holds for a Hermitian permittivity tensor only, the functional satisfies Eq. (1.42) for arbitrary

?= .
Now let b ,

/
,
;

denote the propagation constants and the mode field corresponding to the unperturbed
permittivity profile = . Along with the permittivity, the modes properties change by small amounts ±�b , ± / ,± ; , and the modified quantities are connected by the modified functionalb 4 ±�b , B Ó Ý,+ �Ó " / 4 ± / % ; 4 ± ; + � (1.43)

Since B Ó is stationary at
/

,
;

, substituting B Ó�" / 4 ± / % ; 4 ± ; + by B Ó�" / % ; + and expanding the
remainder of the right hand side of Eq. (1.43) gives directly the first order correction of the propagation
constant ±�b ,e�-= < � / %'± ?= / �à"!� / % R ; � 8 � ; % R / �*+ EHG or

±�b , �-= <� ©5© / 6 ± ?= / d � d �
©3© "$g h n i 8 g i n h + d � d � � (1.44)

This expression can be arrived at by numerous other approaches as well, as shown e.g. in Refs. [157, 123, 42]
or in Section 1.5. In the form (1.44) it holds for arbitrary reasonable permittivity perturbations, but for
unperturbed modes as discussed in Section 1.1 only. Applications in this thesis include the nonreciprocal
phase shift of magnetooptic waveguides (Chapters 6, 7), linear birefringence (Section 6.3.1) and absorption
(Sections 1.3.1, 5.1, 6.3.1).
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1.3.1 Absorption

Eq. (1.44) is valid for non-Hermitian permittivity contributions as well. Assume a region - on the waveguide
section to be made of an absorbing material with refractive index ` that attenuates the intensity of a plane
wave according to ·/.�021�" 843  �+ with a small attenuation constant 3 . Its effect is described by an isotropic
but imaginary permittivity perturbation ±�= abs , 8 i ` 3 J	B . According to Eq. (1.44), the propagation constant
of a mode with profile

/
,
;

gets an additional imaginary part

±�b abs , 8 i 3 m J��K% with 3 m , 3 `65 = <� < ©3©87 ¶ / ¶ D d � d �
©3© "$gjh5noi 8 gjiznoh@+ d � d � � (1.45)

Thus the power carried by this mode is attenuated according to ·9.�0%1z" 843 m  �+ . Note that the mode power
attenuation 3 m usually differs from the bulk value 3 , and that it depends on the mode field, i.e. on the
polarization, if only a part of the waveguiding structure is absorbing.

1.4 Geometry variations

Frequently, integrated optical devices rely on the interference of guided modes propagating along homoge-
neous waveguide sections. In first order perturbation theory, a slight alteration of a dimensional parameter
influences the mode wavenumbers only, while the mode amplitudes are almost unaffected. To estimate
the deviation of the power transmission, it should be sufficient to consider only the propagation constant
alteration, which amounts to calculating wavenumber gradients with respect to geometry variables.

For a waveguide with piecewise constant permittivity profile, alteration of a dimensional parameter can
be regarded as changing the refractive index in a thin layer along a dielectric discontinuity line. While
expressions for the wavenumber shift due to such thin layer perturbations are known but rarely applied
[157], in this section we investigate their interpretation as geometry modifications. The section covers
material of Refs. [75, 78]. An example of an analogous treatment for the scalar modes of weakly guiding
circular step index fibers can be found in [136].

Following the reasoning of [157], the expressions for thin layer perturbations are applied in the first parts
of this section to derive wavenumber gradients due to the displacement of boundaries between regions of
different permittivity. The remainder comments on the tight connection between the geometry parameters
and the wavelength as the defining dimensional variable.

As an alternative to the derivation below, one might think of directly employing the general perturbational
expression (1.44) with a thin layer perturbation expressed by step functions. Taking the derivative with
respect to the location of a layer boundary leads to integrals involving the Dirac-distribution. However,
evaluation of the distribution runs into problems, since some of the test functions (the mode components)
are discontinuous at the relevant boundaries.

1.4.1 Thin layer perturbations

Suppose the propagation constant b and the field
/

,
;

to be known, which correspond to the piecewise
constant isotropic and lossless permittivity profile = . We consider a part of the waveguide cross section
containing a dielectric boundary, as sketched in Figure 1.5.

Shifting the horizontal boundary changes the permittivity to = 4 ±�= with

±�=�"$�&%'��+-,;: = E 8 = Ý for "$�0%'�d+ º -

otherwise

% (1.46)
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Figure 1.5: Horizontal boundary variation. For ] �DC ] C ] � , the bound-
ary separating permittivities E�F below and E!G above is shifted from its
original position ^ b to the new position ^ b ��H ^ .

where the box symbol - indicates the rectangular region � b Æ �áÆÃ� b
4 ±�� , � < Æ � ÆÃ� G . Both the

propagation constant and the mode fields change by small amounts ±�b , ± / , ± ; , such thatb 4 ±�b , B Ó Ý,+ Ó " / 4 ± / % ; 4 ± ; +�% (1.47)

where B is the functional (1.41). B Ó Ý,+ Ó is stationary at
/ 4 ± / ,

; 4 ± ; . Thus, inserting plausible ex-
pressions for the variations of the mode profiles should be sufficient for calculating the propagation constant
shift ±�b . Fortunately, most of the components are continuous on the boundary, and one can simply choose
the original fields as good estimates for the perturbed profiles: ±�n�hq,y±�noi¡,´±�nrk�, 


, ±�gjio,´±�glk{, 

.

In contrast, the normal component of the dielectric displacement ='g#h must be continuous, and gQh jumps
in � b, from a level g Eh to g Ýh , where field superscripts 4 , 8 denote appropriate limits on the horizontal
boundary line. While gQh 4 ±�gjh must be continuous in � b, this new field has the jump displaced to � b

4 ±�� ,
thus gQh is to be modified by

±�gQh("$�0%'�d+3, IJLK = Ý 8 = E= E gQhd"$�&%'��+ for "$�0%'�d+ º -

otherwise

�
(1.48)

This is illustrated in Figure 1.6.

M
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Figure 1.6: Boundary shift from ^ b to ^ b �WH ^ .
�c�

changes from the
continuous to the dotted curve.

With these quantities substituted into functional (1.47), terms · ±�b&± / neglected, and with help of
Eqs. (1.39) one arrives at±�b , �-= < ��± / %~='± / � 4 � / 4 ± / %'±�=�" / 4 ± / +!�� / % R ; � 8 � ; % R / � �

(1.49)

Using Eqs. (1.46), (1.48), the above becomes an expression for the propagation constant change due to a
thin layer perturbation [157]:

±�b , �-= <� "�= E 8 = Ý + ©3©87YX = Ý= E g Dh 4 g Di 4 g Dk�Z d � d �
©c© "$gjh	noi 8 gji�nrhp+ d � d � �

(1.50)

1.4.2 Geometry perturbation formulas

For small ±�� the surface integration over the box region can be replaced by a line integral along the dielectric
boundary. Now the equation gives directly the derivative of the propagation constant with respect to the
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boundary location

±�b , �-= <� "�= E 8 = Ý + © i�[i]\ X g Ýh g Eh 4 g Di 4 g Dk�Z "$� b %'��+ d �
©5© "�gQh	noi 8 gQi�noh@+ d � d � ±�� � (1.51)

This is a plausible expression. The propagation constant is influenced only if there is a discontinuity in
the permittivity, and if the mode field does not vanish on the boundary. Only well defined quantities enter,
there are no ambiguities regarding the discontinuity of g h (the first term in the numerator is alternativelyg Ýh grEh ,>= Ý "$g Ýh +�D�J�=FEÔ,>= Ec"$goEh +�D�J�= Ý ,§"�='gQhp+�D�J�"�=FEz= Ý + ). Fortunately, the result remains the same if one
starts with a downwards shifted boundary and rewrites Eqs. (1.46) and (1.48) accordingly.

With ansatz (1.26) for semivectorial TE polarized modes inserted, Eq. (1.51) reads

±�b , B D<��b "�= E 8 = Ý + ©
i [i \ X g�Di 4 �b D " | i�gji	+�D Z "$� b %'��+ d �

©c©^X g Di 8 �b D gQi | Di gji Z d � d � ±�� � (1.52)

If one neglects the derivative b EHG | i g i on the relevant horizontal boundary and the second order � -derivative
in the denominator (cf. Section 1.1.4), Eq. (1.52) simplifies to

±�b , B D<��b "�= E 8 = Ý + ©
i [i \ g Di "$� b %'��+ d �

©3© gªDi d � d � ±�� � (1.53)

For the waveguides considered in Section 5.2, we have found this approximation to be adequate.

In case of quasi TM polarization, usually all components are expressed by the dominant magnetic componentn i . Now Eq. (1.51) yields

±�b , b � "�= E 8 = Ý + ©
i [i \`_ �= E = Ý "$noi 8 �b D | Di noi�+�D 4 �bba " | i �= | h	noi�+�D 4 �b D " �= | h	noi�+�D>c¾"$� b %'��+ d �

©3© �= X noi 8 �b D | Di nri Z noi d � d � ±��
(1.54)

for the propagation constant shift of a quasi TM mode due to a horizontal boundary displacement. Again
all quantities in the denominator are well defined, since the inverse permittivity times the normal derivative
of noi is continuous on the horizontal boundary. As in the TE case, the derivatives | i can be dropped in
Eq. (1.54) without noticeably affecting the results given in Section 5.2.d�ef
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Figure 1.7: Shift of a vertical boundary.

Analogous equations hold for shifting vertical boundaries. Figure 1.7 illustrates the relevant geometry.
Moving the boundary between permittivities = E on the left and = Ý on the right from � b to � b

4 ±�� changes
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the propagation constant of a hybrid, arbitrarily polarized mode by

±�b , �-= <� "�=FE 8 = Ý + © h [h \ « g�Dh 4 g Ýi grEi 4 gªDk ¬ "$�&%'� b + d �
©3© "$g h n i 8 g i n h + d � d � ±�� � (1.55)

For semivectorial TE-polarized fields, it is usually no longer possible to skip the � -derivative, since the max-
ima of the longitudinal electric component g#k�, 8 b EHG | i�gji are located at the rib flanks. The expression
for the wavenumber shift of a quasi TE mode reads

±�b , B D<��b "�=FE 8 = Ý + ©
h [h \ X g Ýi grEi 4 �b D " | i�gji	+�D Z "$�&%'� b + d �

©3© X gªDi 8 �b D gji | Di gji Z d � d � ±�� � (1.56)

While quasi TM modes satisfy the continuity requirements for n�i and nqk on vertical boundaries exactly,
the continuity requirements for glh and gQk are significantly violated. Thus Eq. (1.55) can hardly be expected
to give satisfying results with a quasi TM field inserted. A way out is the observation that the TM problem,
if restricted to vertical boundaries, should be equivalent to the TE problem with horizontal boundaries.
Therefore a plausible expression for the TM wavenumber shift due to the displacement of a vertical boundary
is Eq. (1.52), with gQi substituted by nri and � and � exchanged:

±�b , B D<��b "�=FE 8 = Ý + ©
h [h \ nòDi "$�0%'� b + d �

©3© n Di d � d � ±�� � (1.57)

Maybe in an alternative way this equation or a modified version can be rigorously derived. At least for the
structures considered in Section 5.2, we have found Eq. (1.57) to be correct up to the same accuracy as the
expressions for TE and hybrid modes. The problem does not arise with quasi TE modes. For the componentgji entering the numerator of Eq. (1.56), the correct continuity requirements on vertical boundaries are
enforced by definition.

The standard rib waveguide as sketched in Figure 1.1 is defined by three geometry variables: the rib widthÅ , its height À and the thickness ! of the remaining film besides the rib. We are interested in the partial
derivatives | ß b , | Ü b , and |lk b . The two former ones are obtained by applying one of Eqs. (1.51), (1.52),
(1.53), (1.54) to the top of the rib or to the rib baseline, respectively. Using Eqs. (1.55), (1.56), or (1.57)
with one of the rib flanks yields |mk b . This approach extends in an obvious way to the coupler structures
discussed in the following section and to other, more complex geometries. Usually, the perturbational
expressions must be applied to more than one boundary section to compute the derivatives with respect to a
general model variable.

1.4.3 Wavelength

For the rib waveguide of Figure 1.1, the relevant dimensional parameters are Å , À , ! , and the wavelength P .
The propagation constant is a homogeneous function of degree 8 � in these parameters, i.e. for an arbitrary
factor n the equality bK"on�P&%]n À %]n2Åª%]n@!'+K,eb-"�P&% À %'Å�%*!'+*Jpn holds. Thus the partial derivatives are related by|lq bò, 8 �P "�b 4 À | ß b 4 Å | k b 4 ! | Ü�b�+ � (1.58)

Therefore, the perturbational expressions (1.51)–(1.57) give direct access to the derivative with respect to
the wavelength as well. Note that Eq. (1.58) assumes all material parameters to be fixed. A pronounced
wavelength dependence e.g. of one of the refractive indices (dispersion) must be taken into account by a
combination of perturbation formulas or by explicit numerical evaluation.
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1.5 Coupled mode theory

Commonly, the term ‘mode coupling’ adresses one of at least three different means of power transfer. These
include coupling modes of distinct waveguides by evanescent fields, coupling modes in the same waveguide
by longitudinally homogeneous perturbations, and co- and contradirectional coupling by longitudinally in-
homogeneous, usually periodical perturbations. The first two versions of coupled mode theory will be
applied in Chapter 6 to magnetooptic polarization conversion and in Chapter 7 to a number of radiatively
coupled waveguide structures. Overviews over the variety of related publications can be found in [59, 45].
The formulation given in this section [48, 157] is the theoretical basis of Refs. [76, 79, 77].

Suppose a composite waveguide is to be simulated. Its profile
?= (in general a tensor) shall be such that the

propagating light � , � may be reasonably assumed to be a superposition of a number of known guided
mode profiles,

/�­
,
; ­

, with longitudinally varying amplitudes r ­ :�s"$�0%'�1%' d%*!'+c, � ­ r ­ "$ 2+R ¨ ­ /�­ "$�&%'��+ ei �3! % �á"$�0%'�1%' d%*!'+-, � ­ r ­ "$ 2+R ¨ ­ ; ­ "$�&%'��+ ei �3! � (1.59)

The amplitudes r ­ include the harmonic dependence on the propagation distance. R ¨ ­ are normalization
factors computed for mode profiles ² according to Eq. (1.13).

Each mode is assigned the difference ± ?= ­ , ?= 8 = ­ between the permittivity profile
?= describing the entire

structure and the permittivity = ­ with which mode number ² was calculated. We restrict the basic fields to
lossless isotropic waveguides, i.e. = ­ is real, with equal diagonal elements. Let b ­ denote the propagation
constant corresponding to the mode profile

/�­
,
; ­

, in the waveguide described by = ­ .

From the Maxwell equations the following reciprocity identity can be derived straightforwardly [157]:

div " .; ¥ ./ 6­ 8 ./ ¥ .; 6­ +3, i �-= < ./ 6­ ± ?= ­ ./á� (1.60)./�­
and

.; ­
are the mode profiles

/�­
,
; ­

multiplied by the appropriate space dependence .�0%1z" 8 i b ­  2+ .
Integration over the � - � -plane and insertion of Eq. (1.59) yields� ®'s ­ ® " | ktr ® 4 i b ­ r ® +5, 8 i

� ® 3 I­ ® r ® % (1.61)

with the power coupling coefficients s ® ­ defined ass ® ­ , �� R ¨ ® ¨ ­ ©3© "$g ®u
 h n ­ 
 i 8 g ®�
 i n ­ 
 h 4 g ­ 
 h	n ®�
 i 8 g ­ 
 i�n ®�
 h + d � d � (1.62)

and for3 I® ­ , �-= <� R ¨ ® ¨ ­ ©5© / 6® ± ?= ®Þ/�­ d � d � � (1.63)

Obviously s ® ­ , s ­ ® holds, but in general the coupling coefficients 3 I® ­ are not symmetric. One can invoke
the reciprocity theorem a second time [157], now in the form

div " .; ®z¥ ./¯6­ 8 ./�®&¥ .; 6­ +3, i �-= < ./�6­ " ?= ® 8 ?= ­ + ./¯® % (1.64)

in order to show the identity"�b ® 8 b ­ + s ® ­ , 3 II® ­ 8v3 I® ­ with 3 II® ­ , �-= <� R ¨ ® ¨ ­ ©3© / 6® ± ?= ­{/r­ d � d � � (1.65)
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If inserted into Eq. (1.61), this leads to� ®(s ­ ® " | k r ® 4 i b ® r ® +5, 8 i
� ® 3 II­ ® r ®	� (1.66)

Combination of Eqs. (1.61) and (1.66) yields coupled mode equations with symmetrical coupling matrices� ®(s ­ ® | k r ® , 8 i
�� � ®'s ­ ® "�b ­ 4 b ® +!r ® 8 i

� ®xw ­ ® r ® % (1.67)

where the coupling coefficients w ® ­ are defined asw ® ­ , �-= <� R ¨ ® ¨ ­ ©5© / 6® "$± ?= ® 4 ± ?= ­ + /�­ d � d � � (1.68)

For lossless materials,
?= , ?= ­ are Hermitian, thus w 6­ ® , w ® ­ . In matrix form the coupled mode equations

read y | kpzÊ, 8 i "!{ 4}| +!z´% (1.69)

with real symmetric matrices

y ,�" s ® ­ + , { ,�" s ® ­ "�b ® 4 b ­ +*J��p+ , and Hermitian | ,�" w ® ­ + , acting on the
vector zf,§" r ® + of mode amplitudes.

The total guided power

¨ , Re ��� "$� ¥ � 6 +�k d � d ��J�� evaluates to

¨ ,~zY� y z , where � denotes the adjoint.

Its vanishing derivative | k ¨ , i z � X "!{ 4}| + � 8 "!{ 4�| + Z z indicates that Eqs. (1.67) conserve power.

Note that alternatively ansatz (1.59) may be formulated in terms of the transverse components only [46, 25]
(for isotropic

?= ), leading to slightly different expressions for the coupling coefficients Eqs. (1.63), (1.65),
(1.68). However, in Ref. [156] the difference has been shown to be of second order in the permittivity
differences, thus to be small. The formulation employed for this thesis is compatible with the variational
expressions of Section 1.3 (see below) and immediately applicable to anisotropic perturbations.

1.5.1 Polarization conversion

Consider a single waveguide made of anisotropic material. Its permittivity tensor
?=A,>` D 4 ± ?= shall deviate

by a perturbation ± ?= from that of isotropic lossless media with refractive index profile ` . The modes of
the corresponding isotropic structure are assumed to be known, while the perturbation will be included via
coupled mode theory.

In this case all permittivity differences from above are equal, ± ?= ­ ,Ê± ?= . The basic modes are orthogonal
according to Eq. (1.19), thus s ® ­ ,a± ® ­ . This reduces Eqs. (1.67) to the simpler form| k r ­ , 8 i b ­ r ­ 8 i

� ® w ­ ® r ® % (1.70)

where the coupling coefficients w ® ­ are given byw ® ­ , �-= <� R ¨ ® ¨ ­ ©5© / 6® ± ?= /�­ d � d � � (1.71)

Note that in general the diagonal coefficients w ­c­ do not vanish. In fact, Eq. (1.71) resembles the perturba-
tional expression (1.44) for the propagation constant shift due to a permittivity variation.

We now specialize to the case of only two coupled modes (indices 1, 2), typically the fundamental hybrid
symmetric (TE) and antisymmetric mode (TM), as in Section 6.3. This is justified if either the waveguide
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supports these two modes only, or if the initial amplitudes of the remaining ones and their coupling to the
fundamental modes is negligible. For Hermitian ±�= the coupled mode equations reduce to| k�r G , 8 i bb�G r G 8 i w r D % | k�r D , 8 i bb�D r D 8 i w 6 r G % (1.72)

with b �­ ,eb ­ 4 w ­c­ and w , w G�D . Their solution is

_ r Gr D c}"$ 2+c,x.�021�" 8 i
b �G 4 b �D�  �+ t�u ����� �� 8 i � b ��p� �]��� �2 8 i w � �]�u� �� 8 i w 6� �]�u� �� ����� �� 4 i � b ��p� �]��� �2 v>�w _ r G <r D < c�% (1.73)

where � is defined as �r, � " � b � J��p+ D 4 ¶ w ¶ D , with � b � ,eb �G 8 b �D . Projection (cf. Section 1.2) on an initial
field " / in % ; in + "$�&%'��+m.�0%15" 8 i �3!*+ gives the amplitudes r ­ < at  �, 
 :r ­ < , �� R ¨ ­ ©5© "$g ­ h n 6in, i 8 g ­ i n 6in, h + d � d � � (1.74)

We are interested in the polarization conversion. Starting at  7, 

with all power concentrated in mode 1,

after a distance  the relative power �à"$ 2+c,�¶Lr D "$ �+*J�r G < ¶ D carried by mode 2 is�à"$ 2+c,�� max
���u� D �2 with � max , ¶ w ¶ D" � b � J��p+ D 4 ¶ w ¶ D � (1.75)

The power transfer ratio � reaches its maximum � max at the position of the conversion length Ò c ,aO&J�"��p�d+ .
Note that the mismatch � b � ,fb �G 8 b �D between the phase-shifted propagation constants determines the
upper limit of the polarization conversion.

1.5.2 Supermode propagation

The most common application of coupled mode theory is the simulation of composite structures which can
be reasonably (usually ambiguously [48]) divided into a number of separate waveguides. Figure 1.8 shows
an example. ��

s

�
f � �

���
c �

Figure 1.8: Cross section of a three waveguide coupler from
Chapter 7.

For simulation in the framework of coupled mode theory, we suppose the guided modes of the single
isotropic lossless waveguides to be known. In the example of Figure 1.8, for fixed polarization, these are
the two single modes of the outer waveguides, and the set of modes of the central guide. For purely real
permittivities, the coupling coefficients are real, thus symmetric w ­ ® , w ® ­ .

Eq. (1.69) is readily solved by an ansatz of harmonic dependence on the propagation distance, z "$ 2+7,� e 8 i b& , where � is a constant weighting vector and b is the supermode propagation constant. This ansatz
leads to the real generalized eigenvalue problem"!{ 4�| + � ,eb y � � (1.76)
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If only forward propagating modes are included in Eq. (1.59), a positive

y
permits convenient numerical

solution of Eq. (1.76) via Cholesky-decomposition of

y
[112]. The solution consists of a number of su-

permode propagation constants b $ and corresponding real vectors � $ which constitute the supermode field
profiles/ $ , � ­ n $­ �R ¨ ­ /�­ % ; $ , � ­ n $­ �R ¨ ­ ; ­�� (1.77)

For nondegenerate propagation constants, the orthogonality property " ��� + T y � $ ,a± � $ ¨ $ holds, where

¨ $ is
the power assigned to supermode number & . With the product (1.18) from Section 1.1.4 this can be written
as " / � % ; � °~/ $ % ; $ +3,a± � $ ¨ $ .
The field in the homogeneous coupling section has the form (1.59) with coefficientsr ­ "$ 2+c, � $ � $ �R ¨ $ n $­ e 8 i b $  % (1.78)

i.e. a supermode superposition with constant amplitudes � $ :�l"$�0%'�1%' d%*!'+-, � $ � $R ¨ $ / $ "$�0%'�d+ ei �3! 8 i b $  % �C"$�&%'�(%' )%*!*+-, � $ � $R ¨ $ ; $ "$�0%'�d+ ei �3! 8 i b $  � (1.79)

Supermode orthogonality allows us to express the total guided power in the coupling region as

¨ ,� $ ¶ � $ ¶ D .
Now consider a coupler structure of finite length Ò with a coupling section extending from  ¡, 
 to  ¡,aÒ .

At  ¯, 

, the simulation shall start with the single mode field

� ¨
inÿ J ¨ ÿ " / ÿ % ; ÿ + of one input waveguide

(index 
 ), scaled to an input power

¨
inÿ . Projection on the supermode fields (1.77) with respect to (1.18)

yields the amplitudes

� $ , ¨
inÿ¨ $ � ­ s ÿ ­ n $­ � (1.80)

By construction, the total guided power evaluates to the input power
� $ ¶ � $ ¶ D , ¨

inÿ for excitement by
one of the coupled modes. In contrast to the theory based on normal modes, the present approach gives no
access to radiation loss due to mode mismatch.

Coupling vanishes for  oÈ Ò . Only the modes of the isolated port waveguides remain (the outer waveguides
in the example of Figure 1.8), and for these we can assume orthogonality " / Ú % ; Ú °~/P� % ; � +A,á± Ú � ¨ �

due
to the waveguide separation. Thus projection on the output mode (index 	 ) yields the output power¨

out� , ¨ inÿ���� � $ Å $� ÿ e 8 i b $ Ò ��� D or

¨
out� , ¨ inÿ � � 
 $ Å �� ÿ Å $� ÿ ����� "�b � 8 b $ +�Ò (1.81)

with Å $� ÿ , �¨ $ X � ­ s � ­ n $­ Z X � ­ s ÿ ­ n $­ Z % (1.82)

completely analogous to the expression derived for exact normal modes in Section 1.2, if the sums over ²
are viewed as products (1.18) between supermode & and the input respectively output field 
 , 	 .
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2 Planar structures

A slab configuration is called planar if both its permittivity profile and the electromagnetic fields considered
for this profile are constant along one of the transverse coordinate axes. Apart from physical waveguides
without lateral confinement, the model should be applicable to laterally weakly guiding structures as well.
Additionally, planar mode analysis constitutes the basis for a number of both approximate [24] or rigorous
[145] methods for calculating two-dimensional modes. In this thesis, the planar model serves for device
design (Chapter 7), for numerical assessment of the perturbation theory (Chapter 5), and frequently for
judgements on two-dimensional structures in terms of effective indices or in terms of the limiting structures
as in Section 1.1.6.

Section 2.1 transfers parts from the preceding chapter to one-dimensional waveguide cross sections; Sec-
tion 2.2 outlines the mode analysis algorithm for multilayer structures with piecewise constant isotropic
refractive index profile. In contrast to the two-dimensional case, planar modes and propagation constants
can be calculated analytically up to the solution of a transcendental equation, which provides a sound fun-
dament for subsequent evaluations of perturbational expressions.

2.1 Mode properties

Choosing the � direction to be normal to the planar slabs, the ansatz of vanishing derivatives | i�� , | i�� ,| i�= splits Eqs. (1.7) for isotropic lossless permittivity into two decoupled sets. These combine the mode
components n h , g i , n k on the one hand and g h , n i , g k on the other hand.

The solutions of the former constitute mode fields of the form (1.6) without a longitudinal electric compo-
nent, commonly called transverse electric (TE) modes,/ , tu 
gji
 vw % ; , �� � < tu 8 b&g i
i | h	gji

vw % (2.1)

where the electric component g i satisfies the planar TE mode equation" | Dh 4 B�D¢= 8 b&D¢+�gQi{, 
A� (2.2)

The second subset of Eqs. (1.7) yields transverse magnetic (TM) modes with vanishing longitudinal mag-
netic component:/ , ��-= < = tu b&n i
8 i | h n i

vw % ; , tu 
noi
 vw �
(2.3)

For the single magnetic component nqi , the planar TM mode equation"�= | h �= | h 4 B D = 8 b D +�noi{, 
 (2.4)

holds. All fields depend on the � -coordinate only.
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Power flux and mode orthogonality

The power per lateral unit length Re � /»¥ ; 6 d �HJ�� associated with a planar mode is¨ , b��� �0< © gªDi d � (TE),

¨ , b���-= < © �= nÔDi d � (TM)
�

(2.5)

With respect to mode orthogonality, for planar problems the identity (1.16) combines the � - and  -derivatives
of the involved modes ¸ TE, TM® , " /�® % ; ® + . Thus only the integration along � remains in the orthogonality
relations for nondegenerate planar modesb ­��� � < © g ® i g ­ i d �¯,a± ® ­ ¨ ­ (TE),

b ­���-= < © �= n ® i n ­ i d �¯,a± ® ­ ¨ ­ (TM). (2.6)

For the same reason, the restriction of the general bilinear product (1.18) on one-dimensional cross sections" ¸ ®Â° ¸ ­ +5, �� © "$g ® h n ­ i 8 g ® i n ­ h 4 g ­ h n ® i 8 g ­ i n ® h + d � (2.7)

allows to write the orthogonality properties in the form" ¸ TE® ° ¸ TE­ +5,a± ® ­ ¨ ­ % " ¸ TM® ° ¸ TM­ +3,a± ® ­ ¨ ­ % and " ¸ TE® ° ¸ TM­ +3, 
A� (2.8)

Therefore, with the product (1.18) substituted by (2.7), the propagating mode analysis of Section 1.2 applies
to planar geometries as well, where the last equality in (2.8) justifies separate simulations for TE and TM
polarization in the case of rectangular structures made of isotropic material. Analogously, with the � -
integrations skipped in Eqs. (1.62), (1.68) and in related relations, coupled mode theory as formulated in
Section 1.5 becomes applicable to planar structures.

Small uniform perturbations

All steps in the derivation of propagation constant shifts due to permittivity perturbations in Section 1.3
can be carried out for the planar configuration as well, provided that the scalar product � � % � � in the basic
functional (1.41) is substituted by ��� %����5, � � 6 � d � . This leads to the general perturbational expression
for planar modes±�b , �-= <� © / 6 ± ?= / d �

© "$gjh	noi 8 gji�noh	+ d � � (2.9)

Note that Eq. (2.9) requires ± ?= to be laterally constant.

In the unperturbed planar mode fields, only few components are present. From the nine entries of a general
perturbation matrix ± ?=�, "$±�= ÿ Ú + , only the central element affects the propagation constant of a planar TE
mode ±�b , B D��b © ±�= i~i g Di d �

© gªDi d � �
(2.10)

For TM polarization, the two electric components glh and gQk give rise to four contributions in the numerator.
Written in terms of the basic field nqi , the perturbational expression for TM modes reads

±�b , b � © _ ±�=*hFh= D n Di 4 � Im
±�=*h¢k= D noi �b | hpnri 4 ±�='k'k= D " �b | h	noi�+ D c d �

© �= n Di d � % (2.11)

where the term � Im ±�='h¢k has to be replaced by i "$±�=�k*h 8 ±�=*h¢k�+ in case of a non-Hermitian perturbation.
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Absorption

As in Section 1.3.1, assume an absorbing layer between � < and � G in the permittivity profile with refractive
index ` . In bulk form, the material shall damp the intensity of plane waves as .�0%1z" 843  2+ , with a small
bulk attenuation constant 3 . According to Eqs. (2.10), (2.11), the corresponding permittivity perturbation±�= abs , 8 i ` 3 J	B effects a small imaginary part ±�b abs , 8 i 3 m J�� of the propagation constant, where

3 m , 3 ` Bb © h [h \ gªDi d �
© g�Di d � (TE), 3 m , 3 ` b B © h [h \ �= D X nòDi 4 " �b | h	noi�+�D Z d �

© � = nòDi d � (TM) (2.12)

is the planar mode power attenuation. These expressions are identical to the results of Ref. [167], which
have been derived from a variational principle for planar modes. Obviously, in the limiting case of a plane
wave, both expressions yield the correct result 3 m , 3 .

Geometry perturbations

Shifts of dielectric boundaries in a layered planar structure correspond to the horizontal boundary displace-
ments investigated in Section 1.4. Figure 2.1 illustrates the relevant geometry.� � ��8�]��!��!��

b
Figure 2.1: Variation of a boundary location in a planar configuration.
The dielectric boundary between permittivities E F and E G is shifted by
a distance H ^ from the original position ^ b.

A derivation analogously to the two-dimensional case leads to the perturbational expressions

±�b , B D��b "�=FE 8 = Ý +�gªDi "$� b +© g Di d � ±�� (TE) (2.13)

and

±�b , b � "�=FE 8 = Ý + _ �= E = Ý nÔDi "$� b + 4 �b D " �= | h	noi�+�Dp"$� b +ic
© �= n Di d � ±�� (TM) (2.14)

for the propagation constant change ±�b due to the shift of a boundary from � b to � b
4 ±�� .
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2.2 Simulation

Provisionally, the discussion of mode calculations shall be restricted to isotropic permittivity profiles. We
refer to a geometry as sketched in Figure 2.2, comprising � inner layers (in Chapter 7 structures with � up
to
��


will be relevant).

 ¢¡ l£ ¤ £¤ ¡
¥

¦�§*¨
 p© ¢©«ªt£ ¤ ©¤ ©�¬p£

Figure 2.2: General planar multilayer structure. ­á��ï
boundaries at ^ -positions [�� to [m® separate ­Ä� î slabs
with constant permittivities E!¯ í Y �¯ , ° í ól±~���~�]±i­y�}ï .
The outer layers ° í ó and ° í ­>�Mï are unbounded.

For points � inside layer ³ with constant refractive index ` ® , the TE and TM mode equations (2.2), (2.4)
reduce to| Dh	¸ ,§"�b&D 8 B�DF` D® + ¸ % (2.15)

where ¸ represents the basic field g i for TE and n i for TM polarization. Its real solutions can be written
in the general form¸ "$�à+3, : � ® .�021&"³² ® "$� 8 � ® +*+ 4 � ® .�021�" 8 ² ® "$� 8 � ® +*+ if b D È B D ` D®� ® �]�u� "³² ® "$� 8 � ® +*+ 4 � ® ����� "³² ® "$� 8 � ® +*+ otherwise

% for À ® EHG Æ �ÇÆ À ® % (2.16)

with À EHG and À�´ Ý G to be interpreted as µ·¶ . The transverse wave vector components are defined as² ® , � ¶ b D 8 B D ` D® ¶ . Local coordinate offsets � ® ,f" À ® 4 À ® Ý G +*J�� with � < , À < and � ´ Ý G , À ´ Ý G have
been introduced to cope with the exponential functions in case of a wide extent À,´ 8 À < .
For guided modes, i.e. fields which are integrable in the sense of Eqs. (2.5), only exponentially decaying
parts of ansatz (2.16) are physically relevant on the outer layers. This limits the interval for prospective
effective mode indices by b�J	B¯È¹¸»ºp0 ¼ ` < %'` ´ Ý G ½ , and amounts to vanishing coefficients � < and � ´ Ý G .
The continuity requirements for horizontal boundaries from Section 1.1.5 demand a continuous field ¸
and continuous normal derivative | h ¸ for TE polarization, while for TM modes ¸ and = EHG | h ¸ must be
continuous. Inspection of the fields (2.1), (2.3) show that with this choice the continuity conditions for
all components are satisfied. Evaluating these conditions for the ansatz (2.16) leads to a linear connection
between coefficients on adjacent slabs_ � ® Ý G� ® Ý G c ,}¼ ® _ � ®� ® c (2.17)

by transfer matrices¼ ® , �n ® Ý G¾½ ® Ý G 8W¿ ® Ý GÁÀ ® Ý G _ ½ ® Ý G L ® 8Â¿ ® Ý G¾Ã ® ½ ® Ý G�Ä ® 8v¿ ® Ý G & ®n ® Ý G�Ã ® 8 À ® Ý G L ® n ® Ý G & ® 8 À ® Ý G�Ä ® c�% (2.18)

with entries n ® to & ® as given in Table 2.1.

Consequently, the coefficients belonging to the uppermost layer are related to those of the lowest layer by

_ � ´ Ý G� ´ Ý G c ,�Å ´Æ ® ) < ¼ ®uÇ _ � <� < c � (2.19)



2.2 Simulation 31È ¯ É#¯ Ê!¯ Ët¯ê � ø ì � Y �¯ Ì]Í�Î8ÏuÐ ¯ÒÑs[ ¯¯ F ��Ó Ì�Í�Î8Ï � Ð ¯ÒÑ#[ ¯¯ F ��Ó Ì]Í�Î8ÏuÐ ¯ÒÑs[ ¯¯�Ó Ì�Í¢Î«Ï � Ð ¯>Ñs[ ¯¯�Óê � C ì � Y �¯ Ô*Õ×Ö�Ï�Ð ¯�Ñs[ ¯¯ F �]Ó Ø�ÙtÔ�Ï�Ð ¯�Ñ#[ ¯¯ F �]Ó Ô*Õ×Ö�Ï�Ð ¯�Ñ#[ ¯¯�Ó Ø�ÙtÔ�ÏuÐ ¯�Ñs[ ¯¯�ÓÚ ¯ Û]¯ Ü�¯ Ý�¯ê � ø ì � Y �¯ Þ ¯ Ð ¯ Ì]Í�Î8ÏuÐ ¯ Ñs[ ¯¯ F ��Ó � Þ ¯ Ð ¯ Ì]Í�Î8Ï � Ð ¯ Ñs[ ¯¯ F �]Ó Þ ¯ Ð ¯ Ì]Í�Î8Ï�Ð ¯ Ñs[ ¯¯�Ó � Þ ¯ Ð ¯ Ì]Í�Î�Ï � Ð ¯ Ñs[ ¯¯�Óê � C ì � Y �¯ Þ ¯ Ð ¯ Ø�ÙtÔ�Ï�Ð ¯ Ñ#[ ¯¯ F �]Ó � Þ ¯ Ð ¯ ÔÁÕ×ÖßÏ�Ð ¯ Ñs[ ¯¯ F ��Ó Þ ¯ Ð ¯ Ø�ÙtÔ�ÏuÐ ¯ Ñs[ ¯¯�Ó � Þ ¯ Ð ¯ Ô*Õ×Ö�Ï�Ð ¯ Ñs[ ¯¯�Ó
Table 2.1: Definitions for the entries of Eq. (2.18) with ° ranging from ó to ­ , with elements È � , É � , Ú � , Û~� andÊ�® G � , Ëp® G � , Ü ® G � , Ý ® G � being obsolete. Ñs[mà¯ í [ ¯ �7^ à denotes the distance between boundary ° and coordinate
offset á . Only the quantity Þ accounts for the polarization discrimination: Þ ¯ í ï for TE and Þ ¯ í ï ë Y �¯ for TM
polarization.� < can be chosen as an arbitrary nonzero amplitude, while the integrability condition demands � < ,� ´ Ý G , 


. Thus the problem of finding the guided planar modes is reduced to the task to identify the
values b , where the first component of "Áâ ´® ) < ¼ ® + " � % 
 + T vanishes. Note that the trial value b enters all
matrices via the transverse wavenumbers ² ® .
Based on the above equations, an algorithm for calculating all modes of a planar multilayer structure can be
designed straightforwardly. To find the roots in � ´ Ý G "�b�+ , the variety of applicable techniques [112] may
exploit specific nodal properties of the problem [93], for bracketing valid propagation constants. The planar
mode solver implemented during this thesis turns out to be efficient and robust.

Therefore, at least for planar isotropic step profiles, perturbational techniques like the geometry perturbation
formulas (2.13), (2.14), or coupled mode theory, are of less importance for device design, apart from theo-
retical considerations. However, this does no longer apply e.g. to structures with anisotropic or absorbing
layers. For the former, usually coupling of two TE and two TM mode amplitudes in each layer leads to
boundary equations of dimension four, which do not permit the explicit analytical transfer matrix technique
as outlined above (an exception are the transversely magnetized magnetooptic waveguides of Chapter 7). For
absorbing structures, the root finding routine will be worse in speed and robustness, since the propagation
constants have to be searched in the complex plane rather than on the real axis.
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Accurate calculation of mode fields and propagation constants is one of the principal tasks of numerically
simulating integrated optical devices. Hence a large variety of computational methods have been proposed,
Refs. [23, 159] give an overview. There are a few approximative analytical approaches towards the problem
(e.g. [155, 133, 118, 120, 58, 18, 24]). While being quite economical with computational resources, their ap-
plicability is limited by the approximations they rely on. More versatile, but computationally more expensive
methods are usually based on finite element or finite difference approximations of the Maxwell equations
(e.g. [114, 115, 19, 139, 140, 119, 1, 64, 143, 88, 44, 102]). Some use beam propagation techniques (e.g.
[70, 71, 67, 171, 172]). Others expand the electromagnetic fields into sets of orthogonal functions (e.g.
[50, 145, 54, 126]), Ref. [56] suggests a mixture of both.

Waveguides in integrated optics are formed either by a diffusion or by an etching process. In the first case
the refractive index varies smoothly in the substrate region, in the second case the guiding profile shows
sharp discontinuities with constant permittivity in-between. Most examples in the above mentioned articles
refer to waveguides of the second type, but most of the more rigorous methods do not exploit this feature
(an exception is the modal transverse resonance technique [145]). Our approach is based on it.

It is motivated by the common strategy for solving the mode problem for multilayer slab waveguides (cf.
Section 2.2): First, on each region with constant refractive index a set of plausible solutions to the basic
wave equation is selected. Then the boundary conditions for dielectric interfaces combine fields on adjacent
regions to a system of linear equations. Finally, its nonvanishing solutions yield propagation constants and
mode profiles. Analogously, the approach discussed in the following sections may be regarded as an attempt
to establish a similar procedure for two transverse dimensions. Given a reasonable ansatz of trial fields, the
algorithm tries to find best solutions in terms of a least squares expression for the remaining mismatch on
the dielectric boundaries.

In Section 3.1 suitable fundamental solutions are set up, separately for each region with constant refractive
index. Since the number of these trial functions is not limited, one has to select. Therefore the method
cannot be expected to give exact results as in the planar case, and the way to connect different regions and
the solution method have to be modified. We adopt a least squares method similar to [28], see Section 3.2.
The resulting numerical procedure to determine guided modes is the subject of Section 3.3. For the pur-
pose of comparison with results of other methods (Chapter 4), we refer to the present approach as ‘wave
matching method’ WMM. The technique was proposed first for semivectorial mode analysis in Ref. [73]
and subsequently extended to fully vectorial simulations [74].

3.1 Trial functions

Consider a longitudinally homogeneous dielectric waveguide described by a piecewise constant rectangular
permittivity profile. Figure 3.1 shows a typical example. The cross section consists of "o�oh 4 �p+ ¥ "o��i 4 �p+
rectangles with real diagonal isotropic permittivity = ® ­ , "$` ® ­ + D , ³�, 
 % �F�F� %]��h 4 � , ²Ã, 
 % �F�F� %]�ªi 4 � ,
separated by the horizontal lines � , À h 
 ® , ³Q, 
 % �F�F� ��h and vertical lines �M, À i 
 ­ , ² , 
 % �F�F� ��i . A
superscript Ã will be used to shorthand denote a rectangle ³�%'² .

As discussed in Section 1.1, in case of vectorial simulations two basic components have to be calculated
directly, while for semivectorial mode analysis one field is sufficient. Let ¸ G , ¸ D or ¸ G , respectively, denote
the basic components. On each rectangle Ã , these fields are assumed to be linear combinations of ã �ä trial
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cross section of a rib waveguide
can be divided into twelve rect-
angles with constant permittivity.
Note that the first and last rectan-
gles in each horizontal and vertical
slice are unbounded.

functions Ñ � ä Ú :
¸ ä "$�0%'�d+3, ¸ � ä "$�&%'��+ if "$�&%'��+ º rectangle Ã , with ¸ � ä "$�0%'�d+3,~îpïð EHG�Ú ) < n � ä Ú Ñ � ä Ú "$�0%'�d+ � (3.1)

The unknown amplitudes n � ä Ú will be the subject of the subsequent computation.

According to Section 1.1.5, inside the regions with constant permittivity = � the fields ¸ � ä satisfy the
Helmholtz wave equation| Dh ¸ � ä 4 | Di ¸ � ä ,§"�b D 8 B D = � + ¸ � ä � (3.2)

Thus we can specialize to an ansatz of functions which factorize with respect to the transverse coordinatesÑ � ä Ú "$�&%'��+3,>L � ä Úòñ �ä Ú " À � ä Ú "$� 8 � � < 
 ä Ú +*+ßó �ä Ú " ½ �ä Ú "$� 8 � �< 
 ä Ú +*+1% (3.3)

where ñ �ä Ú , ó � ä Ú , are one of the functions �]�u� , ����� , or .�021 . L � ä Ú is a normalization constant and � � < 
 ä Ú and� �< 
 ä Ú are introduced as local coordinate offsets (see below). In the remainder of this section, we omit the
rectangle label Ã and the basic component index ô for brevity.

Valid pairs " À Ú % ½ Ú + of the transverse wave vector components À Ú and ½ Ú lie on curves defined byõ À DÚ õ ½ DÚ ,ab D 8 B D =F% (3.4)

with the signs depending on the choice of ñ Ú and ó Ú . While in principle all points " À Ú % ½ Ú + satisfying
Eq. (3.4) yield valid trial functions (3.3), numerically only a suitable discrete set can be implemented.

Therefore a number of points " À Ú % ½ Ú + from the curves (3.4) must be selected; each one defines a contributionö
to the sum (3.1). There are two constraints: The selected points should cover the entire relevant domain on

the curve (3.4), i.e. the space spanned by the corresponding trial functions must be sufficiently large, while
at the same time these functions must be as linearly independent as possible.

For this spectral discretization procedure, it is necessary to fix a reasonable set of parameters ã , ñ Ú , ó Ú , À Ú ,
and ½ Ú separately for each rectangle Ã , component ô , and for a given trial value b . First consider a finite
rectangle (indices

��÷ ³ ÷ ��h and
�Y÷ ² ÷ ��i ) with b�J	B larger than the local refractive index. Sinceb D 8 B D =¿, õ À DÚ õ ½ DÚ È 


, at least one of ñ Ú and ó Ú must be the exponential function. As shown in
Table 3.1(a), the set of trial functions can be divided into twelve subsets. Each is characterized by a choice
for ñ Ú and ó Ú and the signs of À Ú and ½ Ú . Possible transverse wave vectors " À Ú % ½ Ú + are located on a circle
with radius

� b D 8 B D = (for " ñ Ú %�ó Ú +A,É"�.�0%10%!.�021 + ) or a hyperbola (otherwise). Thus they may be defined
by discrete values 3 Ú chosen from a single parameter interval (see Table 3.1).

Table 3.1(b) gives the sets of trial functions for a finite rectangle if b J	B is smaller than the local refractive
index. Since now B D = 8 b D ,øµ À DÚ µ ½ DÚ È 
 , at least one of ñ Ú and ó Ú must be a harmonic function.

The coordinate offsets � < 
 Ú , � < 
 Ú are introduced to meet symmetry requirements and to handle the exponential
functions numerically. For rectangle Ã , "$³ %'² + , if ñ Ú ,ù.�021 with À Ú È 


(À Ú Æ 

) set � < 
 Ú , À h 
 ®
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(a) ê � � ì � E ø ó , Z í(ú ê � � ì � Eû ü ýÿþ Ú ÛÌ]Í�Î Ì�Í�Î � ól±�� ë¢î�� Z Ø�ÙtÔ ý Z Ô*Õ Ö ýÌ]Í�Î Ì�Í�Î � ól±�� ë¢î�� Z Ø�ÙtÔ ý �5Z ÔÁÕ×Ö ýÌ]Í�Î Ì�Í�Î � ól±�� ë¢î�� �5Z Ø]ÙpÔ ý Z Ô*Õ Ö ýÌ]Í�Î Ì�Í�Î � ól±�� ë¢î�� �5Z Ø]ÙpÔ ý �5Z ÔÁÕ×Ö ýØ]ÙtÔ Ì�Í�Î � ól±�� � Z ÔÁÕ×Ö�� ý Z Ø]ÙtÔ	� ýØ]ÙtÔ Ì�Í�Î � ól±�� � Z ÔÁÕ×Ö�� ý �5Z Ø]ÙpÔ�� ýÔÁÕ×Ö Ì�Í�Î � ól±�� � Z ÔÁÕ×Ö�� ý Z Ø]ÙtÔ	� ýÔÁÕ×Ö Ì�Í�Î � ól±�� � Z ÔÁÕ×Ö�� ý �5Z Ø]ÙpÔ�� ýÌ]Í�Î Ø]ÙpÔ � ól±�� � Z Ø]ÙtÔ	� ý Z Ô*Õ×Ö�� ýÌ]Í�Î Ø]ÙpÔ � ól±�� � �5Z Ø�ÙtÔ	� ý Z Ô*Õ×Ö�� ýÌ]Í�Î ÔÁÕ×Ö � ól±�� � Z Ø]ÙtÔ	� ý Z Ô*Õ×Ö�� ýÌ]Í�Î ÔÁÕ×Ö � ól±�� � �5Z Ø�ÙtÔ	� ý Z Ô*Õ×Ö�� ý

(b) ì � Ez��ê � ø ó , Z í(ú ì � Ez��ê �û ü ýYþ Ú ÛØ�ÙtÔ Ø�ÙtÔ � ó�±	� ë¢î�� Z Ø]ÙpÔ ý Z ÔÁÕ×Ö ýØ�ÙtÔ Ô*Õ×Ö � ó�±	� ë¢î�� Z Ø]ÙpÔ ý Z ÔÁÕ×Ö ýÔ*Õ Ö Ø�ÙtÔ � ó�±	� ë¢î�� Z Ø]ÙpÔ ý Z ÔÁÕ×Ö ýÔ*Õ Ö Ô*Õ×Ö � ó�±	� ë¢î�� Z Ø]ÙpÔ ý Z ÔÁÕ×Ö ýÌ]Í�Î Ø�ÙtÔ � ó�±
� � Z Ô*Õ×Ö�� ý Z Ø�ÙtÔ	� ýÌ]Í�Î Ô*Õ×Ö � ó�±
� � Z Ô*Õ×Ö�� ý Z Ø�ÙtÔ	� ýÌ]Í�Î Ø�ÙtÔ � ó�±
� � �5Z ÔÁÕ×Ö�� ý Z Ø�ÙtÔ	� ýÌ]Í�Î Ô*Õ×Ö � ó�±
� � �5Z ÔÁÕ×Ö�� ý Z Ø�ÙtÔ	� ýØ�ÙtÔ Ì]Í�Î � ó�±
� � Z Ø�ÙtÔ	� ý Z Ô*Õ×Ö�� ýÔ*Õ Ö Ì]Í�Î � ó�±
� � Z Ø�ÙtÔ	� ý Z Ô*Õ×Ö�� ýØ�ÙtÔ Ì]Í�Î � ó�±
� � Z Ø�ÙtÔ	� ý �5Z ÔÁÕ×Ö�� ýÔ*Õ Ö Ì]Í�Î � ó�±
� � Z Ø�ÙtÔ	� ý �5Z ÔÁÕ×Ö�� ý
Table 3.1: Trial functions for a finite rectangle.

( � < 
 Ú , À h 
 ® EHG ). Otherwise, for ñ Ú , ���u� or ñ Ú , ����� , set � < 
 Ú ,m" À h 
 ® 4 À h 
 ® EHG +*J�� . Analogously, � < 
 Ú is
fixed in terms of À i 
 ­ , À i 
 ­ EHG depending on ó Ú and ½ Ú .
For unbounded rectangles ( ³ , 
 or ³ ,�� h 4 � , ²m, 
 or ²m,�� i 4 � ), Table 3.1 applies as well. Merely
outwards exponentially increasing trial functions must be dropped. This implements the constraint of a
square integrable mode field without any further boundary conditions. No spatial computational window is
required, the mode functions are defined on the entire waveguide cross section plane.

On corner rectangles, e.g. ³-, 

, ² , 


, only one subset with outwards exponentially decaying functions
remains, provided that b J	B is larger than the local refractive index. Otherwise no admissible subset would
be left, thus no guided mode is possible. On the contrary, for rectangles unbounded in only one direction,
both signs of b D 8 B D = yield valid subsets. The situation with b�J	B smaller than the local refractive index
occurs frequently, e.g. if a rib has been etched from a guiding film as sketched in Figure 3.1.

Now for each subset a number of discrete values 3 Ú must be selected. Let ��� denote the maximum number.
If only one of ñ Ú and ó Ú is exponential, the parameter interval is not bounded. We introduced a largest
admissible value 3 max, which is set to O&J�� if both ñ Ú and ó Ú are exponential or harmonic functions. The
selected values should be at least spaced by 3 max J¾�
� .

The selection starts with an arbritarily guessed value. We use 3 , �
if only one of ñ Ú and ó Ú is exponential

and 3 ,CO&J � otherwise. It defines a trial function Ñ � . The next parameter 3 õ � 3 should yield a functionÑ�� Ý�� � which differs significantly from Ñ�� . A parameter Ä will limit this difference. The integrated devia-
tion between the zero function and arbitrary linear combinations of the two functions should be larger thanÄ : ¸ �u�� [ 
 ��� 
 � � [ Ý � �� ) G ©5© � "on G Ñ � 4 n D Ñ � Ý�� � 8 
 + D d � d � Ù Ä � (3.5)

For normalized functions ��� � Ñ D� d � d �y, ��� � Ñ D� Ý�� � "$�&%'��+ d � d �y, �
— this defines the normalization

constants L Ú introduced above — Eq. (3.5) reduces to� � " � 3 +c, ���� ©5© � Ñ � Ñ � Ý�� � d � d � ���� ÷á� 8 Ä � (3.6)

Expansion of
� � results in a condition for the admissible parameter difference � 3 :

� 3 Ù Ä� " 3 + % where � " 3 +c, 8 �� d D � �
d � 3 D " 
 + � (3.7)� is evaluated as a finite difference expression.
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With this condition (3.7) and the constraint � 3 Ù 3 max J¾�
� the values 3 Ú can be selected, proceeding step-
wise towards both ends of the parameter interval. This must be done seperately for each rectangle, each basic
component, and each subset of trial functions. One obtains a spectral discretization with nonequidistant step
sizes � 3 on spectral computational windows � 
 % 3 max � .
Since the trial value b enters this discretization procedure, it is carried out only once with an average value
from each b interval under investigation. The parameter values 3 Ú are stored, and for each trial value b the
transverse wave vector components À Ú and ½ Ú are evaluated according to Table 3.1.

Many interesting structures show a mirror symmetry with respect to �>� 8 � , and their guided modes
have a definite symmetry as well (cf. Section 1.1.3). In these cases the number of unknowns in the WMM
calculations can be halved if one drops trial functions with unwanted symmetry in the centered rectangles.
Additionally, each pair of corresponding coefficients on both sides must be treated as one unknown.

3.2 Joining the rectangles

Once the systems of trial functions are established on the separate rectangular regions, these regions are
to be joined by employing the continuity conditions for electromagnetric fields on dielectric boundaries, as
discussed in Section 1.1.5 and summarized in Table 3.2.

Quantities continuous on
Basic fields horizontal boundaries vertical boundaries

TE
� � � �

, � � � � E � � , � � � �
TM

�s� �s�
, E�F � � ���s� �s�

, � �F�s�
VEC

�3�
,
�3�

, or
�s�

,
�s�

, or
�3�

,
�s� E �3� , �c� , �3� , �s� , �s� , �s� �c�

, E �3� , �c� , �s� , �s� , �s�
Table 3.2: Basic fields and boundary conditions for semivectorial (TE, TM), and fully vectorial mode analysis (VEC).

Denoting by r ß the horizontal lines � , À h 
 ® , ³ , 
 % �F�F� %]� h , and by r�� the vertical boundaries ��, Àdi 
 ­ ,² , 
 % �F�F� %]��i , on the cross section plane, we establish a least squares expression � for the misfit of the
fields on the boundary lines. It is to be considered a function of the trial value b for the propagation constant,
and of the vector � of all coefficients n � ä Ú from Eq. (3.1). For semivectorial TE calculations, this reads��� " � + , ©�� Ø � « g Ýi 8 grEi ¬ D 4 _ �B | h	g Ýi 8 �B | h	goEi c D! d � (3.8)4 © ��" � _ �	= Ý= Ý 4 = E g Ýi 8 �	= E= Ý 4 = E g Ei c D 4 _ �B | i�g Ýi 8 �B | i�g Ei c D  d � �
The analogous expression for TM polarization is��� " � + , © � Ø � « n Ýi 8 n�Ei ¬ D 4 _ �B�= Ý | h	n Ýi 8 �B�= E | h	nMEi c D� d � (3.9)4 © � " � « n Ýi 8 n Ei ¬ D 4 _ = E 4 = Ý�pB�= E = Ý | i n Ýi 8 = E 4 = Ý�pB�= E = Ý | i n Ei c D! d � �
For fully vectorial calculations, squared deviations in all six components are summed:��� " � + , R = < © � Ø$# "�= Ý g Ýh 8 = E g Eh + D 4 "$g Ýi 8 g Ei + D 4 "$g Ýk 8 g Ek + D�% d � (3.10)4 R � < © � Ø$# "$n Ýh 8 n Eh + D 4 "$n Ýi 8 n Ei + D 4 "$n Ýk 8 n Ek + D % d �
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4 R = < © ��" # "$g Ýh 8 grEh +�D 4 "�= Ý g Ýi 8 = E0goEi +�D 4 "$g Ýk 8 goEk +�D % d �4 R �0< © � " # "$n Ýh 8 n Eh + D 4 "$n Ýi 8 n Ei + D 4 "$n Ýk 8 n Ek + D�% d � �
Here superscripts 4 and 8 indicate fields assigned to neighbouring rectangles on opposite sides of the
boundary, where the functions are evaluated exactly on the boundary line. The six components in Eq. (3.10)
are meant to be expressed by the two basic fields. Obviously, in all three cases vanishing of �&�H" � + guaran-
tees that � and b describe a guided mode exactly.

The square roots of the vacuum permittivity = < and permeability
� <

in Eq. (3.10), and the inverse wavenum-
bers B and the permittivity averages in Eqs. (3.8), (3.9) have been introduced as weighting factors to adjust
the dimensions of the fields and their derivatives and of the electric and magnetic components, and in or-
der to equilibrate contributions from horizontal and vertical boundaries. Note that these factors are chosen
somewhat arbitrarily — they may even be functions, but there is no a priori reason why they should. In a
numerical calculation only a restricted set of trial functions is available, and the unknown mode function
will usually not be included in the function space spanned by the trial functions. Therefore the minimum
achievable error and consequently the estimate for the propagation constant depend on the choice of the
weighting factors. However, if the set of trial functions is large enough, one can expect these dependence to
vanish.

A similar ansatz (Least Squares Boundary Residual Method) has been applied successfully for the simula-
tion of longitudinal waveguide discontinuities [28, 116, 117]. The authors used the freedom in the choice
of the weighting factors to improve the conditioning of the resulting matrices (see Section 3.3). We did not
exploit this feature because it was not necessary.

There is a particular ambiguity regarding the fully vectorial case. Since we deal with a partial differential
equation of second order in both transverse directions, one would expect that four boundary conditions (one
for the field and one for the normal derivative of the two basic components) are sufficient. Inspection of the
Maxwell equations shows that exact continuity of nqh , nri , nrk and gQk implies the appropriate behaviour
for gQh and gji , provided that Eq. (3.2) holds for all components. Indeed we have found indications that an
expression for � like Eq. (3.10) with the glh and gji terms dropped may provide better convergence (see
Section 4.2.3). However, in other situations, e.g. for the structure in Section 4.2.2, this modification leads to
less reasonable fields where the mismatch is concentrated in the dropped components. Therefore we stick
to the original expression (3.10).

With a restricted set of ansatz functions, one cannot expect an exact solution. To compare them with respect
to the mismatch on the boundaries, the trial solutions have to be normalized. For this purpose, we adopt the
common expressions�'�à" � +c, ©5© g Di d � d � (TE) % �
� " � +5, ©3© �= n Di d � d � (TM) (3.11)

for semivectorial calculations. Fully vectorial fields are normalized with respect to one of the expressions�'�à" � +c, ©5©N« g Dh 4 g Di 4 g Dk ¬ d � d � or �
�H" � +3, ©5©N« n Dh 4 n Di 4 n Dk ¬ d � d � � (3.12)

The integrals are meant to be evaluated piecewise over the rectangles of the cross section decomposition.
Remarks with respect to the arbitrarily chosen error expressions � apply to the normalization � as well. As
pointed out in Section 1.1.4, in the fully vectorial case the longitudinal component of the Poynting vector
does not yield a positive definite form suitable for normalization.

A consistent theoretical assessment for the WMM is still lacking. Such an assessment should comprise
a variational principle as a basis for the numerical error minimization procedure. In particular, it should
identify expressions for the least squares error (3.8)–(3.10) and the normalization (3.11)–(3.12) that yield
in some way best estimates of the propagation constants for a trial field. However, from our experience we
conclude that the definitions given in this section are at least good choices.



38 3 Wave matching method

3.3 Numerical procedure

With our limited set of trial functions an exact representation of the mode field will not be feasible. But
one can expect the minimum achievable mismatch to be small if b is close to a valid propagation constant.
This assumption forms the basis of the procedure to determine the propagation constants: First, for a given
trial value b , an optimum coefficient vector � , normalized as ���à" � +¡, �

, with corresponding minimum
remaining mismatch

� �¿,(���à" � + is calculated. Subsequently,
� � is minimized with respect to b . The lo-

cations of the minima yield approximations to the propagation constants. By insertion of the corresponding
eigenvectors into Eq. (3.1), one finally obtains the mode fields.

The implementation of this procedure starts with inserting ansatz (3.1) into Eqs. (3.8)–(3.10) as well as
Eqs. (3.11)–(3.12), and analytically evaluating all integrals. This reduces the expressions for the boundary
mismatch and norm to quadratic forms��� " � +5, � T ) � � % �
�H" � +3, � T * � � % (3.13)

where ) � and * � are real sparse symmetric matrices. * � has block-diagonal form, the sparsity pattern of) � fits to the block structure of * � . By construction, both ) � and * � are positive.

While the latter statement holds mathematically, occasionally * � turns out to be numerically indefinite:
A few negative eigenvalues with small magnitude occur. This is due to an unnecessarily large set of trial
functions on at least one rectangle. Some of these are numerically linearly dependent. (The spectral dis-
cretization procedure considers only the difference between neighbouring trial functions. Subsets of trial
functions with different harmonic and exponential dependence are usually not orthogonal.) To restore pos-
itivity, one has to drop some of the trial functions. For each rectangle, we compute the smallest eigenvalue
of the relevant part of the normalization matrix * � . If this value is negative, we drop the trial function with
the largest amplitude in the corresponding eigenvector. This procedure is repeated until each block on the
diagonal of * � is positive.

We are left with the following minimization problem: For given b , find � with the smallest � T ) � � , subject
to the condition � T * � � , �

. Consequently, solving the generalized eigenvalue equation) � � , � � * � � (3.14)

for the smallest eigenvalue
� � gives the lowest achievable error for a trial value b . Note that one has to find

minima of this quantity
� � with respect to b , i.e. multiple evaluations of Eq. (3.13) are required.

Two examples illustrating the shape of the
� � -curves will be given in Sections 4.1.4, 4.2.1. Although they

appear to be quite shallow, evaluation of the minima in Figures 4.4 and Figure 4.9 to sufficient precision has
never been a problem. However, problems may arise with closely spaced propagation constants. Frequently,
splitting the mode set into two subsets of opposite symmetry allows to separate these modes. But at some
instances even modes with equal symmetry happen to propagate at almost the same wavenumber. One
such case is illustrated in Figure 4.9, where the hybrid first order TE and zeroth order TM modes are
almost degenerate. A possible ansatz to handle these structures is to use the freedom in the choice of the
normalization expression to identify the parabolic sections in the error function

� � corresponding to the
degenerate modes (cf. the remarks at the end of Section 4.3.4).

An analogous problem occurs e.g. if higher order modes of a rib waveguide are searched for, where the outer
regions, regarded as planar waveguides, support guided modes. There should be a continuous transition from
a suitable superposition of planar modes of the outer slabs to an almost cut-off mode of the rib waveguide.
The high order mode of the rib may be considered as almost degenerate with the continuum of planar
modes. Due to the ansatz of decaying fields, the WMM program will probably identify a minimum in

� � ,
but how to decide if it corresponds to a physical guided mode? Here the lack of a strict theoretical boundary
for admissible effective mode indices becomes apparent. Additionally this problem may coincide with the
setting of the slightly etched rib, as sketched at the end of Section 1.1.6. Fortunately, the structures discussed
in this thesis do not need such configurations to be analysed exactly.
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Remarks on the implementation

To solve Eq. (3.14), we followed a strategy outlined in [112]. Cholesky decomposition of the normalization
matrix reduces Eq. (3.14) to an ordinary symmetric eigenvalue problem. The decomposition can be done
separately for each diagonal block of * � . Two subsequent backsubstitution steps take advantage of the
block structure and the corresponding sparsity pattern of ) � as well, thus this part of the computation
can be performed very efficiently. Afterwards, we used the LAPACK-library [2], or alternatively a simple
inverse iteration procedure [112], to find the lowest eigenvalue of the resulting ordinary eigenvalue equation.

Depending on the effort invested in the one dimensional minimization algorithm (see e.g. [112]), only very
few evaluations of Eq. (3.14) are required. A good initial estimate for the propagation constant is helpful;
we used WMM-calculations with a reduced number of trial functions for that purpose. The mode analysis
procedure starts with an initial scanning of the relevant refractive index interval (cf. Section 1.1.6). Using a
coarse spectral discretization, on a mesh of typically 10 to 50 points a survey of the

� � curve is computed.
Then each triple of points which bracket a minimum (i.e. a lower value between two larger ones) is fur-
ther examined, first with the coarse, subsequently with a finer spectral discretization, until the propagation
constant is trapped up to sufficient accuracy.

One will note that all benchmark results shown in Sections 4.1 and 4.2 have been calculated with the same
spectral discretization parameters (but with quite different total numbers of trial functions, since their num-
ber depends on e.g. refractive index values, number and dimension of rectangles, or the propagation con-
stant). The mode indices given are stable with respect to a refinement of the spectral discretization, thus the
choice of suitable discretization parameters does not depend crucially on the structure under consideration.

During the work on this thesis, the WMM was developed and implemented in the program language C [63],
later in C 4�4 [142]. By now, the code runs on several machines, including the HP workstations of the de-
partment, a number of personal computers, and the IBM RS/6000 SP server in the computing center of the
University of Osnabrück. For a basic rectangular waveguide, e.g. the square core of Section 4.2.2, a com-
plete run of the vectorial WMM program with accuracy as given takes about



minutes on a �	� MHz HP-735

computer, output of all data for Figures 4.11–4.13 included. About
�

MB of memory are needed. Repro-
ducing the benchmarks results of Table 4.4 with state-of-the-art accuracy requires about � minutes and also
about

�
MB of memory for

�F

fundamental semivectorial modes on a current

�p
	

MHz personal computer.

Note that both time and memory consumption scale with the number of unknowns in the eigenvalue prob-
lem (3.14), where the current programs leave much room for optimization. In terms of computational effort,
the method should be competitive with the modal transverse resonance method [145], while the memory
requirements of finite element or finite difference methods are an order of magnitude larger.

At present, the WMM has been implemented to handle cross section decompositions as in Figure 3.1 with
arbitrary numbers of horizontal and vertical slices. In practice, the computational effort scales strongly with
the number of rectangles, if the spectral discretization is not decreased. Therefore discretizing a continuously
varying refractive index profile or a profile with not rectangular boundaries is not an option. WMM treatment
of such structures would require a major reformulation.

At the same time, many interesting structures consist of only few rectangles and boundary lines, with quite
different mode profiles and working principles. These are the subject of the subsequent chapters.
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4 Numerical WMM assessment

The calculations reported in the following sections intend to characterize the performance of the WMM
approach. Due to the lack of available analytical solutions, we necessarily resume to a comparison with
published results. The WMM mode fields are to be employed later for evaluating perturbation expressions
or in the framework of coupled mode theory. Hence emphasis is put not only on propagation constants, but
on mode profiles as well, where comparison of field shapes is the much more sensitive test. Adhering to
the continuous development of the method, Section 4.1 starts with semivectorial simulations from Ref. [73].
Fully vectorial mode analysis as in Ref. [74] is the subject of Section 4.2, while Section 4.3 reports on our
simulations [80, 81] for a number of less conventional composite structures.

4.1 Semivectorial analysis

The following standard reference examples are semiconductor rib waveguides with comparably large refrac-
tive index contrasts between the guiding film and the surrounding air. Due to the prospectively small mode
field strength at the rib flanks, violation of continuity conditions becomes less relevant, and the semivectorial
approximation can be expected to yield adequate results. This is verified in the next two sections. While
these examples deal only with fundamental modes, computing higher order modes allows the characteriza-
tion of a directional coupler and a multimode waveguide in Sections 4.1.3, 4.1.4.

4.1.1 Benchmark rib waveguides (I)

Table 4.1 summarizes the parameters of three rib waveguide geometries which have been widely used to
compare different numerical methods for mode calculations [139, 140, 141, 58, 71, 70, 67, 102]. For Ta-
ble 4.2, we extended the summary of previously published results from [102] by values from [141, 70, 67]
and added a line with the WMM effective mode indices.

+,
f

,
c,
s

- .0/ 1 Y s Y f Y c Z ë�2 m [ ë32 m \ ë32 m
(i) õ � õ ð õ � ð�ð ï�� ó î � ó ï�� ï�ó óp� î ó
(ii) õ � õ ÷ õ � ð�ð ï�� ó õ � ó óp� ï�ó óp� ô�ó
(iii) õ � ð õ54 õ � ð�ð ï�� ó ð@� ó î � 4 ó õ � 4 ó

Table 4.1: Sample geometry parameters. The modeled vacuum wavelength is 6 í ï�� 47482 m.

For waveguides (i) and (ii) the WMM agrees remarkably well with the other approaches, especially with
the supercomputer-results FDM D from [102], while for geometry (iii) the WMM mode indices are slightly
larger. For waveguide (iii), note the perfect agreement between the WMM and the spectral index method SI.
According to a remark in [102], a reason may be the limited computational window of the finite difference
treatment (width in the � -direction: FDM G : � � ��
z� m with exponential decay [139], BPM G , BPM D , FDM D :�¢���

m with zero boundary condition [71, 70, 102]). Ref. [70] contains a figure with the corresponding
field profile on the

�¢���
m window. The field looks like being squeezed between the window boundaries.

Results from a variety of other vectorial and semivectorial methods concerning structure (i) are collected in
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TE TM
(i) (ii) (iii) (i) (ii) (iii)

FDM � 3.38693 3.39544 3.43681 3.38674 3.39059 3.43677
SI 3.38874 3.39527 3.43690 3.38788 3.39032 3.43684
VM 3.38841 3.39544 3.43674 3.38766 3.39162 3.43668
BPM � 3.38871 3.39547 3.43680 3.38792 3.39069 3.43677
BPM � 3.38876 3.39556 3.43681 3.38799 3.39071 3.43677
BPM � 3.38847 3.3958 3.4360 3.38865 3.3893 3.4367
FDM � 3.38866 3.39534 3.43678 3.38787 3.39064 3.43674
WMM 3.38866 3.39527 3.43690 3.38780 3.39061 3.43685

Table 4.2: Modal effective indices ê ë¢ì for the waveguides of Table 4.1. WMM-results are compared with previously
published values (in chronological order): FDM � : finite difference method by Stern [139], SI: spectral index method
by Stern, Kendall and McIlroy [141], data from [70], VM: variational approach by Huang and Haus [58], BPM � ,
BPM � , BPM � : finite difference beam propagation by Liu, Yang, and Yuan [71], by Liu and Li [70], and by Lee and
Voges [67], FDM � : finite difference approach by Noro and Nakayama [102].

(i) TE (i) TM

(ii) TE (ii) TM

(iii) TE (iii) TM

Figure 4.1: Modal field intensities for the sample structures with parameters of Table 4.1. Contour levels are spaced
by 5% of the maximum field intensity. Note that the clippings from the waveguide cross section are chosen for
displaying purposes only, the WMM fields are defined for the entire ^ - ] -plane. Horizontal and vertical lines indicate
the refractive index profile and its splitting into rectangular sections.

[88]. The authors give the value
�����	�	�	�	�p


for the TE fundamental effective mode index, obtained by a fully
vectorial finite difference calculation on a dense mesh. The WMM result deviates only in the sixth digit.
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Figure 4.1 shows intensity contours for the fundamental TE and TM modes. The reader may compare with
the plots in [102]. There is good agreement, except for the slightly wider spread WMM contours for guide
(iii). The WMM-calculations for these structures were performed with equal parameters for the spectral
discretization. We have set 3 max , �

, �9�>, ��

, and Ä , 
���
d�

, for all rectangles and subsets of trial
functions. This resulted in mode fields which are constructed from 887 (888), 890 (897), 854 (852) trial
functions, for guides (i), (ii), (iii) and TE (TM) polarization. For test purposes, symmetry with respect to��, 
 was not imposed by the selection of the trial functions. Coefficients for antisymmetric trial functions
in the centered rectangles were computed approximately zero, while corresponding values on both sides of
the symmetry plane turned out to be equal, as expected.

4.1.2 Benchmark rib waveguides (II)

Table 4.3 lists mode indices for another frequently investigated rib waveguide geometry [159, 114, 115, 139,
1, 64, 44]. It considers ribs of equal width, etched with varying depth from the same film. Again we find
good agreement between the WMM and previous methods, especially with the vectorial approach FDM D
[44].\ ë�2 m 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

FEM � 3.41200 3.41220 3.41235 3.41255 3.41285 3.41315 3.41365 3.41410 3.41475
FDM � 3.41188 3.41200 3.41217 3.41240 3.41271 3.41310 3.41358 3.41415 3.41484
FEM � 3.40970 3.40971 3.41003 3.41025 3.41057 3.41097 3.41148 3.41210 3.41298
FEM � 3.41194 3.41209 3.41224 3.41247 3.41278 3.41312 3.41358 3.41414 3.41480
FDM � 3.41200 3.41211 3.41226 3.41247 3.41275 3.41311 3.41355 3.41408 3.41472
WMM 3.41204 3.41214 3.41229 3.41250 3.41277 3.41312 3.41356 3.41409 3.41473

Table 4.3: TE mode effective indices ê ë�ì for rib waveguides as sketched beside Table 4.1 with parameters Z íõ � ó 2 m, [ í ï�� ó 2 m � \ , 6 í ï�� ï 4�2 m, Y s íCõ � ð�ó , Y f íCõ � ð�ð , Y c í ï�� ó . FEM � : vectorial finite element method
by Rahman and Davies [115] (data from [44]), FDM � : semivectorial finite difference method by Stern [139], FEM � ,
FEM � : vectorial finite element methods by Abid et. al. [1] and Koshiba et. al. [64], FDM � : vectorial finite difference
approach by Hadley and Smith [44], WMM: the present method.

Some of the corresponding mode profiles are shown in Figure 4.2. For larger etching depth, slight field
irregularities remain close to the artificial rectangle boundaries in the substrate layer (if contours for ¶ g�i�¶ D
were drawn, this would not be visible). Nevertheless, the fields look reasonable, the irregularities disappear
with finer spectral discretization. The fields are calculated with parameters 3 max , �

, �9�´, ��

, andÄ , 
���
d�

. Symmetry with respect to �7, 

is explicitely imposed for this and all following examples. For!5, 
������ m, the depicted TE mode function consists of


���

trial functions with

� �	� independent coefficients.

TE TM\ ë32 m 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
MTRM 0.3019 0.3110 0.3270 0.3512 0.3883 0.2674 0.2751 0.2890 0.3107 0.3455
WMM 0.3024 0.3112 0.3268 0.3508 0.3881 0.2676 0.2759 0.2892 0.3102 0.3451

Table 4.4: Normalized mode effective indices : for rib waveguides with parameters as given for Table 4.3. MTRM:
Results from the modal transverse resonance method by Sudbø, from [159].

In a recent review article [159], these ribs with varying etching depth were chosen for a benchmark
test. Among a variety of other vectorial and semivectorial approaches, the author considered the Modal
Transverse Resonance Method MTRM [145] (Mode Matching Method) to be the most reliable for these
waveguides. Table 4.4 compares effective mode indices from [159] with WMM values, normalized as� , "*"�b�J	Bd+ D 8 ` Ds +*J�"$` Df 8 ` Ds + . Results from other methods regarded in [159] as reliable do not devi-
ate by more than


���
	
d�
from the MTRM. The WMM mode indices, computed with the moderate spectral

discretization noted above, fall within this limit as well.
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;=< 0.1 > m, TE ;=< 0.1 > m, TM

;=< 0.5 > m, TE ;=< 0.5 > m, TM

;=< 0.9 > m, TE ;=< 0.9 > m, TM

Figure 4.2: Fundamental mode fields for rib waveguides with varying etching depth ( \ : remaining film thickness) and
parameters as given for Table 4.3. The contour levels are spaced by 5% of the maximum field.

4.1.3 Slightly etched coupler

Two parallel rib waveguides on the same film may be regarded as the central part of a directional cou-
pler device. In [102] such a coupler structure made of two waveguides of type (ii) in Table 4.1 has been
investigated. Figure 4.3 shows mode intensity contours for the ribs at a distance of

�à�
m.

(a)

(b)

Figure 4.3:
Intensity contours for the
symmetric (a) and anti-
symmetric (b) fundamental
TE supermode of a direc-
tional coupler formed by
two waveguides with the
parameters of geometry (ii)
in Table 4.1. Separation of
the ribs is ï 2 m.

The semivectorial WMM program yields
�¢����
��	� � 
z� m EHG (

�¢����
�� � �	�5� m EHG ) and
�¢����
���� � 
z� m EHG

(
�¢����
�� � ��
z� m EHG ) for the propagation constants b s ( b a) of the symmetric (antisymmetric) supermodes for a

waveguide separation of
�à�

m and
���

m, respectively. The corresponding coupling lengths O&J�"�b s 8 b a + are
�� �@�
mm and

��� � � mm. This agrees well with the values of

�� �@�

mm and
��� �2


mm given in [102].
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4.1.4 MMI waveguide

For the design of multimode-interference (MMI) devices [153, 49, 138, 9, 18, 137, 168, 117], a basic task
is the exact calculation of propagation constants and mode fields for all guided modes of a multimode rib
waveguide. Usually the effective index method is used (eventually combined with an approximate analytic
expression for the propagation constants of a broad slab [153, 9]), but under certain circumstances devia-
tions from this approximate approach become relevant [18]. To analyze higher order modes of broad rib
waveguides with a rigorous finite difference or finite element method, the large waveguide cross section
must be covered with a dense mesh, thus these simulations may be relatively expensive. The spectral index
method has been employed [18], but it relies on vanishing fields at the rib surface, so it is of limited ap-
plicability. We will therefore consider a single multimode rib as the last example. Since the trial functions
already exhibit the appropriate sinusoidal dependence in the guiding region, one can expect our method to
yield good results with only a small number of unknowns.

Figure 4.4: Dependence of the optimum field error2@? on the trial value ê for the analysis of a multimode
rib waveguide. Each minimum indicates a propaga-
tion constant. The continuous (dotted) line corre-
sponds to symmetric (antisymmetric) TM-polarized
trial fields. We adopted a typical parameter set for
magnetic garnets, a YIG rib on a GGG substrate
[126]: Z í ï�óp� ó 2 m, [ í ó@� 4�2 m, \ í óp� ó 2 m,6 í ï�� õ82 m, Y s í ï�� ô 4 , Y f í§î � õ , Y c í ï�� ó (see
Table 4.1).

Such a multimode structure serves best to illustrate the behaviour of the WMM error function. Figure 4.4
shows the remaining error �A�à" � + in the field on the rectangle boundaries with the optimum vector � of
coefficients inserted for each trial value b . The functions for symmetric and antisymmetric trial fields
consist of sections with parabolic appearance, each centered around a propagation constant at its minimum.
Thus, after an initial bracketing, the propagation constants can be fixed efficiently with only a very small
number of function evaluations [112]. The domain with this piecewise-parabolic behaviour is limited by
the propagation constant

�F
�� �	�¢�	�	���
m EHG of the corresponding planar waveguide. For larger b -parameters,

the monotonous increase of both curves (as visible in Figure 4.4) continues. The data is calculated with a
spectral discretization given by 3 max , � , �
�q, ��
 , and Ä , 
���
d� .

Figure 4.5: TM effective mode indices of two multi-
mode rib waveguides versus the number of zero lines of
the mode function in the lateral direction. Circles in-
dicate mode indices for a deeply etched structure with[ í ó@� 482 m, \ í óp� ó 2 m, rectangles show values for
a less confining waveguide [ í ó@��ï 2 m, \ í óp� ð 2 m;
other parameters are as given for Figure 4.4. Open
(filled) symbols correspond to symmetric (antisymmet-
ric) modes. The line shows the levels given by Eq. (4.1).
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For the totally etched structure ( !3, 
 ), the WMM finds 11 guided TM-modes. As illustrated by Figure 4.5,
the dependence of the propagation constants on the mode number is well approximated [153, 9, 18] by the
formula` ä ,a` p 8 P D "�ô 4 � + D� ` p Å D % (4.1)

where ` ä is the effective mode index of mode number ô and ` p ,>� ��
 � ��� the effective index of the equiva-
lent planar waveguide.

According to Figure 4.5 this simple expression is no longer valid for a less deeply etched rib. The modes
are less confined and some of the higher order modes are cutoff, with the cutoff value given by the planar
propagation constant of the outer slab of thickness ! . The reader may compare with the more detailed
discussion in [18].

Finally, Figure 4.6 shows a series of mode intensity plots for this structure. It should supply some evidence
for the ability of the WMM to approximate fundamental as well as higher order modes.
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Figure 4.6: Field intensity plots for the guided TM-modes of a broad rib waveguide as prescribed by the parameters
of Figure 4.4. The contours correspond to the square B � � B � of the transverse magnetic field.
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4.2 Fully vectorial analysis

The first two examples of this section have been chosen to characterize the behaviour of the vectorial WMM
in situations where a semivectorial simulation tool is definitely insufficient, while the last repeats the simu-
lation of rib waveguide (i) from Section 4.1.1, now without resorting to the semivectorial approximation.

4.2.1 Consistency of fully vectorial calculations

The first example is intended to provide a consistency check for the implemented algorithms. The structure
consists of a single rib of increased refractive index on a substrate surface. It is simulated twice, first with
the substrate surface parallel to the � -axis of the simulation tool, second with this plane parallel to the � -axis
(see Figure 4.7).

(b)

C
(a)

D C D
Figure 4.7: Simple strip waveguide, simulated in a horizontal (a) and
a vertical configuration (b).

Figure 4.8 shows intensity profiles for the fundamental mode. As expected, the fields from calculations in
the two configurations are connected exactly by the rotation nqhq� nri , noi¡� 8 nrh . Note that this result
is obtained by exchanging the values for the refractive indices and the layer surfaces only. No parameters
have to be adjusted, which assume a different field behaviour in the transverse directions. For the fields
displayed, a spectral discretization Ä , 
���
d�

, 3 max , ����

, �9�Ô, ��


results in a number of
� � ��
 unknown

coefficients. Modal symmetry is not imposed, but emerges from the calculations, thus half the coefficients
are computed (not set) to be zero.

Figure 4.8: Modal intensity profiles for the simulation configurations of Figure 4.7, with parameters Y s í ï�� ô 4 ,Y f í�î � õ ó î , Y c í ï�� ó , [ í ó@� 4 ð 2 m, Z í�î � ó 2 m, \ í ó , 6 í ï�� õ82 m (see the inset of Table 4.1).
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Figure 4.9 illustrates the behaviour of the least squares error function
� � in this fully vectorial case. It

consists of parabolic sections, each with a valid propagation constant at the minimum. The waveguide
supports four guided modes with a definite symmetry with respect to � � 8 � . A symmetric field ansatz
(see Section 1.1.3) yields the hybrid modes TE

<
and TM G , classified by the dominant components and their

vertical nodal lines. An ansatz of odd symmetry gives the lowest order TM and first order TE mode. If no
symmetry is prescribed, the least squares error function shows minima corresponding to all four modes.

Figure 4.9: For a raised strip waveguide accord-
ing to Figure 4.8: remaining least squares error 2 ?
versus the trial value ê for the propagation con-
stant. The continuous line corresponds to fields with-
out prescribed symmetry, the dash-dotted and dot-
ted lines (partially shadowed) to fields with even and
odd symmetry (see the text). The propagation con-
stants ê ë32 m F � indicated by the minima locations
are ï�óp� õ ð õ�î (TE � ), ï�óp� ï�ï�ô î (TM � ), ô@� ô�ô�ô¢ð (TE � ),
and ô@� ö@ï�÷ î (TM � ).

The propagation constants mentioned in the caption of Figure 4.9 are stable with respect to the choice of
the normalization expression (3.12), with respect to the choice of the two basic fields for the vectorial mode
problem, and with respect to refinement of the spectral discretization. The calculations with prescribed sym-
metry involve about

�	��

unknowns, where identifying the fundamental vectorial mode takes about 10 min

and 6 MB of memory on a 99 MHz HP-735 computer. Switching to the semivectorial approximation re-
duces this to about 1 min and half the number of unknowns, and yields a value of

�F
������	� � � m EHG for the
propagation constant.

4.2.2 Square waveguide

From [144] we adopted the second sample structure, a square guiding core surrounded by air as sketched in
Figure 4.10.

E F GH
i

H
o

E Figure 4.10: Square waveguide cross section. Parameters of the simulated structure are
height and width of the core È í ï�� ó 2 m, wavelength 6 í ï�� 4�2 m, and core and cladding
refractive indices Y i í ï�� 4 , Y o í ï�� ó .

The spectral discretization Ä , 
���
d�
, 3 max , ����


, �9� , ��

leads to a mode function which is a super-

position of 554 trial functions. Figure 4.11 shows the corresponding field profiles. We have selected one
of the two orthogonal fundamental modes with a field ansatz of proper symmetry. An ansatz with reversed
symmetry yields the same propagation constant b>, ����� � � � � m EHG and identical field profiles, apart from
changes due to the transformation �7� � , �o� 8 � .

For a more quantitative illustration of the mode shape we have evaluated the mode field on a series of
horizontal and vertical lines in the � - � -plane, as displayed in Figures 4.12, 4.13. The maximum amplitudes
of the dominant transverse electric and magnetic components g i , n h can be read from Figure 4.12. These
maximum levels should be kept in mind when examining the fields at the edges of the core. Note that the
minor fields gQh , noi are zero along both transverse coordinate axes due to the prescribed symmetry.
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Figure 4.11: Amplitudes of the electric (top row) and magnetic field components (bottom row) plotted versus the
cross section plane, for the square waveguide of Figure 4.10. Values are comparable within each row.

Figure 4.12: For the square waveguide of Figure 4.10: electric (top row) and magnetic (bottom row) field amplitudes
evaluated on the ] -axis (left column) and on the ^ -axis (right column).

Figure 4.13 allows for a detailed inspection of the remaining mismatch on the boundaries of the basic rect-
angular sections. On the lines � ,/n�J�� and ��,øndJ�� we have plotted two curves for each field component,
one where the fields on the core rectangle are evaluated (continuous curves), and one for the field on the
adjacent rectangle outside the core (dotted curves). Apart from the normal components of the dielectric
displacement, the continuous and dotted curves should always coincide, while for g#h on the horizontal
section �Ä, n�J�� , 8 ndJ���ÆÉ� Æ ndJ�� and for gQi on the vertical section �¾, ndJ�� , 8 ndJ��MÆ �aÆ ndJ�� the
dotted curve should be � � � � times the level of the continuous curve. As discussed in Section 1.1.5, at the
waveguide corners these conditions lead to divergent fields. At least qualitatively, the main features of this
behaviour can be approximated with a finite number of exponentials. The reader should compare the upper
right quadrant of the top left inset of Figure 4.13 with a corresponding plot in Ref. [144] (note the additional
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Figure 4.13: For the square waveguide of Figure 4.10: electric (top row) and magnetic (bottom row) field amplitudes
evaluated on the horizontal line at the top edge of the core (left column) and the vertical line at the right edge (right
column). Continuous curves correspond to locations Ï ^8± ] Ó í Ï È ë¢î ��H>± ] Ó or Ï ^8± È ë�î ��H Ó , respectively, while dotted
curves are assigned to coordinates Ï È ë�î ��H>± ] Ó and Ï ^«± È ë¢î �ÿH Ó , for a small deviation H .

boundary conditions). If not necessarily factorizing but numerically applicable divergent solutions of the
wave equation in such a corner would be available, it should be possible to incorporate them into the WMM.
Approximate analytical solutions may be sufficient, e.g. the fields given in [20].

4.2.3 Benchmark test, fully vectorial

A deeply etched rib, structure (i) of Table 4.1, shall be employed as the last vectorial example. Ta-
ble 4.5 summarizes effective mode indices for the fundamental mode from a few reference methods and
the semivectorial and vectorial WMM. Further results for this waveguide are collected in Table 4.2 and in
Refs. [88, 86, 102].ê ë¢ì :

SFDM õ � õ ö�ö�÷�ð�÷ 0.48278
TRD õ � õ ö�ö�÷�ô�ó 0.48325
SWMM õ � õ ö�ö�÷ 4 ô 0.48291
VFDM � õ � õ ö�ö�÷�ö�ñ 0.48319
VFDM � õ � õ ö�ö�÷�ô�ö 0.48330
MTRM õ � õ ö�ö�÷�ô�ö 0.48330
VWMM I õ � õ ö�ö�÷�÷�ô 0.48301
VWMM õ � õ ö�ö 4 ñ õ 0.48214

Table 4.5: Effective mode indices ê ë¢ì and normalized propagation con-
stants : í ÏÁÏ ê ë¢ì Ó � �-Y �s Ó ë Ï Y �f �-Y �s Ó for the benchmark waveguide. VFDM:
vectorial finite difference calculations by P. Lüsse et al. [88] (VFDM � ) and
[86] (VFDM � ); MTRM: vectorial mode transverse resonance method by
A. Sudbø[145], data from [86]; TRD: semivectorial transverse resonance
diffraction method by T. Rozzi et al. [120]; SFDM: semivectorial finite
difference implementation by P. Lüsse et al. [87]; SWMM: our previous
semivectorial wave matching program [73]; VWMM: the present vectorial
implementation, VWMM I : calculation without the

� �
and

� �
terms in the

mismatch expression Eq. (3.10).

The first three rows of Table 4.5 contain results of semivectorial calculations. They agree up to the third digit
in the normalized propagation constant, and there is very good agreement with the vectorial values from the
subsequent rows. Thus the semivectorial approximation, i.e. putting gsh zero, is a good approximation for
this waveguide. This can also be concluded from the plots in Figure 4.14, where the amplitudes of the
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small components gQh and nri clearly appear to be negligible. The displayed fields correspond to the last
row in Table 4.5. They are composed from a trial function set with 879 unknown coefficients, the spectral
discretization parameters are Ä , 
���
d� , 3 max , ����
 , and �9�q, ��
 .

Figure 4.14: Amplitudes of the electric (top row) and magnetic field components (bottom row) plotted versus the
cross section plane, for waveguide (i) of Table 4.1. Values are comparable within each row.

Regrettably, there is a noticeable discrepancy between the WMM effective mode index from the last row of
Table 4.5 and the previous values. This difference vanishes for the semivectorial WMM program. Therefore
a reason may be found in the more irregular shape of the small components, e.g. the divergent peaks at the
waveguide edges, where the spectral discretization employed here is less sufficient.

Figure 4.15: Transverse magnetic fields for the waveguide of Table 4.5, from vectorial WMM calculations with error
expression (3.10) (top row) and without the

� �
and

� �
terms in Eq. (3.10) (bottom rom). The contour levels are

spaced by 5% of the maximum absolute field, separately for each plot.
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As can be seen from the row marked VWMM 6 , the deviation is significantly reduced, if one modifies
the expression for the least squares error in the continuity requirements (cf. Section 1.1.5), such that only
continuity of nrh , noi , nrk , and glk is explicitely incorporated. Figure 4.15 compares the transverse magnetic
components of the corresponding fields. While the dominant component n�h is not visibly influenced, the
shape of the minor field nri changes significantly.

Similar plots in [86] agree well with the bottom row of Figure 4.15. In addition to good agreement of the
values for the normalized propagation constants, this recommends the reduced least squares expression as
the better choice if one accepts the results taken from [86] as correct. However, there are two reasons to be
suspicious about this finding. The finite difference scheme (on which the VFDM D value is based) employs
the continuity requirements for the three magnetic components and the longitudinal electric component
as well. This is correct if the continuity requirements are fulfilled exactly, but probably not in the sense
of a balanced approximation of all six fields. Further, for structures with pronounced minor components
(e.g. the waveguide of Section 4.2.2), fields computed with the reduced least squares expression show a
more irregular appearance, where the error is concentrated in the continuity requirements for the dropped
components gjh , gQi .
4.3 Coupler structures

In contrast to the simple raised strip and rib structures discussed before, real integrated optical devices may
include more complex cross sections. In this section we therefore investigate applying the WMM to several
more involved coupler structures. Due to the need of computing also higher order modes, and due to a
usually large relevant part of the waveguide cross section plane, these tasks are difficult for most mode
solvers.

4.3.1 Deeply etched coupler

The first example is a conventional two waveguide coupler as sketched in Figure 4.16 with parameters taken
from Ref. [113]. Between the two ribs, the film is assumed to be etched less than outside, resulting in strong
coupling.

1 J 6 K m

LM
s N 1 J 458

M
f N 1 J 644

M
c N 1 J 0

0 J 7 K m

O
1 J 0 K m0 J 5 K m P N 0 J 633 K m

1 J 0 K m

Figure 4.16: Parameters for the two rib wave-
guide coupler.

The slab waveguide corresponding to the central region (thickness

���
z�

m, refractive indices
��� �@�	�

,
�������	�

,����

, wavelength


����	�	���
m) already guides two planar TE and two TM modes, and therefore the rib structure

supports more than two modes for each polarization. While in general all these modes contribute to the
guided field, only the two fundamental modes will be excited if power is inserted by one single-moded port
waveguide. Figure 4.17 illustrates these two modes for TE polarization, each computed with a semivectorial
field ansatz of proper symmetry.
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Figure 4.17: Field profiles
for the coupler of Figure 4.16.
The contours correspond to the
dominant component B �-� B of
the fundamental modes of even
(top) and odd symmetry (bot-
tom).

Their interference results in a periodic transfer of power between the two ribs at a length of Ò c ,aO&J�"�b s 8 b a + ,
where b s, b a are the propagation constants of the symmetric and antisymmetric TE supermode. Table 4.6
compares the WMM results with values from Ref. [113].

EIM SIM FEM WMM
(s) ï�� ÷pï�ð�ó î ï ï�� ÷pï�ï�ô�ô 4 ï�� ÷@ï�ï~ð2ï î ï�� ÷@ï�ó�ñ¢ô¢ðê ë�ì (a) ï�� ÷@ï î ö�ñ�ñ ï�� ÷pï�ó õ ÷�ô ï�� ÷�ó�ô 4 ð�÷ ï�� ÷�ó�ô@ï�ó�óQ

c ë32 m î ñ¢÷ ï�ô�ð ïFñFó ï�ö�ñ
Table 4.6: Propagation constants ê s, ê a and coupling length

Q
c for the coupler of Figure 4.16, computed with the

effective index approximation [113] (EIM), with the spectral index method [113] (SIM), a finite element program
[113] (FEM), and the semivectorial wave matching method (WMM).

Due to deep etching, the effective index results differ significantly while there is good agreement between the
more sophisticated methods. Note that neither the SIM nor the FEM values can be guaranteed to be exact.
The former suffer from the assumption of vanishing field at the inner sidewalls of the ribs (cf. Figure 4.17),
the latter from a naturally limited mesh (cf. e.g. the benchmark test in Ref. [159]).

4.3.2 ARROW

The second example is not a proper coupler, but has a similar cross section. The dimensions of the antireso-
nant reflecting optical waveguide (ARROW) [34] as given in Figure 4.18 have been chosen [113] such that
for each polarization one of its modes exhibits a large amplitude in the central region between the two small
ribs. Figure 4.19 shows the corresponding profiles as computed with the semivectorial WMM.

0 R 99 S m

TU
s V 1 R 458

W
U

f V 1 R 644

U
c V 1 R 0

0 R 2 S m 0 R 31 S m 0 R 56 S mX V 0 R 633 S m

1 R 82 S m4 R 18 S m

Figure 4.18: ARROW geometry and parameters,
data from Ref. [113].
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Figure 4.19: Field contours for
the dominant components of the
relevant TE (top) and TM (bot-
tom) modes for the structure of
Figure 4.18.

These modes have propagation constants below the value of the planar waveguide corresponding to the
stack of layers in the central region. They are no fundamental modes, but will carry most of the power if the
structure is excited e.g. by the field of a fiber focused on the central region.

Figure 4.20: Profile cross sections of the dominant field components for the modes of Figure 4.19.
�Q�

(TE mode, left)
and

�s�
(TM mode, right) is evaluated on lines parallel to the ] -axis, at the position of the maximum field amplitude

( ^ í óp� ï�ï�÷ 2 m for TE, ^ í ó@��ï�ópï 2 m for TM) and at half the level of the protruding ribs, at ^ í ó@� ð õ54�2 m.

The mode profile sections shown in Figure 4.20 can be directly compared with analogous plots in Ref. [113].
The good agreement, especially with the fields from the spectral index method, may be explained by the
smallness of amplitudes in the regions outside the ribs for �òÈ 
������à� m, where the SIM assumes vanishing
fields. The WMM gives access to the correct fields in these regions as well, as shown by the curves in
Figure 4.20.

EIM SIM FEM WMM
TE 1.534432 1.534115 1.533470 1.534142ê ë¢ì TM 1.507001 1.506904 1.506720 1.506945

Table 4.7: Relevant TE and TM effective
mode indices for the ARROW of Figure 4.18.
Methods are denoted as in Table 4.6.

Table 4.7 compares propagation constants from different methods. Agreement between the SIM and WMM
fields is accompanied by good agreement of the effective mode indices. At the same time, slightly smaller
FEM mode indices may be attributed to the limited FEM mesh size (


��ò¥e�F
 � Points [113]) and to the
restriction on a finite computational window.
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4.3.3 3D-coupler

Figure 4.21 states the parameters for a three dimensional four waveguide coupler. Details on the proposal,
simulation, and fabrication of such a device have been reported in Ref. [41].

YZ
1 [Z

2

3 \ m ]_^ 1 ` 32 \ m

Z
2 ^ 1 ` 512

Z
1 ^ 1 ` 5064 \ m

Figure 4.21: 3-D coupler parameters [41].

The cross section may be decomposed into 3
¥

3 inner rectangular regions, therefore the device is fit for a
WMM simulation. At the same time, the guiding refractive index is only about

�2�
higher than the cladding

value, and this means somehow extreme conditions for the WMM. Nevertheless, the results are reasonable
and agree well with the findings from Ref. [41]. Figure 4.22 shows profiles for the four TE polarized modes
of the structure, Table 4.8 compares the corresponding mode indices.

Figure 4.22: Intensity profilesB � � B � for the four TE modes of the
coupler sketched in Figure 4.21.
The mode indices denote the num-
ber of horizontal and vertical nodal
lines of the dominant

�c�
compo-

nent.

The vectorial FEM mode indices are systematically slightly smaller than the values computed with the
semivectorial WMM. Explanations may be the remaining error in the WMM field, apparent especially for
the lowest order mode in Figure 4.22, or alternatively a narrow FEM computational window. There is also a
small qualitative discrepancy: The FEM states exactly equal propagation constants of the two first order TE
modes, the WMM predicts slightly different values for the modes with one horizontal respectively vertical
nodal line in the dominant component. While due to the symmetry of the problem each TE mode is twofold
degenerate with a corresponding TM mode, it is not a priori evident that the first order modes with the
nodal line parallel and perpendicular to the direction of the polarization should be degenerate. The latter
arguments supports the WMM result.
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ê ��� ë�ì ê �*� ë¢ì ê �Â� ë�ì ê � � ë¢ì Q
c

VFEM 1.5075807 1.5067966 1.5067966 1.5060266 850 2 m
WMM 1.5078966 1.5071085 1.5071092 1.5064697 925 2 m

Table 4.8: Effective mode indices ê ë�ì and coupling length
Q

c for the 3-D coupler of Figure 4.21. The line VFEM
contains data from a vectorial finite element method [41], WMM are results from our semivectorial calculations.

However, assuming degenerate TE
< G and TE G < modes b < G �eb G < and equal differences � b �ab <*< 8 b G < �b G < 8 b G*G , one can define a coupling length Ò c ,»O&J � b for the power transfer between two diagonally

opposite waveguides [41]. Values calculated with the corresponding averages are compared in the last
column of Table 4.8.

4.3.4 Radiatively coupled waveguides

0 a 5 b m

0 a 3 b m c
d

e�f
1 a 3 b m
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f
f
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f

1 a 95

g
c
f

1 a 0
Figure 4.23:
Radiatively coupled waveguide structure.

This section covers a three rib waveguide arrangement consisting of two identical outer guides and a broad
strip inbetween. Analogous planar configurations and raised strip waveguide based devices will be the
subject of Chapter 7. Apart from details of the coupling behaviour, here we focus only on the direct WMM
simulation of the coupler as sketched in Figure 4.23. A semivectorial analysis yields the modes shown in
Figures 4.24, 4.25.

Figure 4.24: Profile cross sections for the six
TE modes of the radiatively coupled waveguide
structure.

� �
is evaluated on a line parallel to the] axis at ^ í ó@��ï 4�2 m. Continuous lines corre-

spond to modes with even, dotted lines to modes
with odd symmetry.

The coupler is to be excited by the single mode of one of the isolated outer waveguides. Figure 4.26 shows
its profile. We assume a coupling section of a well defined length Ò , with the outer waveguides extended to
form four input and output ports (cf. Figure 4.28). Let Ñ � , " / � % ; � + denote the six mode fields of the
composed structure, with propagation constants b � . Analogously Ñ l and Ñ r are the modes of the left and
right input respectively output ports, its propagation constant is b 6 .
As discussed in Section 1.2, the power transferred to waveguide

ö , l % r at  �,´Ò after excitation at  �, 

in the left waveguide can be written¨ Ú "$ÒK+3, ��� � � "�Ñ Ú ° Ñ � + "�Ñ � ° Ñ l + e 8 i b � Ò ��� D � (4.2)

Chiefly those modes with a large overlap with the exciting field contribute to the power transfer. According
to Figures 4.25, 4.26, these are the highest order modes, i.e. those with large field amplitudes in the regions
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Figure 4.25: Intensity profiles
for the TE modes of the cou-
pler prescribed by Figure 4.23.
The corresponding propagation
constants ê ë32 m F � are

TE � : 10.2232,
TE � : 10.1171,
TE � : 9.9417,
TE � : 9.7185,
TE h : 9.6789,
TE i : 9.6595,

where the indices denote the
number of vertical nodal lines
in
�3�

.

Figure 4.26: Fundamental TE mode of one
outer waveguide of the coupler in Figure 4.23.
The corresponding propagation constant is ê I íôp� ÷�ö�ó�÷ 2 m F � . Note the pronounced discontinu-
ities in

�3�
at the sidewalls of the deeply etched

rib.

of the outer waveguides and with propagation constants close to the level b 6 . Together with additional
small contributions form the remaining four modes, this results in the beating pattern plotted in Figure 4.27.
Coupling between the outer waveguides is a truly multimode interference phenomenon.

For a device length slightly below
�

mm, the power is concentrated in the input waveguide again. Figure 4.28
illustrates the light propagation for this length. For complete power transfer, the device needs a length of
about

�����
mm.

With this structure a problem shows up, which is closely related to that discussed at the end of Section 3.3.
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Figure 4.27: For the coupler of Figure 4.23: relative power transfer to the left outer waveguide j l (continuous line)
and to the right outer waveguide j r (dotted line) versus the length

Q
of the coupling section. The structure is assumed

to be excited by the TE mode of the isolated left waveguide.

Figure 4.28: TE light propagation through a radiatively coupled waveguide structure with a cross section as given
by Figure 4.23, with a coupling section of length

Q í ô�÷�ó 2 m. Grey scale levels correspond to the squareroot of the_ -component of the Poynting vector, evaluated on the ] - _ -plane at ^ í óp� ï 482 m.

Ideally all modes should be orthogonal with respect to the product (1.18) or (1.20). This orthogonality is
not enforced by the mode solver, but should emerge if the mode fields are adequately approximated. Indeed,
the overlap was zero (for modes with opposite symmetry) or very low ( � 
���
	
d�

) for most pairs, with the
exception of the combination of the third and fifth order normalized modes (overlap � 
�� �

). Note that
these modes are of the same polarization and symmetry, and both propagation constants are in proximity to
the propagation constant b 6 of the outer waveguides, i.e. relatively closely spaced. Thus the unphysically
large overlap may be understood in the following way. If two modes are exactly degenerate, the WMM
will arbitrarily select that superposition of both with the smallest error (3.8). If their propagation constants
are farther apart, there may be a remainder of the other one in each calculated field, even if there are
two separable parabolic sections in the error function. One cannot expect a discontinuous transition from
’degenerate’ to ’nondegenerate’.

To overcome this problem, we followed the hint given at the end of Section 3.3. All results shown for this
structure are computed with a normalization expression Eq. (3.11)(TE), where the part concerned with the
rectangular regions of the outer waveguides has been multiplied by a factor of

�
. This lowered the absolute

overlap of the two supermodes in question to a value below

���
	
p�

, i.e. to the same order of magnitude
as the overlaps of the other pairs. At the same time the properties of the remaining modes were almost
unaffected by this modification. This strategy will be applied also for the direct simulation of radiatively
coupled waveguide based isolator devices in Section 7.2.2. However, the somehow arbitrary modification
must be regarded as an additional uncertanty for the simulation, and as a reason to switch to WMM-based
coupled mode theory as in Sections 5.3 and 7.3.2, when such situations are encountered.
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5 Applied perturbation theory

Based on numerically exact modes for one dimensional cross sections and on WMM approximations for two
transverse dimensions, this chapter collects some numerical examples for different variants of perturbation
theory which have been presented in Chapters 1, 2. Waveguides with absorbing regions are the subject of
Section 5.1. Section 5.2 deals with the influences of small dielectric boundary shifts on single modes and
on devices relying on multimode interference, while Section 5.3 gives some assessment for the coupled
mode theory, if applied to a two rib waveguide directional coupler. These techniques will be employed for
technologically more relevant structures in the subsequent chapters.

5.1 Lossy waveguides

From Ref. [62] we have taken the example of a slab waveguide with a thin additional cladding. Figure 5.1
explains the relevant geometry.

k@l�mn o p!qp�rp!s
p!tu

Figure 5.1: Planar four layer waveguide geometry. Parameters are the refractive
indices Y s í ï�� 4 ï 4 , Y f í ï�� 4�î , Y a í ð@� ï3� i ó@� î ï , Y c í ï�� ó , the layer thicknesses Ë
and \ í}î � ð�ö�ö 2 m and the wavelength 6 í óp� ÷ õ ó 2 m [62].

The upper layer is assumed to be made of a highly refracting absorbing material with complex refractive
index ` 8 i 3 J�"��pBd+ , where 3 is the attenuation constant of the medium in bulk form. For modeling in the
framework of perturbation theory, only the real part ` enters the mode analysis procedure directly.

Figure 5.2: For an absorbing four layer waveguide according to Figure 5.1: effective mode indices ê ë¢ì (a) and mode
power attenuation v (b) (see the text) versus the thickness Ë of the absorbing layer.

Figure 5.2(a) is a plot of the resulting effective mode indices as a function of the cladding thickness. Note
that the figure is restricted to the mode index interval between ` s and ` f, which would be relevant for the
waveguide without cladding. Modes with b�J	B above this region have large amplitudes in the absorbing
layer; they are subject to large damping and are thus of less interest. The fields corresponding to the mode
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indices of Figure 5.2(a) were inserted into the perturbational expressions (2.12) for the mode attenuation
constants 3 m. Figure 5.2(b) shows the attenuation in dezibel units � ,§" �F
=w �yx G < e + 3 m.

The reader should compare with the corresponding plots in Ref. [62] which display the results of a direct
mode calculation for the complex refractive index profile. At least for those modes with effective indices
in proximity to the levels

��������
��
(TE) and

��������
 � (TM) of the three layer waveguide without cladding,
there is good agreement both in the behaviour of the dispersion curves and in the attenuation level. These
modes have only small amplitudes in the absorbing region. Note that the poles in (a) and the peaks in
(b) are due to the switching of the mode order. In these regions, the perturbation theory yields the correct
qualitative behaviour of all curves. But while the perturbational approach naturally transfers the mode order
from the nonabsorbing to the attenuating profile, this property is obviously lost by the direct computation.
Accordingly, the curves in [62] are continuous. Ref. [154] contains a detailed discussion of the still unsolved
mode classification problem in strongly lossy waveguides.

However, for only slightly attenuated modes, we have found a good quantitative agreement between the
perturbational and the direct calculations, even for the extremely high bulk attenuation of 3 ,C� 
p��
	
 cm EHG
in the above example (which corresponds to a level � , �F
 a{z |#a~} dB J cm in Figure 5.2(b)). Typical atten-
uations for the transparent materials considered in this thesis, e.g. the magnetooptic garnets of Chapter 6,
are approximately


����
cm EHG to

�F

cm EHG [163], four orders of magnitude smaller, and we thus may expect

correct results from the perturbational expressions.� ���� �!���� �@���
Figure 5.3: Basic three layer dielectric waveguide: a guiding film (refractive in-
dex Y f) of thickness \ , sandwiched between substrate (refractive index Y s) and cover
(refractive index Y c).

If we assume the guiding layer itself to be absorbing, then a planar waveguide as sketched in Figure 5.3
exhibits the power attenuation shown in Figure 5.4 (cf. Figure 5.5 for the effective mode indices).

Figure 5.4: Mode power attenuation constantsý
m versus film thickness \ for the waveguide of

Figure 5.3 with parameters Y s í ï�� ô 4 , Y f íyî � õ �
i
ý ë Ï î�ì Ó , Y c í ï�� ó , 6 í ï�� õ82 m,

ý í ï cm F � .
According to this plot, modes close to cutoff with considerable amplitudes below and above the absorbing
region are subject to low attenuation loss. There are certain configurations with a large difference in the
damping of TE and TM polarized guided light. For growing film thickness, along with the effective mode
index approaching the refractive index of the film material, the evanescent parts of the mode fields outside
the film region become negligible, thus the mode attenuation approaches the bulk value of the film material.

Although hardly visible in Figure 5.4, the mode attenuation 3 m may exceed the bulk value 3 . Formally, this
can be realized by inspecting the two concurrent factors in Eq. (2.12)(TE). The ratio of the mode power on
the guiding region over the total mode power is always below one, while the ratio B�`&J�b always exceeds
one. For small film thickness the former factor turns out to be significant, for larger thickness the latter
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one. Magnification and extension of Figure 5.4 shows that 3 m approaches 3 in the limit of large ! , but from
above, for both TE and TM polarization. Physically, this observation can be undestood by the basic zig-zag
or ray model for guided light propagation: Clearly, the path of a frequently reflected ray is longer than the
light path of a plane wave propagating along the  direction through the bulk material.

5.2 Geometry variations

This section provides numerical verifications of the geometry perturbation expressions developed in Sec-
tion 1.4. Sections 5.2.2 and 5.2.3 present the numerical results of Refs. [75, 78] for two series of simple
raised strip and rib waveguides. For both series, we show that the theory can be successfully applied to
estimate the fabrication tolerances for directional couplers based on these waveguides. Before, the short
Section 5.2.1 touches the much simpler case of a series of planar waveguides.

5.2.1 Planar waveguides

The waveguide in Figure 5.3 is specified by one geometry parameter ! only. Shifting the cover/film bound-
ary by a distance ±�� changes the thickness ! to ! 4 ±�� . In first order, this procedure modifies the propagation
constants by small amounts ±�� | Ü b . Figure 5.5 compares the exact curves b-"�!'+ with linear approximationsb-"�! < + 4 "�! 8 ! < + | Ü b-"�! < + for a few thicknesses ! < , where the derivatives | Ü b have been calculated with
Eqs. (2.13), (2.14). For this planar configuration the perturbation theory yields numerically exact propaga-
tion constant gradients.

Figure 5.5: Effective mode indices ê ë¢ì versus the
thickness \ of the guiding film, for waveguides ac-
cording to Figure 5.3 with Y s í ï�� ô 4 , Y f íÃî � õ ,Y c í ï�� ó , 6 í ï�� õ82 m. The dashed and dotted lines
are the reference dispersion curves, for TE and TM
polarization, respectively. At the thicknesses marked
by circles, lines with gradients as predicted by the ge-
ometry perturbation expressions have been inserted.

5.2.2 Results for raised strip waveguides

As above, for the waveguides investigated in this section we assume parameters typical for magnetooptic
garnet materials [165]. The refractive index values are such that the structures can neither be regarded as
weakly guiding, nor do the fields at the waveguide/air interfaces almost vanish. Effects due to the jumps of
the mode fields and derivatives at the dielectric discontinuities can thus be expected to be large, providing a
good test for the perturbation theory.

Single waveguides

Besides the wavelength and the refractive indices, two geometry parameters define the waveguide sketched
in Figure 5.6: the rib height À and its width Å . Changing these dimensions can be interpreted as shifting
the enclosing boundaries. First order effects on the propagation constants, i.e. the gradients in the curvesb-" À + and b-"$Ås+ , are given by the perturbational expressions of Section 1.4. For a verification, we have
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�
c � ����

f�
s

Figure 5.6: Raised strip waveguide geometry. For the subsequent sim-
ulations, the refractive indices and wavelength are Y s í ï�� ô 4 , Y f íCî � õ ,Y c í ï�� ó , 6 í ï�� õ82 m.

calculated the dispersion curves, inserting secants with gradients as predicted by Eqs. (1.51)–(1.57) for a
few abscissas. Ideally these secants should be tangents at the evaluation points, and this is almost the case
as shown in Figure 5.7 for hybrid mode fields and in Figure 5.8 for fields calculated with the semivectorial
approximation.

Figure 5.7: Dependence of the hybrid mode propagation constants ê on the height [ (i) and on the width Z (ii) of a
raised strip waveguide as sketched in Figure 5.6, for symmetric (s) and antisymmetric (a) trial fields (see Section 1.1.3).
The dotted lines correspond to multiple runs of the mode solver for varied parameters, while the continous sections
show the tangents predicted by the evaluation of Eqs. (1.51), (1.55), at the points indicated by circles. Parameters are
as given for Figure 5.6, with Z í ï�� ó 2 m (i), and [ í óp� 4�2 m (ii).

Figure 5.8: Analogon to Figure 5.7, but for the fundamental semivectorial modes of both polarizations with
Eqs. (1.52), (1.54) and Eqs. (1.56), (1.57) applied. For symbols and parameters see the caption of Figure 5.7.

In the calculations for Figure 5.7, explicitely imposed mode symmetry with respect to � , 

was used to

separate the fundamental hybrid modes of different polarization. Due to opposite symmetry, the two bK" À + -
curves do not repel each other. No strong hybridization occurs for the degenerate modes around À , 
������ m
where the two curves cross.

Usually there are several possibilities to apply the perturbation theory. Enlargement of the rib width can be
simulated by evaluating Eqs. (1.55), (1.56), (1.57) on the right or on the left sidewall (with a negative sign),
or as an average of both. Likewise, to investigate an extended rib height, the perturbational expressions for
horizontal boundary variation may be applied to the top surface or alternatively to the three sections of the



5.2 Geometry variations 65

rib baseline, with the results added. While the values for the gradient |%k b are exactly equal due to mode
symmetry, agreement of the values for | ß b estimated in both ways is not obvious a priory. We have carried
out this test by recalculating | ß b for semivectorial and hybrid fields and found no change with respect to
Figures 5.7, 5.8.

Two waveguide couplers

Two parallel waveguides at a small distance form the central part of a directional coupler. Figure 5.9 illus-
trates mode shapes in a device made up from waveguides of the previous section. Power transfer between
them is determined by the interference of these supermodes.

Figure 5.9: Intensity profiles for the symmetric (top) and antisymmetric (bottom) TE- (left) and TM-polarized (right)
modes of a directional coupler made of two identical waveguides as sketched in Figure 5.6. Waveguide dimensions
are the height and width of the ribs [ í óp� 4�2 m, Z í ï���ï 2 m, and the spacing � í ó@��ï 2 m in-between, with
other parameters as given for Figure 5.7. The corresponding propagation constants are ï�óp� ó 4 ó 4�2 m F � (TE, symm.),ï�óp� ópï î ï 2 m F � (TE, antis.), ôp� ô�ó î ï 2 m F � (TM, symm.), ô@� ö�ó�ô 482 m F � (TM, antis.).

For fixed polarization, let Ñ l and Ñ r denote the single modes of the left and right isolated waveguide. � s, � a
are the symmetric and antisymmetric supermode of the entire structure. Suppose the coupling section to be
excited by the mode of the left waveguide Ñ l, with unit power input. According to Section 1.2, the relative
power coupled out to the mode of the opposite waveguide Ñ r after propagating along the device length Ò is¨ "$ÒK+c,aÅ Ds 4 Å Da 4 ��Å s Å a

����� "�b s 8 b a +�ÒÇ% (5.1)

where the factors Å s, Å a are given by the mode overlaps at input and output: Å j ,§"�Ñ r
° � j +à"�� j

° Ñ l +�% ö , s,a.
All modes involved are meant to be normalized with respect to the product " �F°&� + as defined in Eq. (1.18).

The weights Å s, Å a are real with opposite signs. Hence the guided power in a device of length Ò>,�Ò c ,O&J�"�b s 8 b a + or Ò ,aÒ c J�� is completely transferred to the right waveguide or equally distributed between the
two waveguides, respectively. In our example, stronger coupling for TM fields resulted in a shorter coupling
length (see the caption of Figure 5.10) and a larger mismatch between the supermodes of Figure 5.9 and the
outer waveguide modes. The latter shows up in the maximum power transmission through the untapered
structures of

¨ "$Ò c +3, 
�� �	�	� for TE and

¨ "$Ò c +3, 
�� � � � for TM polarization.

If a dimensional parameter in the coupling region is altered, in first order perturbation theory only the
propagation constants of the supermodes change, while the mode fields and thus their weights in the power
transfer expression (5.1) are not affected. The main contribution to the change in the power troughput
will be due to the altered supermode wavenumbers to which the perturbation theory of Section 1.4.2 give
direct access. For a verification, Figure 5.10 compares the relative output power

¨ "$Ò c + , ¨ "$Ò c J��p+ from
repeated mode calculations for the modified geometries with perturbational results. These were obtained in
the following way. With fields from only one mode analysis for the original geometry, the gradients of the
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Figure 5.10: Dependence of the relative output power on geometry parameter variations for a directional coupler
corresponding to Figure 5.9. Modified parameters are the spacing � (top), the width Z (center), and the height [
(bottom) of the ribs. Only one parameter Û í �%± Z ±ý[ is altered to Û�� H>Û , with Û and the remaining dimensions as
given for Figure 5.9. Markers correspond to complete semivectorial analysis runs with recalculation of the mode fields
for the modified geometry, while the lines show the results of evaluating Eq. (5.1) and the perturbational expressions
(1.52), (1.54), (1.56), (1.57) for the original parameter sets. The device length

Q
was set to

Q
c (i) and

Q
c ë¢î (ii), withQ

c í ö@ï�� ö 2 m for TE polarization (filled circles, continuous lines) and
Q

c í�õ�õ � ô 2 m for TM polarization (open
circles, dotted lines).

supermode propagation constants |@� b s, |�� b a corresponding to the change of one parameter ½ , � %'Å�% À are
computed. Note that usually Eqs. (1.52), (1.56), (1.54), (1.57) must be applied more than once at different
boundaries, with the results added or subtracted. Power transmission through the device with dimension½ 4 ± ½ is then approximated by Eq. (5.1), with fixed weights, but with the propagation constants replaced
by b s,a

4 |�� b s,a ± ½ .
¨

depends on b s and b a, and therefore on the three geometry parameters ½ , � %'Åª% À . Assuming unaltered
weights ¶ Å s ¶(, ¶ Å a ¶(, � J�� , expanding

¨
with respect to one of these parameters ½ yields expressions for

admissible geometry tolerances � ½ for a given maximum deviation � ¨ of the transmitted power. Evaluated
at Ò ,aÒ c, this reads� ½ , õ � R � ¨Òò¶ |�� b s 8}|�� b a ¶ % (5.2)

and for Ò ,aÒ c J�� , one obtains� ½ , õ � � ¨Òò¶ |�� b s 8}|�� b a ¶ � (5.3)

These expressions should be read as follows. Parameter values from � ½ 8 � ½ % ½ 4 � ½ � allow for transmissions
above

¨ 8 � ¨ ( Òe,´Ò c) or between

¨ 8 � ¨ and

¨ 4 � ¨ ( Ò ,´Ò c J�� ), respectively, if

¨
is the relative

power output for the original dimension ½ . Of course, similar equations can be written for other input/output
configurations.

For a more quantitative assessment, the top part of Table 5.1 compares propagation constant gradients from
perturbation theory with values obtained by finite difference evaluation of mode analysis results. In the
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TE TM TE TM TE TM���*ê ë32 m F �

FD �3óp� î ö�ó �3ó@� 4 ÷ 4 ó@� 4�õ ö óp� î ö�ð ï���ñ õ ö î � ð î ñ(s)
PT �3óp� õ�õ54 �3ó@� ÷ õ ÷ ó@� ÷ î�î óp� î ô õ ï���ñF÷�ö î � ð 454
FD óp� ó�ñ 4 óp� î ópï ó@� ÷�ð 4 óp� ð�ñ 4 ï�� ö î ó î � ÷�ó î(a)
PT óp� ó�ñ 4 óp� ï�ô�ô ó@� ñ õ ñ óp� ð�ö�ô ï�� ö 4 ó î � 474 ôÑ Û ë nm

NUM ÷@� ð ÷p� ÷ î�î õ ó î ñ 4 óQ í Q c PT ÷@� ó ñ�� ó î ï õ ó õ ó õ ð
NUM ï�� ð ï�� ÷ ð2� ÷ ÷@� õ 4 � ô ï�ï�� îQ í Q c ë�î PT ï�� î ï�� ð ð2� õ ÷@� ó ÷@� ó ÷p��ñ

Table 5.1: Top: Gradients � � ê of supermode propagation constants for TE and TM polarization and for modes of
even (s) and odd (a) symmetry. Modified parameters are the spacing � , the width Z , and the height [ of the ribs.
Values in rows ’FD’ are calculated as difference quotients from two mode analysis runs on neighbouring parameter
values. Lines ’PT’ contain the results of applying Eqs. (1.52), (1.56), (1.54), (1.57). Bottom: Geometry tolerances ÑSÛ
admissible for a power transmission deviation Ñ�j less than ï{� for device lengths of

Q
c and

Q
c ë¢î . ’NUM’ indicates

the limits read from the marker lines of Figure 5.10, with the smaller difference taken in case of a nonsymmetric curvej Ï H>Û Ó . ’PT’ refers to the results of the perturbational expressions and Eqs. (5.2), (5.3). Parameters are identical to
Figure 5.9.

bottom part, the table contrasts geometry tolerances as can be read off from the charts of Figure 5.10 with
simple perturbational values according to Eqs. (5.2), (5.3). There is good overall agreement, the largest de-
viation occurring for the rib height variation in TM polarization. Although the gradients entering Eqs. (5.2),
(5.3) are evaluated with a small relative error of about � � , these are comparably large, almost equal and
have to be subtracted. However, since the height À turns out to be the least critical dimension in this case,
the tolerance estimate should be still sufficient for practical purposes.

In a realistic device, input and output ports will not be formed by abrupt ending of the waveguides, but by
diverging coupler arms, and then the above assumptions are certainly not correct to calculate the exact power
transmission. However, we are here interested in estimations for the fabrication tolerances only, and the main
influence of a varied dimension on the output power should still arise from the supermode wavenumber shift,
even in a more complex geometry. Therefore our analysis can be expected to yield reasonable estimates for
devices including coupler arms and tapering.

5.2.3 Results for rib waveguides

While the above calculations were concerned with magnetic garnets, i.e. permittivity profiles of (3.6, 5.3,
1.0), many integrated optics devices are realized with rib waveguides made of semiconductor material with
typical refractive index profiles of e.g. (11.6, 11.8, 1.0), that is with a much lower permittivity contrast
between substrate and the guiding film, but with a high contrast between the film and the surrounding air.
At the relevant dielectric boundaries, either the field strength or the permittivity contrast is small, and it is
not obvious a priori whether the perturbational expressions are numerically reliable in this case. To answer
this question, we choose a typical benchmark structure [159] for the numerical simulations.

Single waveguides

Figure 5.11 shows intensity profiles for the fundamental modes of both polarizations for one of the wave-
guides of Section 4.1.2. The corresponding propagation constants are b TE6 , �¢�������@���à�

m EHG , b (s)6 ,�¢�������2
����
m EHG for TE polarization and b TM6 , �¢�����	� � ��� m EHG , b (a)6 , �¢�����	� � 
z� m EHG for the TM mode,

computed in the semivectorial approximation and fully vectorial, respectively.
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Figure 5.11: Intensity profiles for the dominant components of the TE (left) and TM (right) polarized modes for a rib
waveguide according to Figure 1.1 with parameters [ í óp� 4�2 m, Z í¾õ � ó 2 m, \ í ó@� 4�2 m, 6 í ï���ï 4�2 m, Y s í¾õ � ð�ó ,Y f íMõ � ð�ð , and Y c í ï�� ó .
Beginning with the parameter set as stated for Figure 5.11, we have varied separately one of the quantitiesÀ , Å , ! , or P , and recalculated the propagation constants, keeping all other parameters fixed. Alternatively,
applying the perturbational expressions from Section 1.4.2 to the mode profiles of Figure 5.11 or to the
corresponding fully vectorial fields should yield propagation constant gradients |!� b , evaluated for the orig-
inal structure ± ½ , 


for parameters ½ º¾¼ À %'Åª%*!�%~P0½ . Figures 5.12, 5.13 compare the corresponding linear
approximations b-"$± ½ +c,eb-" 
 + 4 ± ½ |@� b with the directly computed data.

Figure 5.12: Dependence of the propagation constants on variations of the rib height H¢[ , of the rib width H Z ,
of the film thickness besides the rib H \ , and of the wavelength H�6 , for the fundamental hybrid symmetric (s) and
antisymmetric (a) mode of a rib waveguide with parameters as given for Figure 5.11. Marker points indicate values
computed directly for the modified structures, lines show the tangents predicted by the perturbation theory.

Figure 5.13: Analogon to Figure 5.12 for the fundamental TE and TM modes computed with the semivectorial
approximation. Symbols and parameters are as given in the caption of Figures 5.11, 5.12.

Obviously the perturbational secants are almost tangents to the reference curves, the marker lines, as it
was intended. As in Section 5.2.2, the good agreement, both for fully vectorial basic fields and for the
semivectorial fields, can be regarded as a confirmation of the perturbational expressions.
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Among the four parameters, the wavelength has the most pronounced influence on the propagation constants.
In contrast to the structures investigated in Section 5.2.2, the wavelength dependence of the propagation
constant is given by the inverse wavelength itself. |%q ba, 8 b�J�P is a good approximation for the present
waveguide. Due to either the small field strength on the rib flanks and on the surface ( Å , À ) or to the low
refractive index contrast between substrate and film ( À , ! ), the other contributions to Eq. (1.58) remain small
( � 
�� � � m EHG ) when compared with the propagation constant ( � �¢�������

m EHG ).
Two waveguide couplers

As sketched in Figure 5.14, the central part of a directional coupler made of two of the former rib waveguides
is characterized by one additional parameter, the separation � of the ribs.� � ��

��
f

�
c�
s

�
Figure 5.14: Cross section of the two rib wave-
guide coupler. It is meant to be symmetric with
respect to ]# Ã�5] .

For each polarization, the structure supports one mode of even and one of odd symmetry. Figure 5.15
illustrates the corresponding TE mode profiles; similar plots for TM fields are almost indistinguishable.

Figure 5.15: Intensity profiles for the
semivectorial TE modes of even (top) and
odd symmetry (bottom) in a two rib cou-
pler according to Figure 5.14. Parameters
are as for Figure 5.11, with a gap spacing� í óp� î�2 m.

If the device length Ò is set to Ò c ,IO&J�"�b s 8 b a + , the transferred power (5.1) is maximal and close to
unity, provided that all parameters are kept at their original values. If one of them is slightly detuned, a
smaller amount of power will be coupled to the right channel. This dependence is shown in Figure 5.16. For
otherwise fixed geometry, we have varied one dimensional parameter and repeated the entire calculation,
including mode field composition and overlap integration. The results are indicated by the marker points.

The lines in Figure 5.16 show the results of perturbation theory. For tuned parameters, we have calculated
the wavenumber gradients |@� b s, |�� b a, ½ º§¼ À %'Åª%*!�% � %~P ½ using Eqs. (1.52), (1.54), (1.56), (1.57). Then
approximations for the transferred power (5.1) were assembled with the unperturbed weights, but with
altered propagation constants b s,a

4 ± ½ |�� b s,a.

At least for the rib height and the outer film thickness, perturbational and reference results agree well.
Evaluating the perturbational wavenumber gradients includes integration along lines with comparably large
field strength where the relative error in the basic mode field can be assumed to be small. On the other
hand, for rib width, gap spacing, and, consequently, wavelength, the field must be integrated along the rib
sidewalls, where the mode field is almost vanishing. Nevertheless, the same absolute error in the basic field
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Figure 5.16: Influence of parameter variations on the relative output power j Ï Q c Ó of a rib waveguide coupler as
sketched in Figure 5.14, for TE (top row) and TM polarization (bottom row). One of Û þ¡  [�± Z ± \!±��2±�6!¢ is altered toÛ�� H>Û , with the remaining parameters as given for Figure 5.15. Markers correspond to complete semivectorial analysis
runs; the lines are perturbational results.

Q
c í ÷ 4 ó 2 m for TE and

Q
c í£4 ô�ô 2 m for TM polarization.

must be assumed, resulting in a higher relative error level of the small wavenumber gradients with respect
to these variables.

Another source of error is in the semivectorial approximation. While the continuity conditions on horizontal
boundaries are obeyed exactly, the fields violate the conditions on the vertical boundaries, which are directly
relevant for the gradients with respect to Å and � (cf. the remarks in Section 1.4.2).

TE TM TE TM TE TM TE TM TE TM�y¤¢ê ë¥2 m F � ��¦Hê ë¥2 m F � �¨§�ê ë{2 m F � �5©�ê ë¥2 m F � �yª�ê ë{2 m F �
FD ó@��ï õ ñ óp� ï 4 ï óp� ópï�ó óp� ó�ó�ô óp� ï�÷�ö ó@��ïFñFô �3óp� ó�ó�÷ �3ó@� ó�ó�ö ��ï�÷p� õ ö î ��ï�÷p� õ ö õ(s)
PT ó@��ï õ ö óp� ï 4 ï óp� ópï õ óp� ó�ó�÷ óp� ï�÷�ñ ó@��ïFñFô �3óp� ó�ó�ô �3ó@� ó�ó¢ð ��ï�÷p� õ ô�ö ��ï�÷p� õ ö¢ð
FD ó@��ï�ð�ñ óp� ï�÷ î óp� ópï 4 óp� ópï õ óp� ï�÷ î ó@��ïFñ ð óp� ó�ó�ð óp� ó�ó¢ð ��ï�÷p� õ ô î ��ï�÷p� õ ô¢ð(a)
PT ó@��ï�ð�ö óp� ï�÷ õ óp� ópï�ö óp� ó�ó�ö óp� ï�÷@ï ó@��ïFñ õ óp� ó�ó 4 óp� ó�ó î ��ï�÷p� ð@ï�ï ��ï�÷p� õ ö�ôÑ�j í ï{� Ñ#[ ë nm ÑlZ ë nm ÑQ\ ë nm Ñ$� ë nm Ñ«6 ë nm

NUM î ô î ö ñ ð ñ�ñ 4�î ÷@ï î ö î�õ õ ó î ö
PT õ ó î ô 4 ô ï õ54 4 ï ÷ î î ï 4 ï î�õ ÷�ð

Table 5.2: For the coupler of Figures 5.14–5.16:
Top: partial derivatives of the supermode propagation constants, for the mode with even (s) and odd symmetry (a), and
for TE and TM polarization. Values ’FD’ are calculated as difference quotients from two mode analysis runs. ’PT’ are
the results from using Eqs. (1.52), (1.54), (1.56), (1.57) with the unperturbed modes.
Bottom: Geometry tolerances admissible for a power transfer deviation Ñ�j of less than ï{� , for couplers of lengthQ í Q

c. ’NUM’ gives directly computed limits, ’PT’ are values estimated with Eq. (5.2) and the perturbational
expressions of Section 1.4.2.

However, as indicated by the top of Table 5.2, the propagation constant derivatives are evaluated correctly
up to


���
	
p���
m E(D for all dimensional variables and for both TE and TM polarization. Unfortunately, accord-

ing to Eq. (5.2) the relevant quantity for tolerance investigations is the difference between the wavenumber
gradients of the even and odd supermode. The bottom part of Table 5.2 compares these perturbational
tolerances with values read off from the (interpolated) marker curves of Figure 5.16. Obviously, the pertur-
bational wavenumber gradients give good estimates for the rib height and film thickness tolerances. For rib
width, gap spacing, and wavelength tolerances, at least the order of magnitude is correct.
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5.3 WMM based coupled mode theory

In this section, the by now familiar example of the two waveguide directional coupler will be employed
for the last time. Direct WMM simulation of raised strip or rib waveguide based devices is feasible with
reasonable effort, thus the structure is well suited to assess the accuracy that can be expected from coupled
mode theory as formulated in Section 1.5, if numerical WMM results are supplied as basic fields. As in Ref.
[79], the technique will be applied later to the design of radiatively coupled waveguide devices (Chapter 7)
for similar dimensional and material parameters, but with a larger number of coupled modes.

¬­®
¯

°
±

f±
s

±
c

Figure 5.17: Two coupled raised strip waveguides.
Fixed parameter values are Y s í ï�� ô 4 , Y f í î � î ,[ í óp��ñ 2 m, Z í ï�� î�2 m, and 6 í ï�� õ82 m.

Figure 5.17 shows the coupler geometry. The propagation constants b s, b a of its even and odd mode can be
determined by direct mode analysis of the entire structure on the one hand, and by supermode composition
via coupled mode theory on the other, according to Section 1.5.2. The latter approach is based on the single,
properly polarized modes of the two isolated strips. One WMM simulation is sufficient, with the resulting
field shifted to the two core positions. Figure 5.18 compares results for the propagation constants and for
the half beat length Ò c ,aO&J�"�b s 8 b a + .

Figure 5.18: Effective mode indices (top) and coupling length
Q

c (bottom) versus the strip spacing � for two wave-
guide couplers as in Figure 5.17 with Y c í Y s (a) or Y c í ï�� ó (b). Lines mark coupled mode theory results, while
marker symbols show values from direct calculations. The horizontal lines in the top charts indicate the levels of the
single waveguides propagation constants.

Charts (a) correspond to embedded waveguides covered by the substrate material, charts (b) to uncovered
waveguides. There is good agreement in the propagation constants, with larger deviations occurring only for
increased coupling at smaller gap width. Although the coupling is stronger for the embedded waveguides,
as indicated by the shorter coupling length, deviations in the propagation constants are less pronounced due
to the lower permittivity contrast between the core and the gap regions. We conclude that the perturbational
theory was adequately implemented.



72 5 Applied perturbation theory

Simulating the embedded, weakly guiding structures is more reliable. However, they are less sensitive to
the polarization, thus less suited for e.g. the polarization splitter design in Section 7.3.2. The difference
between the levels of TE and TM propagation constants increases with growing contrast between the core
and cover permittivities. According to the bottom charts of Figure 5.18, the difference between the TE and
TM coupling lengths is also significantly larger for gap refractive index ` c , ����


than for ` c ,a` s. Aiming
at a short total length, the polarization splitter should be based on structures with high permittivity contrast.
Therefore, Section 7.3.2 deals with raised strips rather than embedded or rib waveguides.

The bottom part of Figure 5.18 (b) compares coupled mode theory and rigorous calculations with regard to
the coupling length. Results agree best for gap spacings between


�� �à�
m and


�� � ��� m. Deviations for small
gaps are due to the larger field strength, and thus larger errors, of the coupled mode fields in the gap region.
As illustrated by Figure 5.19, the deviations for Ò c at large gap width are accompanied by an excellent
agreement of the coupled mode theory mode profiles with rigorously computed fields.

Figure 5.19: Mode profiles for two waveguide couplers evaluated along the horizontal line ^ í ó@� õ¨4�2 m at half the
strip height. Parameters are as given for Figure 5.18(b), with the gap size � set to óp� ï 2 m (left) and óp� ð 2 m (right). Top
charts are for TE, bottom charts for TM polarization. The continuous lines show the directly calculated modes, dotted
lines correspond to supermode profiles composed by coupled mode theory.

However, for large core separation with large coupling length, the propagation constants of the symmetric
and antisymmetric supermodes converge, while we must assume a certain fixed numerical error for both the
directly computed values b s, b a and the basic profiles for the isolated waveguides. The former affect the
accuracy of our reference results, the latter influence coupled mode theory. Obviously one cannot expect
an agreement in the limit of large waveguide separation, as it is the case for planar step index waveguides,
where analytical solutions are available.
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6 Magnetooptic waveguides

Magnetic garnets are promising materials for the realization of nonreciprocal integrated optical components
[3, 33]. Reciprocity, or its absence, can be defined quite generally as a global or a local property of optical
systems [157, 123]. A passive optical circuit with a symmetric permittivity function

?=K, ?= T is called recipro-
cal. The device allows the connections between its optical ports to be described by a symmetrical scattering
matrix, which is constituted by the corresponding transmission and reflection coefficients. For each pair
of ports, symmetry of this matrix predicts equal power transmission in both directions of light propagation
(where the definition of ‘ports’ is crucial in the case of optical waveguides). In contrast, the magnetooptic
permittivity contributions (6.1) are nonsymmetric. Magnetooptic devices may behave nonreciprocally in the
sense that power transmission along a light path depends on the direction of propagation.

Results regarding material properties, fabrication and chracterization of thin garnet films are collected e.g.
in Refs. [32, 163]. In this chapter and parts of the subsequent one we focus on selected aspects concerning
the numerical modeling of light propagation in magnetooptic waveguides. While the magnetooptic effects
themselves may be a means to achieve waveguiding, e.g. for waves traveling along a domain wall [109,
111], we consider them only as small perturbations to the propagation of modes, which are guided by
comparably large refractive index contrasts. This is surveyed in Section 6.1. Sections 6.2 and 6.3 are
concerned with the application of garnet films for nonreciprocal phase shift and polarization conversion,
including numerical results from Refs. [110, 76, 77]. Ref. [10] presents other parts of our recent theoretical
work in detail, regarding modeling and optimization of nonreciprocal TM and TE phase shifters [11, 164,
13], interferometers [15, 14, 12], and coupler structures [16] by means of finite element mode analysis and
beam propagation simulations.

6.1 Magnetooptic permittivity contribution and nonreciprocal effects

In a region with static or quasistatic magnetization, the permittivity tensor
?= must be assumed to depend

on the magnetization ² . The discussion shall be restricted to cubic crystals, and to contributions linear in² . According to Onsager’s relations and to considerations relying on the crystal symmetry [170, 31], the
permittivity perturbation related to the magnetooptic effect of first order is

± ?= mo , tu 
 ³µ´ k 8 ³µ´ i8 ³µ´ k 
 ³µ´ h³µ´ i 8 ³µ´ h 
 vw �
(6.1)

A single complex magnetooptic constant
³

relates the off-diagonal elements and the components of the
magnetization. The imaginary part of this constant gives rise to the effects of magnetic circular birefrin-
gence, the Faraday rotation, while its real part is responsible for polarization dependent absorption, the
magnetic linear dichroism. For optical applications, only materials with relatively low losses are of inter-
est, thus we assume the latter effect to be negligible (some corresponding remarks have been included in
Section 6.3.1).

The optical effects of the magnetization depend crucially on the direction to which it is adjusted. Two
angles ¶ , · parametrize this direction as ² , ´ " ���u� ¶ ����� ·-% �]�u� ¶ �]��� ·c% ����� ¶0+ . We split the magnetooptic
permittivity perturbation± ?= mo , �]�u� ¶ ����� ·�± ?= hmo

4 �]�u� ¶ �]�u� ·¡± ?= imo
4 ����� ¶#± ?= kmo (6.2)
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into contributions related to the three components of the magnetization

± ?= hmo , tu 
 
 

 

i ¸
 8 i ¸ 
 vw % ± ?= imo , tu 
 
 8 i ¸
 
 


i ¸ 
 
 vw % ± ?= kmo , tu 

i ¸ 
8 i ¸ 
 

 
 
 vw �

(6.3)

Here the absolute value ¸ of the purely imaginary off-diagonal elements is related to the magnetooptic
constant

³
and to the phenomenological constant of the specific Faraday rotation ¹ F by

³µ´ J i ,º¸ ,õ `0P�¹ F J�O , where ` is the refractive index of the magnetooptic material. While the second equality can
be shown by evaluating the propagation of a plane wave along the direction of the magnetization in a bulk
crystal, it emerges also from the coupled mode analysis of guided waves as shown below.

If the magnetization is oriented along one of the cartesian axes, only one of the three terms (6.3) is present.
According to Ref. [178], setups with the magnetization parallel to the � -axis ( ¶ ,yO&J�� , · , 


) and � -axis
( ¶Ç,aO&J�� , ·M,aO&J�� ) are referred to as polar and equatorial configuration, respectively, while a setup with the
magnetization adjusted along the  -axis ( ¶Ô, 
 ) is called the longitudinal configuration. While most of the
proposed integrated magnetooptic devices rely on one of these configurattions, intermediate magnetization
angles (see Section 6.3) may be interesting as well.

For a classification of the consequences for light propagation, we specialize to a single longitudinally ho-
mogeneous waveguide as in Section 1.5.1. Assuming a fixed direction of ² , the magnetooptic properties
are given by a profile ¸ and resulting permittivity perturbation ± ?= mo, which are functions of the transverse
coordinates. Coupled mode theory predicts coupling coefficients (1.71)w ® ­ ,x² ©5© / 6® ± ?= mo

/ ­
d � d � (6.4)

for modes indexed by ³ and ² , with factors ² ,��-= < J�" � R ¨ ® ¨ ­ + , which include the mode normalization.
Without further assumptions, all modes must be suspected to be subject both to phase shifts, given by the
diagonal coefficients w ®�® , and to mode conversion, caused by the off-diagonal elements w ® ­ for ³ µ, ² .
However, frequently the underlying guiding structure is symmetric as considered in Section 1.1.3, and the
magnetooptic profile likewise is even or odd with respect to �}� 8 � . Then with the components of the
hybrid coupled modes being of definite symmetry as well, half of the coupling coefficients cancel. Table 6.1
summarizes these results. Its rows list the contributions of a single component of Eqs. (6.3) to the coupling
coefficient (6.4). For a general orientation of the magnetization, the terms are to be multiplied by the angular
factors of Eq. (6.2) and to be summed.

To adopt common notation, we specialize to the case of a single-mode waveguide. According to Sec-
tion 1.1.3, for a slab like structure the fundamental hybrid symmetric mode turns out to be TE dominant.
Likewise, the fundamental hybrid antisymmetric mode is usually dominantly TM polarized. Table 6.2 shows
the corresponding entries from Table 6.1. For well polarized modes, or semivectorial basic fields, the terms
printed in small letters are negligible or vanish, respectively. Merely one entry remains in each row. Thus
each orientation of the magnetization, corresponding to the perturbation terms in one row of Table 6.2,
has a singular dominant effect. The polar configuration ( ± ?= hmo) yields phase shifts for TE modes, provided
that the magnetooptic structure is antisymmetric. A symmetric ¸ -profile in equatorial configuration ( ± ?= imo)
causes TM mode phase shifts. The magnetization adjusted along the longitudinal direction ( ± ?= kmo) drives the
TE/TM polarization conversion. Note that polarization conversion also originates from polar and equatorial
magnetooptic profiles of even and odd symmetry, respectively.

The most pronounced effect can be expected if the large g TE, i and g TM, h components in the longitudinal
configuration are coupled (all other coefficients involve smaller g{k fields). For large core dimension and
low transverse refractive index contrast, the corresponding coupling coefficient 8 i ² ��� ¸	g TE, i�g TM, h d � d �
reduces to w , 8 i O�¸@J�"$`0Pà+ , along with the mode profiles approaching plane waves. According to Sec-
tion 1.5.1, the resulting length for TE/TM conversion is Ò c ,mO&J�"��)¶ w ¶ +�,m`0PHJ�"��¨¸@+ , which amounts to a
polarization rotation of ¹ F , O&J�"���Ò c +o,»O�¸@J�"$`0PH+ . Thus perturbation theory yields the correct relation
between the specific Faraday rotation ¹ F and the simulation parameter ¸ in the limit of bulk propagation.
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Ý mo (s)–PS, (a)–PS (s)/(a)–CV (s) » /(s) ¼ –CV, (a) » /(a) ¼ –CV� ó � Ð_½8½¿¾�Ï � s, i � a, k � � s, k � a, i Ó d ^ d ] óH�ÀE �mo � � î Ð_½8½Á¾ �3�¢�3� d ^ d ] ó � ÐÂ½Ã½¿¾�Ï � »	Ä �F� ¼{Ä � � � »	Ä ��� ¼�Ä � Ó d ^ d ]� î Ð ½8½ ¾ � � � � d ^ d ] ó Ð ½8½ ¾�Ï � »	Ä � � ¼�Ä � � � »�Ä � � ¼�Ä � Ó d ^ d ]H�ÀE �mo � ó ÐÂ½8½¿¾�Ï � s, h � a, k � � s, k � a, h Ó d ^ d ] ó� ó i Ð_½Å½Æ¾�Ï � s, h � a, i � � s, i � a, h Ó d ^ d ] óH�ÀE �mo � ó ó i Ð ½Ã½ ¾�Ï � »�Ä � � ¼{Ä � � � »�Ä � � ¼�Ä � Ó d ^ d ]
Table 6.1: Coupling coefficients Eq. (6.4) for different magnetooptic configurations, and for different symmetries of
the coupled modes and of the magnetooptic permittivity contribution. Ý mo: sign in H�ÀE mo Ï ^«± ] Ó í Ý mo H�ÀE mo Ï ^«±~�5] Ó ;
(s)–PS, (a)–PS: diagonal coupling coefficients Ç s,s, Ç a,a, with the profile of one hybrid symmetric or hybrid anti-
symmetric mode inserted; (s)/(a)–CV: off-diagonal coupling coefficient Ç s,a evaluated for one symmetric and one
antisymmetric mode; (s)/(s)–CV, (a)/(a)–CV: off-diagonal coupling coefficient Ç »	Ä ¼ for two different modes of iden-
tical symmetry.Ý mo TE–PS TM–PS TE/TM–CV� ó ó � Ð_½8½¿¾�Ï � TE� � TM� Ö�È TEÉ È TMÊ Ó d ^ d ]H�ÀE �mo � � î Ð ½Ã½ ¾ � TE� � TE� d ^ d ] Ë �ÍÌ�ÎÏÎ3Ð È TMÊ È TMÉ d Ñ d Ò ó� �ÍÌ ÎÏÎ Ð È TEÓ È TEÉ d Ñ d Ò î Ð ½8½ ¾ � TM� � TM� d ^ d ] óH�ÀE �mo � ó ó Ð_½8½¿¾�Ï È TEÓ È TMÉ � � TE� � TM� Ó d ^ d ]� ó ó i Ð ½8½ ¾�Ï È TEÓÔÈ TMÊ � � TE� � TM� Ó d ^ d ]H�ÀE �mo � ó ó ó
Table 6.2: Analogon to Table 6.1, using notational conventions for well polarized or semivectorial fundamental
modes. TE–PS, TM–PS: diagonal coupling coefficients Ç TE,TE and Ç TM,TM, respectively. TE/TM–CV: off-diagonal
coefficients Ç TE,TM.

Coupling coefficients for planar magnetooptic waveguides emerge from the entries of Table 6.2 if the � -
integrations are skipped, and for vanishing g h , g k fields for TE modes and g i components for TM modes,
respectively. By definition, the perturbational profile is constant in the � -direction, thus symmetric. Table 6.3
surveys the remaining effects.

In this thesis we adopt the following practical viewpoint for the simulation of nonreciprocal behaviour, i.e.
for modeling opposite directions of light propagation. The basic geometries of all simulated magnetooptic
devices are longitudinally homogeneous and mirror symmetric with respect to � � 8 � , thus symmetric
with respect to rotating the coordinates by O around the � axis, apart from the magnetooptic permittivity
contributions. Assuming the origin to be located in the symmetry plane �a, 


, this operation reverses
the � - and  -components of the static magnetization " ´ h�% ´ i2% ´ k�+ "$�0%'�d+�� " ´ hd% 8 ´ i@% 8 ´ k�+ "$�&% 8 ��+ .
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TE–PS TM–PS TE/TM–CVH�ÀE �mo ó ó � Ð_½Á¾ � TE� � TM� d ^H�ÀE �mo ó î Ð_½Æ¾ � TM� � TM� d ^ óH�ÀE �mo ó ó � i ÐÕ½¿¾ � TE� � TM� d ^ Table 6.3: Planar magnetooptic coupling coeffi-
cients. For notations, see the caption of Table 6.2.

Consequently, light propagation in positive and negative  directions can be modeled with the formalism
from Chapter 1 for propagation in 4  -direction, simply by adjusting ² and ¸ accordingly. The terms
‘forward’ and ‘backward’ refer to simulations with opposite ¸ -profiles, where we do not attempt to trace
signs consistently. In the relevant cases of even magnetooptic profiles for the equatorial and the longitudinal
configuration, and of odd profiles for the polar configuration, this convention leads directly to reverting the
sign of ¸ for modeling contrarily propagating waves. In all cases we deal only with positive propagation
constants.

Thus, if a mode with index ² is subject to a magnetooptic propagation constant perturbation ±�b f­ , w ­c­
for forward propagation, the propagation constant shift for backward propagation is ±�b b­ , 8 w ­c­ . The
magnetooptic phase shift is nonreciprocal. The difference of both perturbations, the difference between the
propagation constants b f­ ,eb ­ 4 ±�b f­ and b b­ ,eb ­ 4 ±�b b­ observed in forward and backward directions
in the magnetooptic waveguide, is called the ‘nonreciprocal phase shift’ � b ­ ,ab f­ 8 b b­ ,a±�b f­ 8 ±�b b­ ,� w ­-­ , which is the experimentally accessible quantity.

6.2 Nonreciprocal phase shifters

A number of proposals for integrated optical isolators or circulators rely on the nonreciprocal phase shifting
properties of magnetooptic waveguides. Among these are Mach-Zehnder interferometers [5, 36] or direc-
tional couplers [98, 37]; cf. e.g. Ref. [32, 130] for a more detailed survey. Most work is concerned with
analysing and optimizing the phase shift of TM modes, for single and double layer geometries [165]. This
effect has been widely experimentally studied as well. Refs. [11, 164] report on recent advances regard-
ing rib waveguide structures. Planar magnetooptic waveguides do not exhibit a phase shift for TE modes,
according to Table 6.3. Maybe therefore the TE phase shift has not been considered, until recently two
possibilities to realize the required antisymmetric magnetooptic profile in rib geometries have been pro-
posed [110, 13]. There is also some experimental evidence for the effect [40]. Section 6.2.2 deals with
this configuration. Usually, integrated lasers emit TE polarized light, hence the TE phase shift may become
more important for isolator applications than the TM effect. Provided that both polar and equatorial mag-
netooptic waveguides can be fabricated side by side on a single substrate, the combination of nonreciprocal
TE and TM phase shifters may lead to polarization independent interferometry based isolator devices, as
investigated in Ref. [180].

6.2.1 TM phase shifter

Ö
f ×{ØÚÙÖ

s

Ö
c Û ÜÝ Þ

ß Figure 6.1: Transversely magnetized magnetooptic raised strip wave-
guide. The parameters of the subsequent computations are Z íî � ó 2 m, Y s í ï�� ô 4 , Y f íáî � õ ó î , Y c í ï�� ó , 6 í ï�� õ82 m, ¾ í ó@� ó�ó 4 ,
corresponding to à F íMõ ó�ó�ó5á ë cm.
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Figure 6.1 shows an example for a magnetooptic waveguide in equatorial configuration with the magne-
tization oriented perpendicular to the direction of light propagation, parallel to the substrate surface. Its
dominant effect is a shift of TM propagation constants. For a semivectorial basic TM field n7i , the corre-
sponding entry of Table 6.2 evaluates to

±�b , 8 ©3© ¸` a _ noi 8 �b D | Di noi c | h	noi d � d �
©c© �` D _ noi 8 �b D | Di noi c noi d � d � �

(6.5)

Further simplification is possible by neglecting the terms b E(D | Di noi , e.g. for the fundamental modes of a slab
like waveguide. Assume the cross section to be divided by horizontal boundaries at �Ô, À Ú , ö , 
 % �F�F� %]�
into � 4 � layers with vertically constant permittivities given by "â¸�%'`&+ "$�0%'�d+c,�"â¸ Ú %'` Ú + "$��+ , if À Ú EHG ÆÄ�ÔÆÀ Ú for

ö , 
 % �F�F� %]� 4 � , with À EHG and À�´ Ý G to be interpreted as
õ ¶ . Then partial � -integration over the

piecewise defined fields in the numerator yields the expression

� bò,>��±�bM,
´�Ú ) < © Å ¸ Ú Ý G` aÚ Ý G "$�d+ 8 ¸ Ú` aÚ "$��+ Ç n Di " À Ú %'�d+ d �

©5© �` D n Di d � d � (6.6)

for the nonreciprocal phase shift � b of a slab like semivectorial TM mode [165]. The effect may be viewed
to arise from the horizontal discontinuities in the magnetooptic profile, weighted by the local mode intensity.
Eq. (6.6) adequately explains the geometry dependencies of the effect; therefore it forms the basis for further
optimization of nonreciprocal devices based on TM phase shifts, as exemplified in Section 7.2.1. Note that,
in the special case of a planar three layer waveguide employed as a TM phase shifter, a semianalytical
optimization procedure can be applied [131], which leads to universal charts for optimized geometry and
the resulting phase shift.

Figure 6.2: Nonreciprocal phase shift ÑQê ver-
sus the strip height [ , for the waveguide of
Figure 6.1. GAL: results of the Galerkin method
[126], SI: simulations based on the spectral index
method [125], FDM: finite difference results [38],
FEM: finite element simulations [121], WMM:
the mode solver of Chapter 3 (semivectorial).

The structure of Figure 6.1 has been repeatedly investigated in our group, mainly with the purpose of assess-
ing newly implemented modeling approaches. Results for the nonreciprocal phase shift of the fundamental
TM mode are summarized in Figure 6.2. We have added a curve with data based on semivectorial WMM
mode fields, which obviously matches the previous results well. While the phase shift has been evaluated by
employing the full expression (6.5), for this waveguide there is no visible change in Figure 6.2, if the results
of the simplified relation (6.6) are plotted.

All simulations shown in Figure 6.2 rely on the semivectorial approximation. Apart from the finite difference
calculations of Ref. [38], where the magnetooptic permittivity contribution has been directly incorporated
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into the discretization scheme, the methods differ only in the mode solver employed for generating the
modes of the corresponding isotropic structure. The magnetooptic effect has been incorporated later via
perturbation theory. Thus Figure 6.2 mainly gives evidence for the agreement in the underlying mode
profiles.

Unfortunately, these curves must be looked upon with caution. This is revealed by inspecting the effective
mode indices plotted in Figure 6.3.

Figure 6.3: For the waveguide of Figure 6.1:
effective mode indices ê ë¢ì versus the strip
height [ . Results from semivectorial WMM
mode simulations, for

� �
- (TE) and

� �
-fields

(TM) of even (a) and odd (s) mirror symmetry
with respect to ] í ó .

The broad waveguide is single-moded for TM polarization up to a height of

�� �5�

m only. Below, in the
most interesting region with high nonreciprocal phase shift, the relevant fundamental TM mode is almost
degenerate with the first order TE mode; the semivectorial dispersion curves cross. With the corresponding
physical hybrid fields being of the same symmetry, this is precisely the situation mentioned in Section 3.3,
where the fully vectorial WMM must be suspected to be not reliable. Investigations of analogous configura-
tions have been reported e.g. in Ref. [96]. The almost degenerate modes turn out to be strongly hybrid, and
their dispersion curves do not cross, but repel each other. Interference of the two hybrid modes leads to peri-
odical conversion between an � -polarized field of even symmetry �o� 8 � and an odd, � -polarized electrical
field [72]. While this phenomenon can be employed for the design of polarization converters [94], reliable
modeling of the promising experiments seems to be difficult [95]. Obviously, semivectorial simulations are
not adequate.

6.2.2 TE phase shifter

According to Section 6.1, the nonreciprocal phase shift for TE modes requires a magnetooptic permittivity
contribution, which is of odd symmetry with respect to the symmetry plane of the waveguide. Two ap-
proaches for a realization with rib waveguides have been proposed: a compensation wall at the rib center
[13], and a guiding film with strip domains. Here we focus on the latter configuration. The section reports
on numerical simulations related to Ref. [110]. Ref. [40] gives experimental confirmation for the TE phase
shift. ã

ä
å æ

çè èé
cé
fé
s êë=ì í�ìí_î î ï{î ð¥î Figure 6.4: Normally magnetized rib waveguide

with a domain lattice. The lattice period î È matches
the rib width Z . The simulations assume permittivity
and wavelength parameters of Y s í ï�� ô , Y f í�î � î ,Y c í ï�� ó , 6 í ï�� õ82 m, ¾ í �Kóp� ó�ó 4 .

Consider a magnetooptic rib waveguide in the polar configuration, e.g. the geometry of Figure 6.4. The
magnetization is oriented perpendicular with respect to the direction of propagation and perpendicular to
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the substrate. The asymmetric magnetooptic profile ¸ causes mainly a shift of TE propagation constants.
With a semivectorial basic field g i inserted, the related entry of Table 6.2 reads

±�b , B D��b D ©3© ¸ | i�g Di d � d �
©3© _ gji 8 �b D | Di gji c gji d � d � � (6.7)

A considerable phase shift may be expected for a mode the intensity profile of which has large � -derivatives.
Thus strongly guiding structures with high lateral refractive index contrast, i.e. deeply etched waveguides,
are favorable for TE phase shifters.

In contrast to the TM case, it is obviously not adequate to skip the � derivatives in the denominator of
Eq. (6.7). Analogously to Section 6.2.1, we specialize to a piecewise constant, vertically sliced permittivity
profile. The cross section shall be divided by vertical boundaries at �Ä, ¿ Ú , ö , 
 % �F�F� %]� into � 4 �
slices with horizontally constant permittivities given by "â¸�%'`&+ "$�0%'�d+M, "â¸ Ú %'` Ú + "$�H+ , if ¿ Ú EHG Æ ��Æ ¿ Ú
for

ö , 
 % �F�F� %]� 4 �
, with ¿ EHG and ¿ ´ Ý G to be interpreted as

õ ¶ . As before, the numerator can be
simplified by partial integration, now along the � -direction. However, the piecewise defined basic mode field
is discontinuous at the vertical boundaries: ` DÚ "$�H+�g Ei "$�&% ¿ Ú +ª,f` DÚ Ý G "$�H+�g Ýi "$�0% ¿ Ú +�, "�=~gji�+ "$�&% ¿ Ú + , where
indices 4 and 8 indicate appropriate left and right limits, and where the last term defines the (continuous)
dielectric displacement. Using this notation, one obtains

� bò,>��±�bM, 8 B Db D
´�Ú ) < © Å ¸ Ú Ý G` aÚ Ý G "$�à+ 8 ¸ Ú` aÚ "$�H+ Ç "�='gji	+ D "$�0% ¿ Ú + d �

©3© _ gji 8 �b D | Di gQi c gQi d � d � (6.8)

for the nonreciprocal phase shift � b of a semivectorial TE mode, the TE analogon to Eq. (6.6). The vertical
discontinuity lines in the magnetooptic profile cause the phase shift, this time weighted by the squared
dielectric displacement. Note that the numerator of Eq. (6.8) alternatively reads´�Ú ) < © « ¸ Ú Ý G "$�H+ "$g Ýi "$�0% ¿ Ú +*+ D 8 ¸ Ú "$�H+ "$g Ei "$�0% ¿ Ú +*+ D ¬ d � � (6.9)

Next we refer to the configuration of Figure 6.4. Assume the material and geometry parameters to be ad-
justed such that the domain walls are parallel to the rib, with the period of the domain lattice �¢n matching
the rib width Å . One of the walls shall be located at the symmetry plane at the center of the rib. Then the
oppositely directed magnetization in adjacent domains results in a periodical, piecewise constant magne-
tooptic profile. The domain walls are located at ¿ Ú , ö n , where indices

ö
now extend over the entire integer

domain. Using the above notation, the perturbations ¸ Ú for all slices vanish, except on the magnetooptic
film: ¸ < "$�H+A, 4 ¸ and ¸ G "$�H+A, 8 ¸ for


 Æ>� Æa! 4 À ; ¸ D ­ "$�à+K, 4 ¸ and ¸ D ­ Ý G "$�H+A, 8 ¸ for

 Æ>� Æa! ,

with nonzero integers ² .

According to Table 6.1, all modes in this waveguide are subject to nonreciprocal phase shifts. Figure 6.5
shows propagation constants for the lowest order modes of both polarizations and the corresponding phase
shifts, computed with the full perturbation expression from Table 6.2. As expected, the TM phase shifts turn
out to be comparably small. For the TE modes, the shape of the curves may be explained with the help of
Eq. (6.8). For modes close to cut-off with a widely spread field, the contributions of several domain walls
almost cancel in the denominator, and the nonreciprocal effect remains small. For wide ribs, mainly the wall
at the rib center is relevant, but the normalized field strength at �o, 
 decreases with growing Å . Inbetween
the nonreciprocal phase shift exhibits a maximum. In contrast, the central wall does not contribute to the
phase shift of the first order TE mode. Its phase shift is due to the discontinuities at the rib flanks at �o, õ n ,
thus the shift is of of opposite sign. Note that the TE G phase shift reaches the same magnitude as the effect
for the TE

<
mode.
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Figure 6.5: Propagation constants ê (a) and nonreciprocal phase shift Ñlê (b) for the structure of Figure 6.4 with\ í ó@� 4�2 m, [ í óp� ï 4�2 m, versus the rib width Z . The horizontal lines in (a) indicate the propagation constants of the
corresponding outer slab waveguides of thickness \ .
All data in Figure 6.5 were computed with the semivectorial approximation. Some caution is advisable,
since here the configuration discussed at the end of Section 1.1.6 is realized, which must be suspected to be
leaky. Additionally, for widths Å around � � m, the propagation constants of the fundamental TM and first
order TE mode are in close proximity, which may render the semivectorial approximation invalid.

Figure 6.6:
� �

field profile of the fundamental
TE mode for a waveguide according to Figure 6.4
with dimensions [ í óp� õ82 m, Z í î � ó 2 m,\ í ó@� 4�2 m. The corresponding effective mode
index is ê ë¢ì}í î � ï�ó õ ÷ . The dotted lines indi-
cate the locations of the domain walls, leading to
a nonreciprocal phase shift of ÑQê í ï î � ô cm F � .

However, for an application one will usually focus on the phase shift of the fundamental TE mode. Figure 6.6
illustrates a corresponding field profile. Due to the pronounced discontinuities at the rib flanks, simplified
modeling via the effective index method is not well defined. Note that Eq. (6.8) needs the field to be
evaluated exactly on these sidewalls.

Eq. (6.8) can be formulated more specifically with respect to Figure 6.4:� b ,a��±�b , � B D ¸b D
ñ � � ­ © Ü< g�Di "$�&%~��²Yn�+ d � 8 � ­ © Ü< gªDi "$�&%�"���² 4 � +ind+ d � (6.10)

8 ���© ÜÞÝàßÜ "$g Ýi "$�&% 8 n�+*+ D d � 4 © ÜÞÝàßÜ g Di "$�0% 
 + d � 8 ��ª© ÜÞÝàßÜ "$g Ei "$�0%]nd+*+ D d �óòe%
with a normalization factor ñ , ��� "$gji 8 b E(D | Di gji�+�gQi d � d � . As above, indices 4 , 8 mean the field to
be evaluated at ��, 8 n 4 ± or �r,xn 8 ± , respectively, for an infinitely small distance ± . The first two sums
in Eq. (6.10) represent the strictly periodical structure in the film region below �7,>! , while the latter terms
are the contributions of the three discontinuity lines above. At the rib flanks, the jumps in the magnetooptic
profile are only half as large as in the center, therefore factors

� J�� accompany the first and the third term in
the second line.

Figure 6.7 shows Eq. (6.10) evaluated for a number of different rib heights À . Especially large etching depths
turn out to be advantageous since, with growing confinement, the normalized field strength at the central
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Figure 6.7: Nonreciprocal phase shift ÑQê for
varying widths Z and heights [ of rib waveguides
as in Figure 6.4, with \ í óp� 4�2 m. Lines and
markers show results based on semivectorial and
fully vectorial WMM simulations, respectively.

wall � , 

increases, while it decreases at the adjacent discontinuities at �M, õ n . Both effects raise the

nonreciprocal phase shift. At the same time, semivectorial modeling becomes more and more questionable.
Hence we have checked the validity of the approximation, using vectorial WMM modes as basic fields and
the full perturbational expression from Table 6.1. The coincidence of the markers and lines in Figure 6.7
indicates that semivectorial calculations are appropriate for the fundamental modes of these waveguides.

Figure 6.8: Nonreciprocal TE phase shift for waveguides as in Figure 6.4, comprising a domain lattice (continuous
lines) or a compensation wall the center of the rib (dotted lines). Varied geomety parameters are the rib height [ , widthZ , and the lateral film thickness \ . Material parameters are as given for Figure 6.4.

Analogous semivectorial WMM simulations lead to the plots of Figure 6.8, showing the influence of the
geometry parameters À , Å , ! . The charts compare the nonreciprocal phase shift achievable with a domain
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lattice configuration (Figure 6.4, with the lattice period �¢n adjusted to the rib width Å ) and the phase shift
effected by a compensation wall [13]. For the latter configuration, only the central magnetooptic boundary is
present, with additional small contributions to Eq. (6.8) from the rib flanks. In contrast to the domain lattice,
the phase shift from the central discontinuity is not diminished by contributions from the adjacent domain
walls, thus usually the nonreciprocal effect is larger for a waveguide with a compensation wall, provided
that a comparable magnitude of the magnetooptic profile can be achieved. For a more detailed discussion
of the geometry dependencies, and for questions regarding the experimental feasibility, we refer to Refs.
[10, 39].

The largest effect arises from deeply etched ribs with strong lateral confinement. Thus it is tempting to try
the raised strip waveguides from the following section, assuming that the almost square cores can be divided
at � , 


into two oppositely Faraday rotating domains, either by a domain or a compensation wall (both
have equal effects in this case). For waveguides (i), (ii), (iii), (iv) of Table 6.4, one obtains nonreciprocal
TE phase shifts of � b�J cm EHG , � ��% �	� % ��
 %~� � . This should be compared with the highest levels of the
phase shift in Figure 6.8 (although the material parameters do not exactly coincide). An application in an
interferometric isolator is investigated in Ref. [180].

6.3 Polarization converters

Besides a series of proposals exploiting the nonreciprocal phase shift in magnetooptic waveguides, most
theoretical and experimental work on integrated optical isolators was concerned with setups analogous to
microoptic devices where the waveguide is used as a nonreciprocal polarization rotator between two po-
larizers. This corresponds to the longitudinal configuration of Section 6.1 where the direction of light
propagation and the orientation of the magnetization are parallel. One of the major problems with this con-
cept in integrated form is to overcome form birefringence: usually the propagation constants for modes of
different polarizations are different. This limits the maximum power transfer ratio and thus deteriorates the
isolation. To achieve phase-matching for TE- and TM-like modes, a number of techniques were proposed.
Among these are the periodic reversal of the magnetization [151], the use of anisotropic top layers [166],
of multilayered waveguide structures [99, 108], growth induced birefringence [4], the application of stress
[27], Dammann’s geometry [26], and thickness tuning for planar [175] and ridged waveguides [176].

In contrast to isotropic planar waveguides, for rib waveguides there are certain configurations where the
wavenumbers for modes of both dominant polarizations are exactly equal. This can be realized as follows.
For a planar-like raised strip waveguide with a thin and wide core, usually the propagation constant of the
fundamental TE mode exceeds that of the fundamental TM mode. If the rib is continuously narrowed and
raised, the device becomes a planar-like waveguide again, but with the role of the transverse axes exchanged.
Consequently there is an intermediate configuration with almost square core and phase matched modes.
Presenting the numerical results of Ref. [76], this section gives a detailed numerical analysis of the effects
relevant for isolating performance with emphasis on fabrication tolerances.

We will employ coupled mode theory as formulated in Section 1.5.1, based on the two fundamental vectorial
modes of isotropic lossless cores. The magnetooptic effect, linear birefringence, and isotropic absorption are
considered as perturbations. Section 6.3.2 states a model for an isolator setup. In Section 6.3.3, first order
expansions of the degree of polarization conversion lead to simple perturbational expressions for fabrication
tolerances of all structural parameters. These formulas are applied to a series of raised strip waveguides and
compared to directly numerically evaluated tolerances in the main part of Section 6.3.4.

Obviously a direct way to achieve phase matching is to use square cores embedded in a homogeneous
cladding. Section 6.3.5 reports on our results for such waveguides.

Due to the extreme sensitivity of the phase matching condition, this is one of the few occasions where we
have observed the semivectorial approximation to be insufficient. With this approximation the shape of
curves for the polarization conversion (e.g. in Figure 6.12(i)) remains, but the positions of the maxima are
shifted by amounts exceeding the tolerances to be calculated. Therefore we use only fully vectorial, hybrid
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mode fields as a basis for the numerical experiments of Sections 6.3.4, 6.3.5. Although the WMM mode
solver is the state of art, the results for waveguide dimensions in Table 6.4 and the limit for the maximum
achievable isolation should be looked upon with caution. However, the observed tendencies and estimates
for fabrication tolerances seem to be reliable.

6.3.1 Relevant permittivity perturbations
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Figure 6.9: Magnetooptic raised strip waveguide. Structural parameters
are the height [ and width Z of the rib, the refractive indices Y s, Y f, Y c
of the substrate, the guiding film, and the cover material, respectively. ¾
and þ correspond to magnitude and orientation of the magnetization in the
strip region.

The following simulations are concerned with raised strip waveguides as sketched in Figure 6.9. We assume
the substrate and cover to be made of lossless isotropic material with homogeneous permittivities = s ,§` Ds
and = c ,>` Dc . The permittivity tensor

?= f ,>` Df 4 ± ?= of the core region

 Æe�ÔÆ À , 8 Å#J��qÆ �¯ÆeÅsJ�� , in the

following indicated by the box symbol - , consists of a lossless isotropic contribution of the refractive index` f, and a residual ± ?= . This is again a sum of several terms, which are specified in the next paragraphs.

Magnetooptic core

The magnetooptic core shall be magnetized in the � -  -plane at an angle ¶ with respect to the longitudinal
direction. Section 6.1 and Table 6.1 predict the coupling coefficientsw moÚ�Ú ,Æ¸ �]��� ¶ �-= <� ¨ Ú ©o© 7 g Ú h�g Ú k d � d � (6.11)

and w moÚ � , i ¸ ����� ¶ �-= <� � ¨ Ú ¨ � ©o© 7 "$g Ú h�g � i 8 g Ú i¢g � h + d � d � for
ö µ,CBl% (6.12)

where indices
ö %�Ba, TE, TM indicate the two basic hybrid modes of opposite symmmetry, or different

dominant polarization, respectively.

Eq. (6.11) is the nonreciprocal phase shift for the TM-like mode. This shift remains small since the
integrated product of the g h - and g k -fields almost vanishes. For the TE-like mode the phase shift is
two orders of magnitude smaller due to its tiny glh -component. The off-diagonal coupling coefficientsw , w TE,TM , w 6TM,TE (6.12) drive the mode coupling. They combine only those parts of the fields which are
in the core area; thus the conversion length in the waveguide exceeds the length Ò bulk

c ,á` f PHJ��¨¸r,yO&J���¹ F
for plane waves in a bulk medium. According to Table 6.1, an inclination of the magnetization with respect
to the � -  -plane adds a tiny contribution to the coupling coefficient, but it does not lead to a phase shift. We
will therefore restrict the simulations to ·M,aO&J�� (cf. Eq. (6.2)).

Anisotropy

For a typical YIG-film grown on a (111)-oriented GGG-substrate, growth- and stress-induced anisotropies
cause the diagonal component at the � -position of the permittivity tensor to be different from the elements
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on � - and  -positions [43]. This effect is accounted for by a dimensionless anisotropy parameter n in the
corresponding permittivity perturbation:

± ?= anis , n � tu 8 � 
 

 � 

 
 � vw �
(6.13)

While ± ?= anis does not contribute to the coupling coefficients w due to mode symmetry, it is responsible for
additional phase shiftsw anisÚ Ú , n � � Ú with � Ú , �-= <� ¨ Ú ©o©«7 " 8 g�DÚ h 4 gªDÚ i 4 g�DÚ k + d � d � � (6.14)

Absorption

If the core material attenuates the intensity of a plane wave as ·x.�0%1z" 843  2+ with a small attenuation constant3 , this causes an imaginary permittivity perturbation ±�= abs , 8 i ` f 3 J	B . According to Section 1.3.1, the
propagation constants b Ú get imaginary partsw absÚ Ú , 8 i 3 Ú J��K% with 3 Ú , 3 5 = <� < ` f� ¨ Ú ©o© 7 ¶ / Ú ¶ D d � d � � (6.15)

If we adopt the approximation of equal attenuation for both modes, the propagation equations (1.73) carry
over to the lossy system. Both amplitudes r Ú must be multiplied by a factor .�0%1z" 8 .3  2J��p+ , where .3 ," 3 TE

4 3 TM +*J�� is the average attenuation, and the device of length Ò shows an additional power loss·x.�0%1z" 8 .3 ÒK+ .
This approximation amounts to neglecting terms " 3 TE 8 3 TM +*J � ¶ w ¶ and · � b � " 3 TE 8 3 TM +*Jd¶ w ¶ D . The latter
vanish for phase matched waveguides. The former should have an effect comparable to a phase difference� b � J��)¶ w ¶ . If one can tolerate an error in the polarization conversion � (Eq. (1.75)) up to

�F
 E ÿ , then " 3 TE 83 TM +*J � ¶ w ¶ must not exceed 0.03. This condition is indeed fulfilled, as we will show in Section 6.3.4.

However, for larger differences in the mode attenuations 3 TE and 3 TM, Eqs. (1.73) have to be modified.
This will be necessary for materials with higher losses if the relevant mode fields differ considerably, or
if the damping must be assumed anisotropic. The latter may be the case if the absorption related to the
Faraday rotation (magnetic circular dichroism) turns out to be non-negligible. Note that the type of damping
introduced here models the intrinsic material absorption only.

6.3.2 Simulation of an experimental setup

The isolator setup employs a magnetooptic polarization rotating waveguide of total length Ò¾,aÒ c J�� which
is set between a front polarizer adjusted to the TE-position and a back polarizer at an angle of

�@���
with

respect to the � -direction.

Simulation of forward propagating light starts with a TE-polarized Gaussian beam (input power

¨
in) the

diameter and maximum location of which has been adjusted to the mode profile average. It passes the
front polarizer without modification. Overlap (1.74) with the mode profiles yields the initial amplitudes
for coupled mode propagation along a distance Ò�,fÒ c J�� . The output power

¨
f
out is then determined by

projecting � on a unit vector � ,§" �]��� 3 o % ����� 3 o % 
 + in the direction of the back polarizer at 3 o , �@�	� ,¨
f
out , �� 5 = <� < ©r© ¶ �s"$�0%'�1%'Òj%*!'+�� � ¶ D d � d � � (6.16)

We assume that the total power after the polarizer is detected.
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Backward light propagation starts with a 8 �@�@� polarized Gaussian beam of equal shape and input power
(the sign reflects the convention for backward propagation, see Section 6.1) and ends with the projection
(6.16) on a unit vector according to the front polarizer at 3 i , 


. With the backward output power

¨
b
out,

isolation and transmission loss are defined as IS , 8 �F
=w �yx " ¨ b
out J ¨ f

out + and LO , 8 �F
=w �yx " ¨ f
out J ¨ in + . The

simulations described in the subsequent sections are within the limits of this model.

There are at least two effects that may limit the achievable isolation. Ideally, in the backward direction, the
light that has passed the back polarizer should excite the modes of both polarizations with equal amplitudes.
But in the case of non-embedded waveguides the profiles of TE- and TM-like modes differ slightly, and
the initial amplitudes will be different as well, resulting in a small amplitude of the TE-like mode at the
front polarizer. Additionally, the hybrid TM-like mode has a small gsi component, and consequently at
the front polarizer its contribution cannot be completely suppressed. Both causes will be investigated in
Sections 6.3.4 and 6.3.5.

The significant refractive index contrasts of the materials under consideration cause these simulations to be
somewhat questionable. Neither is the input Gaussian profile a valid electromagnetic field in the waveguide
region, nor are the mode fields solutions of the Maxwell equations in the homogeneous region behind the
waveguide end. With the simple overlap model, no realistic estimation of the power transition, or the loss
LO, respectively, can be expected since the amounts of reflection, transmission, and radiation at input and
output are not known with sufficient precision. However, these quantities cancel in the expression for the
isolation IS, and we will obtain more realistic results.

From the viewpoint of modeling, these difficulties arise in the following way. To evaluate the input power
¨

in consistently, one has to provide a refractive index value for the homogeneous material that supports the
Gaussian beam, since both the electric and the magnetic part of the input field are required for the overlap
integral. With values between the two plausible choices ( `C, ����


, a beam focussed in air, and `C,Ã` f,
most of the power is concentrated in the core region) the power

¨ ,�¶Lr TE ¶ D 4 ¶Lr TM ¶ D inside the waveguide
typically changes by a factor of ` f ��� . The same problem arises at power output, where according to our
model even with a perfectly adjusted polarizer power is diminished by the factor ` f, if the field profile is
transferred from the guiding core to free space without change.

�

�

�
�	�
��


���

Figure 6.10: End facet of a planar three layer waveguide.

A way out may be advanced modeling of the waveguide/air-transitions e.g. by means of semianalytical
approaches as attempted in [21, 122, 161]. As an example, what is to be expected for waveguide end facets
with typical garnet parameters, consider a planar waveguide as sketched in Figure 6.10. We assume the
nomalized fundamental guided mode to be incident from the left on the facet at  r, 
 and are interested in
the mode reflectivity, i.e. the reflected mode amplitude. Figure 6.11 shows some corresponding results.

The simplest approach would be to view the mode as a plane wave, traveling in the film medium, per-
pendicularly incident on the dielectric boundary between refractive indices ` f and ` c. Fresnel’s law for
perpendicular incidence evaluates to the reflectivity levels indicated by the horizontal lines. Parts of the
mode fields penetrate in the substrate region, thus the contrast ` s, ` c may be relevant also.

Better agreement with the numerical curves can be found if one recalls the basic zig-zag model for mode
propagation, which associates a mode with interfering plane waves propagating at an angle 3 with respect
to the  -axis, where ����� 3 ,yb�J�"ÂB�` f + . With this angle of incidence and refractive indices ` f, ` c, Fresnel’s
equations yield the curves marked as FE "�b�+ . These become reasonable for small mode angles and plane
mode profiles at large waveguide thicknesses where the modes are well confined in the film region. For
modes close to cutoff, the mode angle exceeds the limit of total reflection at the interface at  Ä, 


for
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Figure 6.11: Effective mode indices (top) and reflectivities (bottom, for the fundamental modes) versus the film
thickness for a waveguide facet as sketched in Figure 6.10. Refractive index values are as given on top of the charts;
the wavelength parameter is 6 í ï�� õ82 m. HSRM: numerical calculated data according to Ref. [162, 160], FE Ï ê Ó :
Fresnel’s equation for appropriate polarization, for plane waves with incidence angle as prescribed by the propagation
constant (see the text). Horizontal lines in the bottom charts indicate the reflectivity levels Ï Y f ��Y c Ó ë Ï Y f �qY c Ó (upper
line) and Ï Y s ��Y c Ó ë Ï Y s �ÇY c Ó (lower line) according to Fresnel’s equation for perpendicular incidence.

small ! . For slightly larger thicknesses, the Fresnel equation predicts vanishing TM reflectivity for a mode
incident at Brewster’s angle. Both phenomena should have been noticed experimentally; obviously the
zig-zag reflectivity model fails here.

Semianalytical modeling with the Half-Space-Radiation Method [162, 160] predicts curves which somehow
interpolate between the perpendicular incidence of plane waves in the substrate for modes close to cutoff
at small ! , and the zig-zag estimate for large ! . Note the pronounced difference between the TE and TM
reflectivities. The HSRM model takes the large permittivity jump at the film surface explicitely into account.
Some caution is required with the results, since the method relies on a small transverse refractive index
contrast between substrate and film (the ratio "$` f 8 ` s +*J�` f should be below

�F
c�
[122, 160]; the parameters

of Figure 6.11 yield
� �-�

and
�¢�3�

, respectively). Unfortunately, up to now no experiments with garnet
waveguides have been carried out which could give access to the reflectivity values directly. The reflectivity
loss is always mixed up with insertion loss, attenuation loss, uncertainties related to varying incoupling
conditions for TE and TM, etc.

For the deeply etched raised strip waveguides of Section 6.3.4, because of similar mode profiles, the re-
flectivity difference between TE and TM polarized modes may be expected to be smaller. The difference
vanishes exactly in case of the square embedded waveguides of Section 4.2.2. However, in this thesis the
problem is not elaborated further. Besides, exact modelling of the rather artificial setup sketched above is
not useful for a Faraday rotator in an integrated optical chip, e.g. in hybrid form [146].
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6.3.3 Fabrication tolerances

For estimating the fabrication tolerances of a setup as described above, an idealized treatment should be
sufficient. Assuming the final mode amplitudes of the forward analysis to be equal to the initial amplitudes
of the backward simulation, the combined light paths are equivalent to a coupled mode propagation over
twice the device length ��Ò . In the forward direction no power is lost,

¨
in , ¨

f
out , ¶Lr TE " 
 +F¶ D , while

the power transmission in the backward direction is given by the final amplitude of the TE-like mode as
¨

b
out , ¶Lr TE "���ÒA+F¶ D , ¨

f
out " � 8 �à"���ÒK+*+ , with TE and TM substituted for the mode indices in Eqs. (1.73)–

(1.75). Thus the deviation � �M, � 8 �H"���ÒA+ of the polarization conversion from unity becomes relevant.
The effects mentioned in the last section contribute another small fraction Ã ¨ f

out of the power input to the
backward output power, such that the total isolation is IS , 8 �F
=w �yx " � � 4 Ã + .
Our model structures are formulated first in terms of parameters ` s, ` f, ` c, À , Å , P which determine the
wavenumbers and the shape of the basic modes. Then there are the quantities ¸ and ¶ which are responsible
for mode coupling and related to the length parameter Ò . Finally, perturbations like the diagonal anisotropyn must be checked. We will separately consider the influence of each of these parameters ½ , while all
other quantities are kept fixed to their optimum values. If ½ is optimally adjusted as well, we have a phase
matched waveguide of length Ò c, � J�� with � � "$Ò c, � +3, �

. Changing ½ to ½ 4 ± ½ results in a lower conversion� � Ý,+ � "$Ò c, � + . The maximum deviation � ½ for a given limited conversion degradation � �o, � 8 � � Ý�� � "$Ò c, � +
is defined as the tolerance of the parameter ½ .

Basic mode parameters

Assume ½ to be one of À , Å , ` s, ` c, or ` f (where we keep ¸ constant). In first order perturbation theory, a
variation ± ½ does not affect the shape of the basic mode fields and the coupling coefficient w (6.12). At the
same time, small propagation constant shifts " |@� b Ú +�± ½ detune the phase matching according to � b �� Ý,+ � ," |�� b TE 8e|�� b TM +�± ½ . Expanding � � Ý,+ � "$Ò c, � + up to first order in ± ½ D gives � � Ý,+ � "$Ò c, � +r� � 8 " |�� b TE 8|�� b TM + D ± ½ D J � ¶ w ¶ D . For this quantity to be larger than

� 8 � � , the parameter ½ may vary by no more than� ½ , õ �)¶ w ¶ R � �¶ |�� b TE 8}|�� b TM ¶ � (6.17)

Obviously, along with w , the tolerances for rib height, rib width and the refractive indices scale linearly with
the off-diagonal permittivity ¸ , i.e. linearly with the specific Faraday rotation ¹ F. Thus, materials with im-
proved magnetooptic effect will not only lead to shorter devices, but also to relaxed tolerance requirements.

For an evaluation of Eq. (6.17), expressions must be supplied for the gradients of the propagation constant.
What concerns the refractive indices, Eq. (1.44) is to be applied with a diagonal permittivity perturbation��` s,f,c ±�` s,f,c and with the integration extending over the substrate, core, and cover regions. For the rib
dimensions À and Å , the continuity requirements of the electromagnetic fields at dielectric boundaries must
be taken into account explicitely. Expressions for the variation of the propagation constant due to the shift
of boundary locations have been investigated in Sections 1.4 and 5.2. According to these formulas, � À and� Å are approximately inversely proportional to the relevant permittivity differences.

The coupling coefficient can be written as ¶ w ¶1,���` f ¹ F



with a dimensionless factor



. Therefore, if we
neglect, in



, the variation of the mode shape with respect to a wavelength alteration, w remains fixed in first

order, and Eq. (6.17) applies to the wavelength parameter P as well. Derivatives of the propagation constants
with respect to the wavelength can be expressed in terms of the À - and Å -gradients, see Section 1.4.3.
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Device length and magnetooptic parameters

The optimum length for a phase matched device is given by Ò , O&J � ¶ w ¶ . An alteration ±�Ò changes the
power transfer ratio at the end of the relevant light path to �H"��d"$Ò 4 ±�ÒK+*+q� � 8 "$O ±�ÒAJ � ÒK+ D . Thus the
tolerance for the device length is� Ò , õ ��)¶ w ¶ � � �o, õ �O Ò c

� � � � (6.18)� Ò is the only tolerance that turns out to be reciprocal to the Faraday constant.

With regard to ¹ F itself, an expansion of ��� Ý,+ ��"$Ò c, ��+5, �]�u� D "$O3" � 4 ±5¸@J5¸@+*J��p+ leads to the tolerances� ¸ª, õ �O ¸ � � � or � ¹ F , õ �O ¹ F
� � � � (6.19)

Assuming the specific Faraday rotation to be the parameter with the most pronounced temperature depen-
dence |�� ¹ F, an otherwise optimally tuned device should operate properly in a temperature range of� � , õ �O ¹ F|�� ¹ F

� � � � (6.20)

By evaluating � +�� "$Ò c,0 +ò, ���u� D "$O ����� "$±¨¶0+*J��p+ , the magnetization angle ¶ can be shown to be the least
critical quantity:� ¶Ç, õ �R O " � �d+*G � a � (6.21)

If one admits � ��, 
���
	
d�
(

���
d�

), ¶ may deviate from the optimum

 �

position by
õ �	� �

(
õ � 
 � ). While

formally the nonreciprocal phase shift at an angle ¶ µ, 
 must be considered as well, it turns out to be neg-
ligible when compared to the phase mismatch due to a detuned geometry (cf. the corresponding paragraph
in Section 6.3.4).

Anisotropy

Changing the anisotropy parameter by ±pn shifts the propagation constants by ±tn � Ú J�� . Consequently, n must
be known with a tolerance of� no, õ � ¶ w ¶ R � �¶ � TE 8 � TM ¶ � (6.22)

Compared to a device with isotropic core and dimensions Å and À , a waveguide with anisotropic core
achieves phase matching with slightly modified geometry, e.g. for parameters Å and À 4 ± À where± À , 8 nH" � TE 8 � TM +�d" | ß b TE 8}| ß b TM + � (6.23)

6.3.4 Results for raised strip waveguides

Device design starts with identifying suitable geometries where the fundamental modes are degenerate. For
four arbitrarily chosen values of the waveguide width, the top left inset of Figure 6.12 shows the rib height
dependence of the fundamental effective mode indices. The curves for TE- and TM-like modes cross at
a height À which is slightly smaller than the specified width Å . Analogous curves can be drawn for the
variation of the width for given rib height (top right inset).
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Figure 6.12: Propagation constants ê (top) and polarization conversion Þ (bottom) versus the rib height [ (left) and
the rib width Z (right) for waveguides as sketched in Figure 6.9. For the four fixed values of the rib width (left) and
rib height (right) see Table 6.4. In the top charts, continuous lines correspond to hybrid TE-like modes, dotted lines to
modes with dominant TM polarization. Continuous lines in the bottom chart show the polarization conversion Þ%Ï Q c Ó
at the fixed lengths

Q
c as given in Table 6.4, while the dotted lines indicate the maximum achievable conversion Þ max

at a length adjusted to the detuned height or width. The remaining parameters are as given for Table 6.4.

Table 6.4 summarizes the geometry data for the phase matched waveguides indicated by the crossing points.
The tolerances for applications in an isolator setting can be evaluated by directly calculating the mode fields
for a detuned geometry. Figures 6.12 (bottom insets) and 6.13 show the dependences of the power transfer
ratio � on rib height and width and wavelength variations. In the bottom parts of Table 6.4 these results
are contrasted with perturbational values estimated with Eq. (6.17). There is good overall agreement, with
the most pronounced differences occurring for the wavelength parameter P . While the relevant derivatives|lq b Ú can be accurately evaluated by Eq. (1.58) with a deviation below 1%, they are large (compared to|�k b Ú , | ß b Ú ) and nearly equal. Therefore Eq. (6.17) with ½ ,�P gives the correct order of magnitude only,
which should be sufficient since the wavelength turns out to be an uncritical parameter. This is a promising
result with respect to the bandwidth dependences of the isolator concept. Note that the limiting values for
the polarization conversion � � can be translated into limits for the isolation IS , 8 �F
=w �yx " � ��+ of

��

dB,� 
 dB,

�¢�
dB,

�F

dB.

Figure 6.13: Polarization conversion Þ versus
the operation wavelength 6 for waveguides (i) to
(iv) of Table 6.4. The degree of conversion Þ is
evaluated at the fixed conversion lengths

Q
c cor-

responding to a wavelength of 6 í ï�� õÃ2 m. See
Table 6.4 for parameters.
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(i) (ii) (iii) (iv)Z ë¥2 m 0.8 1.0 1.2 1.4[ ë{2 m 0.6340 0.8260 1.0118 1.1975Q
c ë{2 m 357 325 315 309Ñ Þ í óp� ó�ó@ïÑs[ ë nm 0.5 1.2 2.2 3.9ÑlZ ë nm 0.4 1.0 2.1 3.8Ñ«6 ë nm 3 2 12 4 25 10 ø 40 21ÑlY s ë ï�ó�F � 1 2 4 7ÑlY f ë ï�ó�F � 1 3 5 8Ñ Q ë¥2 m 4 3 3 3Ñ Þ í óp� ópïÑs[ ë nm 1.5 1.7 3.2 3.7 6.3 7.0 11.2 12.2ÑlZ ë nm 1.5 1.4 3.5 3.3 6.8 6.6 12.1 11.9Ñ«6 ë nm 9 6 38 16 ø 40 34 ø 40 66ÑlY s ë ï�ó�F � 4 4 9 8 16 14 25 23ÑlY f ë ï�ó�F � 3 4 10 8 17 15 26 26Ñ Q ë¥2 m 11 10 10 10Ñ Þ í óp� ó 4Ñs[ ë nm 3.5 3.9 7.3 8.3 14.2 15.7 25.1 27.3ÑlZ ë nm 3.4 3.1 7.9 7.3 15.3 14.7 27.1 26.6Ñ«6 ë nm 19 14 ø 40 35 ø 40 76 ø 40 149ÑlY s ë ï�ó�F � 8 8 21 17 36 31 56 52ÑlY f ë ï�ó�F � 7 8 22 18 37 34 58 58Ñ Q ë¥2 m 25 23 22 22Ñ Þ í óp� ïÑs[ ë nm 5.2 5.4 10.6 11.7 20.5 22.2 36.0 38.6ÑlZ ë nm 5.0 4.4 11.3 10.4 22.1 20.9 38.7 37.7Ñ«6 ë nm ø 20 20 ø 40 49 ø 40 108 ø 40 210ÑlY s ë ï�ó F � 11 11 29 24 51 44 80 74ÑlY f ë ï�ó�F � 11 11 31 26 52 48 80 82Ñ Q ë¥2 m 36 33 32 31

Table 6.4: Optimum dimensions [ ,Z , conversion length
Q

c í î Q and
fabrication tolerances for raised strip
waveguides as sketched in Figure 6.9
used as nonreciprocal polarization con-
verters. Tolerances printed in italic
style are determined by perturbational
expressions, while the roman numbers
have been read off from curves ÞßÏ Û Ó ,
with Û í [�± Z ±�68± Y f,s as in Figure 6.12,
with the smaller difference taken in
case of a nonsymmetric curve. See
the text for a concise interpretation of
the tolerances. Parameters not listed
are the refractive indices Y s í ï�� ô 4 ,Y f íÃî � õ ó î , Y c í ï�� ó , the nondiag-
onal permittivity element ¾ í óp� ó�ó 4 ,
magnetization angle þ í ó , anisotropyÈ í ó , absorption

ý í ó , and the vac-
uum wavelength 6 í ï�� õ82 m.

For the parameters not listed in Table 6.4, we have observed the following tendencies. The influence of the
cover refractive index is less significant. Due to the small field amplitudes at the rib/air-interface and to
the low refractive index ( ±�=#,y��` ±�` ), the tolerances � ` c are roughly six times the values for the substrate
refractive index.

If the magnetization offset-angle ¶ is regarded as a perturbational parameter, the polarization coupling is
not affected in first order, while the TE/TM phase difference � b is slightly altered. This alteration turns out
to be very small: for the four waveguides of Table 6.4, the nonreciprocal TM phase shift for a maximum
angle of

�F
@�
can compensate the phase mismatch for a geometry deviation of about

�
Å only. In the limit of

a transversely adjusted magnetization the phase shift difference is equivalent to a geometry deviation still
below

�
nm. Thus, varying the direction of the magnetization cannot be used for tuning phase matching

(which can be achieved for one direction of propagation only, and is therefore less useful in the current
setting; cf. Section 6.4). On the other hand, precise adjustment of this direction is less important. A larger
deviation from the longitudinal direction will show up mainly in a conversion length alteration, where, for
waveguides (i) to (iv), values � Ò c = � � Ò below

���
m ( � 
 � m) are tolerable. According to Figure 6.14, ¶

must be adjusted to
õ �	���

(
õ � 
p� ) to guarantee � � ÷e
���
	
d�

( � � ÷a
���
d�
). The same result can be obtained

with the perturbational formula (6.21).

For � � below

���
	
d�

(

���
d�

), the nondiagonal permittivity element must be kept at ¸�, 
���
	
p� with tolerances
of

õ ����
 � �F
 E a (
õ ��� ��� �F
 E a ). This corresponds to tolerances for the Faraday constant ¹ F , ��
	
	
 � J cm ofõ ��
p� J cm (

õ � � ��� J cm). For a typical temperature coefficient | ¹ F J | � , ��� � � � J cmK at room temperature
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Figure 6.14: Conversion length
Q

c versus the angleþ of the magnetization with respect to the longitudi-
nal direction, for the four waveguides of Table 6.4.

[164], the temperature should deviate by no more than
� � K (

��

K), if the temperature coefficients of all

other material parameters are neglected.

In contrast to the phase shifts induced by refractive index changes, the shifts (6.13) due to a variation of the
anisotropy parameter n have different signs for the modes of different dominant polarizations. Thus n must
be known with accuracy one order of magnitude higher. According to Eq. (6.22), � ndJ �F
 E a evaluates to 3,
10, 22, 31, for given � � of 0.001, 0.01, 0.05, 0.1, and uniformly for waveguides (i) - (iv). To compensate
for anisotropy, the basic geometry must be significantly changed. From Eq. (6.23), we obtain values for"$± À Jpn�+*J � m of 1.8, 3.8, 7.1, and 12.3 for waveguides (i) to (iv). For an anisotropy n¯, 
���
d�

, the rib height
of device (iv) should change by

� � � nm from the value given in Table 6.4 to restore phase matching. In this
case, consideration of anisotropy is indispensable.

�����

�������

Figure 6.15: Mode intensity profiles for the dominant field components of the fundamental modes for waveguides
(i) (top) and (iv) (bottom) in Table 6.4. The contours show the squared

� �
-components of symmetric, TE-like modes

(left) and the squared
� �

-component of the antisymmetric, TM-like modes (right).
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Figures 6.15 and 6.16 illustrate the relevant components of the normalized fundamental modes in wave-
guides (i) and (iv). The gQh -components of TM-like solutions appear almost equal in magnitude and shape
to the gji -components of the TE-like modes, with only small deviations caused by dielectric discontinu-
ities. There the field strength and thus the absolute difference is more pronounced for the small core of
waveguide (i). As can be seen by inspecting Eqs. (1.44), (6.17), this results in larger differences of the
wavenumber derivatives, and thus in the tight tolerances, of (i) compared to (iv).

Figure 6.16: Profile sections of the dominant field components of the fundamental modes for waveguides (i) and
(iv) in Table 6.4. Continuous lines correspond to

�A�
-components of symmetric, TE-like modes, dotted lines to the�3�

-component of the fundamental antisymmetric, TM-like modes. For the left chart, fields have been evaluated on
horizontal lines at ^ í óp� î ÷ 2 m (i) and ^ í ó@� 454�2 m (iv), close to the amplitude maxima. The right chart shows the
mode amplitudes along the waveguide symmetry plane at ] í ó .
According to Figure 6.15, even for device (i) almost all of the mode power is concentrated in the core region.
Thus, by Eq. (6.15), the attenuation constants 3 Ú J 3 evaluate close to unity, with differences of about 5%
(i) and 1% (iv) between TE- and TM-like modes. With typical values for 3 as low as

�
cm EHG [33], for

waveguides (i) to (iv) the relevant quantity " 3 TE 8'3 TM +*J � ¶ w ¶ remains below
�F
 E a . Attenuation of both

fundamental modes is almost equal and will not deteriorate the isolation.

Because of to the similar mode profiles, an initial field that has passed a polarizer at an angle of
�@���

excites
both modes with equal amplitudes. For backward propagation, the amplitude ratio ¶Lr TE J�r TM ¶ D is indeed
below

�F
 E } in the numerical simulations of setups for waveguides (i) to (iv).

Nevertheless, we obtained numerical upper limits for the isolation of about � � dB,
��


dB,
� � dB, and

�	�
dB

for these devices. The limits are due to the hybrid nature of the modes. In backward direction, at the position
of the front TE-adjusted polarizer, almost all of the inserted power is carried by the TM mode. In our model,
the polarizer blocks its large glh -part, but the power in the small gli component passes. As it should be, the
ratios ��� ¶ gQi�¶ D d � d ��J �l� ¶ gjh1¶ D d � d � for the TM modes of the four waveguides evaluate to the above given
limits for the maximum isolation. Note that these values depend crucially on the model for the waveguide-
air transition. For the TE modes we have observed ratios of the powers assigned to � - and � -components
that are almost reciprocal to the ratios given above, thus changing to TM input will not enlarge the peak
isolation.

(i) and (ii) are single-mode waveguides. For (iii) and (iv), both rib height and width are enlarged, thus they
support a total of six modes, one additional mode with a horizontal and one with a vertical nodal line for
each polarization. Due to their asymmetric shape and differences of propagation constants, coupling with
the fundamental modes will not occur. If higher order modes are excited, about half of the power passes the
device in both directions and degrades the isolation. However, by means of properly focused input beams
(or tapers) it should be possible to suppress this phenomenon. With circular Gaussian fields adjusted to the
fundamental mode shape, the power fraction assigned to higher order modes could be kept well below

�F
 E ÿ
in our simulations.

If a polarization rotating waveguide is to be used in an integrated isolator device, e.g. in a hybrid setup
[146], the relative adjustment of the components will be important. The effects of the two polarizer angles
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Figure 6.17: Isolation IS versus the angles
ý

i,
ý

o, of the polarizers at input (left) and (output) of an isolator setting
employing the Faraday rotating waveguides of Table 6.4. An angle of ó�á corresponds to linear polarization in the] -direction.

are easily accessible from our model. Figure 6.17 shows their influence on the isolation. For an isolation
larger than � 
 dB, both polarizers may not deviate by more than

õ �@�
from the optimum


p�
and

�@�	�
positions,

respectively. Both charts show the maximum levels of the isolation. Due to the small difference between the
shapes of TE and TM modes, the locations of the maxima are slightly shifted from the


 �
and

�@� �
positions.

Obviously this effect can well be neglected even for strongly guiding cores.

6.3.5 Results for embedded waveguides

For square embedded waveguides surrounded by a homogeneous cladding the phase matching condition is
realized if, apart from the magnetooptic effect, the core material is isotropic. Figure 6.18 summarizes results
for a series of such waveguides with varying core dimension and for parameters as in Section 6.3.4.

Figure 6.18: Effective mode indices Y eff, conversion length
Q

c (left) and geometry tolerances Ñs[ , ÑlZ , Ñ Q (right)
versus the height and width [ , Z of the core for embedded waveguides of square shape. Parameters are Y � í Y"! íï�� ô 4 , Y$# í¤î � õ ó î , ¾ í óp� ó�ó 4 , 6 í ï�� õÃ2 m (see Figure 6.9). The allowed polarization conversion deviation Ñ Þ is the
curve parameter in the charts on the right.

According to Figure 6.18, up to a width of about

������

m the waveguides support only one mode for each
polarization. For larger cores higher modes appear, all are twofold degenerate. The closely spaced dotted



94 6 Magnetooptic waveguides

lines correspond to four first order modes with one nodal line in the dominant electric component, in a
direction parallel or perpendicular to the polarization. Therefore they are not fourfold degenerate.

For smaller cores less power is guided inside the magnetooptic region. Thus the mode coupling weakens,
the conversion length Ò c increases. The bigger cores convert the polarization along a distance already close
to the length Ò bulk

c , ��
	
 � m for plane waves in a magnetooptic bulk medium.

Since we have kept constant the value of the Faraday constant, the conversion length tolerances � Ò c are also
similar to the results for the uncovered strips. At the same time, the lower permittivity contrast relaxes the
tolerance requirements � À , � Å significantly. Core height and width alterations have equal effects. Scaling
the waveguide does have little influence on the polarization conversion, a deviation of the core shape from a
square matters. The tolerances give the maximum allowed absolute difference between the core width and
height.

Due to the symmetry of the problem, in the lowest relevant order the dependence of the polarization con-
version on refractive index and wavelength variations vanishes. Thus these tolerances are much larger than
those worked out in Section 6.3.4.

Figure 6.19: Limit for the achievable isolation IS for square
embedded magnetooptic wavguides versus height and width [ ,Z of the core. Parameters are as in Figure 6.18.

For the embedded waveguides one can again evaluate the isolation limits caused by the small mode compo-
nents. As shown in Figure 6.19, these values do not deviate much from those for the raised strip waveguides
of comparable height and width.

6.4 Unidirectional polarization converters

Due to the need for a 45
�

polarizer, integrated optical realization of the polarization converting isolator dis-
cussed in the last section will be difficult. While success with a hybrid setup has been reported in Ref. [146],
a monolithically integrated device would have to be designed with polarization splitters which discriminate
modes of different polarization, rather than with abitrarily orientable polarizers. Input and output are to be
restricted to the TE and TM states. This may be achieved with an additional reciprocal polarization convert-
ing element, i.e. an optical active or proper anisotropic waveguide, as proposed and realized for microoptic
devices [61, 123], but integration of the probably totally different materials (e.g. quartz) into the garnet basis
must be suspected to raise problems. However, in contrast to the bulk configuration, for waveguide based
devices there is a way to achieve the exact effect of a 45

�
Faraday rotator in line with a 45

�
optical active

element without the latter. This proposal [77] is elaborated in the current section.

In the preceding section, the phase matching condition has been shown to be highly sensitive. A small
difference in the relevant propagation constants is sufficient to diminish the achievable polarization conver-
sion considerably. We will therefore introduce an additional nonreciprocal phase shift to the polarization
converters. By means of slight geometry alterations, it should be possible to adjust phase matching for
one direction of propagation. With proper length, the waveguide completely converts TE polarized light
to TM polarization. Between two polarization splitters which are transparent for TE light, the input power
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gets blocked in this backward direction. At the same time, oppositely propagating TE light is converted
incompletely, with the remaining TE fraction passing the device in forward direction. As shown below, it is
possible to design an ideally performing isolator which transmits the entire forward input.

Similar concepts have been proposed and experimentally demonstrated in Refs. [134, 135]. They rely on
unidirectional mode conversion between the fundamental TM mode and the first order TE mode [134] or
between the TM

<
mode and the set of TE polarized radiation modes [135], caused by a magnetization in

equatorial orientation. Table 6.1 predicts phase shifts and mode conversion for two modes of equal symmetry
for a symmetric perturbation ± ?= imo. While both concepts may be less critical with respect to fabrication
tolerances due to wider, slightly etched waveguides (the dispersion curves of the relevant TM and TE modes
versus waveguide width cross at a smaller angle), they pose problems with respect to integration, since
one has to deal either with multimode waveguides or with radiated power. The concepts are not suitable
for the realization of circulator devices. Additionally, a sound numerical analysis is difficult. For the first
proposal, one has to calculate almost degenerate TM

<
and TE G modes, which are of the same symmetry, thus

not separable with the current formulation of the vectorial mode problem (cf. the remarks in Section 3.3).
Semivectorial modeling can be tried, but will be questionable. Simulation of the investigations of Ref. [135]
would require a rigorous description of the spectrum of radiation modes. In both cases, three-dimensional
vectorial beam propagation modeling of the magnetooptic structures [72] may be an alternative. However,
these problems do not show up with the present proposal.
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2 '*),+ Figure 6.20: Magnetooptic double layer waveguide. The strip of height[ and width Z consists of two magnetooptic layers with opposite Faraday
rotation ( � ¾ ), with the in-plane magnetization oriented at an angle þ with
respect to the _ -direction. \ denotes the thickness of the bottom layer, Y s,Y f, Y c are the refractive indices of the substrate, the guiding film, and the
cover, respectively.

We refer to the phase matched raised strip waveguides investigated in Section 6.3, this time etched from
a composite magnetooptic film where the Faraday rotation in the two layers has opposite signs (see
Figure 6.20). The magnetization shall be adjusted in the � -  -plane, at an angle ¶ with respect to the  -axis.
This magnetooptic profile yields both nonreciprocal phase shifts, mainly for TM modes, and polarization
conversion. As we have found in Section 6.3.4, the phase shift remains negligible small for single layer
waveguides. In contrast, for the double layer configuration the maximum TM phase shift, achievable in the
equatorial configuration, and the TE/TM coupling coefficient in the longitudinal configuration are of equal
order of magnitude. This allows to balance both effects. Figure 6.21 shows corresponding plots, for the
off-diagonal coupling coefficent w and the larger diagonal coefficient w TM,TM ,a±�b TM.

Figure 6.21: Maximum TE/TM coupling coeffi-
cient Ç ( þ í ó ) and maximum TM phase shift
( þ í � ë�î ) for double layer waveguides, as sketched
in Figure 6.20, versus the bottom layer thickness \ .
(i) to (iv) denote the waveguides of Table 6.5.
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Eq. (6.6) explains the shape of the curves for the TM phase shift ±�b TM, which is approximately proportional
to the mode intensity at the central boundary between the magnetooptic layers. With growing thickness ! ,
the coupling coefficient w changes from the maximum value, for a totally positively rotating waveguide,
to zero, where the contributions from the bottom and the top layer compensate, and back to the maximum
absolute value, for a totally negatively rotating waveguide.

The final device will have geometry parameters very close to the dimensions of a phase matched waveguide.
The magnetooptic profile, determined by the bottom layer thickness ! and by the magnetization angle ¶ ,
causes different propagation constants, or phase mismatch values � b �b , "�b TE

4 ±�b TE + 8 "�b TM
4 ±�b TM +

and � b �f ,§"�b TE 8 ±�b TE + 8 "�b TM 8 ±�b TM + for forward and backward propagation, respectively. Demanding
a backward phase matched waveguide � b �b , 


, the mismatch for forward propagating light is � b �f ,�d"$±�b TM 8 ±�b TE + .
The constraint of complete polarization conversion in backward direction fixes the device length to one
conversion length Ò b

c . In forward direction, besides a reduction of the maximum conversion, the additional
phase mismatch leads to a shorter conversion length Ò f

c. The forward conversion does not reach pure TM
polarization, but after propagating over a distance of an even multiple of Ò f

c, the light is purely TE polarized
again. Thus for optimal isolator performance the magnetooptic profile is to be adjusted such thatÒ b

c , O�)¶ w ¶ ,>��²¿Ò f
c , ²>O� " � b �f J��p+ D 4 ¶ w ¶ D (6.24)

holds, with a natural number ² . Increasing the phase mismatch ¶ � b �f ¶ J��¤� ¶ ±�b TM ¶ by adjustment of !
implies reduction of ¶ w ¶ , or lengthening the device, respectively (cf. Figure 6.21). Therefore, ² , �

is the
proper choice for Eq. (6.24). This amounts to a condition for ideal isolation and loss¶ w ¶p, �� R � ¶ � b �f ¶ or ¶ w ¶2, �R � ¶ ±�b TM 8 ±�b TE ¶�% (6.25)

in addition to the constraint of backward phase matching � b �b , 
 .

Figure 6.22: Optimum angle for isolator per-
formance þ (top) and resulting isolator de-
vice length

Q
versus the thickness \ of the

lower layer, for phase shifting and polariza-
tion converting waveguides as sketched in
Figure 6.20, with parameters of Table 6.5.

According to Figure 6.22, the condition (6.25) can be met for most configurations ! with a properly selected
angle ¶ of the magnetization. The lower part of the figure shows the resulting length Òe,§Ò b

c ,´O&J�"��)¶ w ¶ + .
Aiming at short devices, the magnetooptic profile should be adjusted to the parameters given by the minima
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(i) (ii) (iii) (iv)[ ë32 m óp� ÷ õ ð óp� ö î ÷ ï�� ó@ï î ï�� ï�ô�öZ ë32 m óp��ñFô�ö óp� ô�ô 4 ï���ï�ôpï ï�� õ ö�ñ\ ë32 m óp� ï�ö@ï óp� î ÷¢ð ó@� õ ð�ô óp� ð õ ïþ ë á ÷ õ ÷ 4 ÷�÷ ÷�öQ ë mm ï�� ö õ ï�� ô¢ð î � ï~ð î � õ ö
Table 6.5: Parameters for isolating waveguides, according to
Figure 6.20. Other quantities are as assumed for Section 6.3.4,Y s í ï�� ô 4 , Y f í î � õ ó î , Y c í ï�� ó , 6 í ï�� õ82 m, ¾ í �Kóp� ó�ó 4 ,
corresponding to à F í � õ ó�ó�ó á ë cm.

of these curves. Table 6.5 summarizes parameters for backward phase matched, polarization converting and
phase shifting isolator waveguides.

In contrast to Section 6.3, only part of the magnetooptic effect is available for polarization conversion, and
the device length must match a complete conversion length, instead of its half. Therefore the waveguides
are to be about six times as long as those for the conventional setup. While a total length of � mm is still
tolerable, according to Eq. (6.17) one has to deal with tolerances which are about six times as strict as those
given in Section 6.3.4 (where we do not go into details again). This price has to be paid for the change
of input and output from TE / 45

�
polarized light to TE and TM modes, and the possibility of monolithic

integration, where the difficulties mentioned in Section 6.3.2 do not occur.

Figure 6.23: Relative mode power B 3 TE B � , B 3 TM B � for light propagation in the waveguides of Table 6.5 versus the
propagation distance _ , for forward (f) and backward propagation (b). The TE mode is launched at _ í ó .
Finally, Figure 6.23 illustrates the light propagation. While in forward direction the TE input is transformed
to TE output, TE input leaves the device as TM polarized light in backward direction. Note that the wave-
guide works exactly analogously for TM input. In combination with polarization splitters, this enables the
design of a polarization independent isolator, the simulation of which is the subject of Section 7.4.
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7 Radiatively coupled waveguide devices

Many applications of integrated optics rely on directional couplers as basic components. Conventionally
two waveguides are coupled by the evanescent mode fields between them. Since these fields decrease expo-
nentially with the waveguide distance, branching sections must be added to obtain optically well separated
input and output channels. Such sections necessarily contain long waveguide bends, which usually intro-
duce losses and are difficult both to manufacture and to simulate. With the concept of radiative coupling
[92, 85] these bends may be avoided, at least for directional couplers.
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Figure 7.1: Planar (a) and three-dimensional (b) coupler geometries. The central layer or strip, respectively, couples
the two identical outer waveguides WG1 and WG2 along a distance

Q
. The structures are to be considered four port

devices with input and output channels A to D.

Figure 7.1 illustrates the relevant geometries. Coupling of two parallel remote waveguides is achieved by
insertion of a third thick guiding layer or a third broad strip inbetween. In the planar case, the waveguides
can be considered as two leaky waveguides on opposite sides of a substrate. Power radiated into the central
coupling layer by one waveguide is caught by the other one, and vice versa; a periodic coupling process
develops. This motivates the term radiative coupling.

Other ways to achieve power transfer between remote waveguides include e.g. grating assisted couplers
[90, 147], leaky modes of anisotropic waveguides [107], or antiresonant reflecting optical waveguides (AR-
ROWs) [34, 7, 89, 66, 113]. In particular the latter exhibit coupling characteristics which are very similar
to those of radiatively coupled waveguides, although the refractive index profiles are not comparable. As
mentioned in Section 4.3.2, ARROW structures are intended to adapt the field profiles of optical fibers.
In contrast, radiatively coupled waveguides usually need only a smaller number (five) of layers, or three
ribs, respectively, and do not require a resonance condition to be met. In rib waveguide form, integration
with other components should be easily feasible since rib waveguides are already used as input and output
channels. These features distinguish them from ARROW structures of both A and B types [6].

The devices of Figure 7.1 may alternatively be viewed as three waveguide couplers with a central guide,
which is very thick or broad, respectively, thus multimode. While planar three waveguide couplers were
studied e.g. for use as power dividers and for power transfer (cf. e.g. [29, 22] and references cited therein), or
for the purpose of wavelength filtering [47], these investigations deal with single-mode central guides only,
or with central waveguides that are identical to the outer ones. There seems to be no previous investigation of
three-dimensional etched rib- or strip waveguide based devices, apart from effective index approximations.
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A recently published analysis [100] indicates that the subject is of current interest. Based on the spectral
index method [118], the investigation is concerned with the TE power transfer characteristics of three rib
waveguide couplers with single-mode central ribs made of semiconductor material.

Subsequently to a survey of the coupling features in Section 7.1, this chapter reports on our simulations of
both planar and three-dimensional radiatively coupled waveguides for use as integrated optical isolators or
circulators (Section 7.2) and for polarization splitting (Section 7.3). These sections include material from
Refs. [129, 84, 82, 79]. Section 7.4 proposes a polarization independent isolator device, composed of radia-
tively coupled polarization splitters and magnetooptic polarization converters as introduced in Section 6.4.
While the formerly mentioned investigations deal with linear devices, an analysis of nonlinear planar cou-
plers has been published in [128].

The following simulations employ the propagating mode analysis technique outlined in Section 1.2, based
either on directly calculated modes or on supermodes generated by coupled mode theory (cf. Section 1.5.2).
An alternative is perturbational modeling using leaky modes [85, 129], which directly adapts to the view-
point of radiative coupling. However, a theory for calculating mode leakage is established for planar struc-
tures only. Applied to systems of radiatively coupled waveguides, its accuracy deteriorates for growing
central layer thicknesses, as shown in [129], although this may be partially corrected. In particular, the
leaky mode approach is not capable to deal with configurations where three supermodes are relevant, which
turn out to be the most interesting. We thus do not further dwell on this theory.

7.1 Coupling characteristics

Provisionally, the discussion shall be restricted to planar couplers as sketched in Figure 7.1(a). Sections 7.2.2
and 7.3.2 show that analogous features apply to three-dimensional devices.

Each of the two identical outer waveguides (refractive indices ` < , ` G , ` D , film thickness ! ) supports one
mode with propagation constant b 6 , for fixed polarization state. To achieve remote coupling between the
outer waveguides, ` ÿ has to be larger than the effective index b 6 J	B , such that the isolated central waveguide
(refractive indices ` D , ` ÿ , ` D , film thickness

�
) supports modes beyond this level. We assume the materials,

outer waveguide geometry ! and gap width Ä to be fixed, and choose the central layer thickness
�

as a tuning
parameter. Figure 7.2 depicts the dependence of the propagation constants b of the entire structure on

�
.

The dispersion curves resemble the lines expected for the isolated central guide, apart from the anomaly
around the effective mode index b 6 J	B , magnified in the second chart. Since remote coupling is intended,
we are interested in large thicknesses

�
, thus in modes of high order.

Figure 7.2: Effective mode indices for TM-polarized modes versus the thickness of the central layer. Remaining
parameters are: 6 í ï�� õÃ2 m, Y)� í Y)� íCî � ï�ö , YH� í Y)� íCî � õ ó , \ í óp� ö 2 m, Ë í ó@� ö 2 m. Symmetric modes are
indicated by continuous lines, antisymmetric modes by dashed lines. The dotted line in the right inset shows the levelê I ë¢ì{í�î � î74 ó�ð@ï .
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Dispersion curves b-" � + for modes of different order are tightly connected. Assume that the structure with
thickness

� , � <
supports a mode with propagation constant b . In the central layer, the mode func-

tion varies sinusoidally along the � coordinate with a spatial period of ��O&J � B D ` Dÿ 8 b D , see Eq. (2.16).
Therefore, modes with the same propagation constant b exist in a set of waveguides with thicknesses� Ú , � < 4 ö O&J � B D ` Dÿ 8 b D (

ö , � %~��% �F�F� ), too. These modes are of equal (even
ö
) or opposite sym-

metry (odd
ö
) with respect to the reflection � � 8 � . The shape of the mode function remains unchanged

apart from the sine or cosine term inserted on a distance
� Ú 8 � < . Note that this reasoning is applicable both

to single planar waveguides and to composite structures if the thickness of one guiding layer is varied. In
particular, it explains the approximate periodicity of the curves in the magnifying inset of Figure 7.2 for a
small b -interval, and the decreasing gradient of the dispersion curves with growing

�
(this property should

be incorporated, if the perturbation theory of Refs. [85, 129] is to be applied for large waveguide separation).

(a) (b)

Figure 7.3: Coupling section supermodes (a) and outer waveguides modes (b), for a coupler marked (a) in Figure 7.2,b í ÷p� î ô 2 m. The structure supports 9 TM modes. Shading indicates the guiding regions.

Figure 7.3 surveys the mode profiles. For a distinction between the relevant mode sets, in the following
the modes of the entire three waveguide structure as depicted in (a) are occasionally named ‘supermodes’,
analogously to Section 1.5.2. Most of these functions exist on the central core only, with small amplitudes
in the regions of the outer waveguides. In contrast, a few selected modes have large amplitudes on the outer
cores and lower field strength on the central waveguide, along with their propagation constants beeing close
to the level b 6 . These modes will be relevant, if the structure is excited by the outer waveguides modes,
plotted in Figure 7.3(b).

Figure 7.4: Mode field
profiles for coupling layer
thicknesses

b í ÷p� î ô 2 m
(a) and

b í ÷@� ô�ö 2 m (b),
corresponding to the three-
(a) and two-mode regimes
(b) marked in Figure 7.2.

With respect to the variation of the propagation constants with
�

, there are two extreme configurations,
examples of which are marked (a) and (b) in Figure 7.2. In (a), one supermode propagation constant matchesb 6 , with two equally spaced adjacent wavenumbers. In (b), two supermode propagation constants are in
close proximity to each other, slightly above and below b 6 . Figure 7.4 shows the corresponding mode
functions.

Addition of the two profiles in (b) yields a field which is localized in the left outer waveguide. These two
modes will carry about half of the power inserted in waveguide WG1 each. Figure 7.5 illustrates that the
mode profiles of the outer waveguides can be obtained by proper superposition of the three most relevant
supermodes in the three mode regime as well. Here, power from input port A is distributed chiefly among
these three modes. Hence we call configurations (a) and (b) the three and two mode regime, respectively.
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Figure 7.5: (a) Mode functions c F , c2� , c G (
bedgf

,
bed i ,bed h ) for the structure with parameters as in Figure 7.2

and
b í ÷@� î ÷pï 2 m. Corresponding propagation constants

are ê F í ï�ó@� ö�÷�÷�ó ë32 m, ê � í ï�óp� ö�ñ�ñ î�ë�2 m, ê G íï�óp� ö�ö�÷¢ð ë32 m. The linear combination of c F and c G with
coefficients È F í ó@� ÷�ñ�ï and È G í ó@� ñ 4 ð is similar to c � in
the outer waveguide regions, apart from the reversed sym-
metry (b). The mode function of one outer waveguide can
be approximated by a superposition of all three modes (c).

Light propagation is to be discussed in the framework of the formalism of Section 1.2. Letters A to D of
the coupler ports indicate the properly polarized modes of the outer waveguides. According to Eqs. (1.33),
(1.34), a device of length Ò transmits the relative power

¨ ÿ � , ¨ out� J ¨ inÿ from port 
z, A % D to port 	�, B % C.
Assuming normalized modes, and skipping the segment indices of Section 1.2, this reads¨ ÿ � "$ÒA+3, ��� � ­ Å ­� ÿ e 8 i b ­ Ò ��� D with Å ­� ÿ ,�"�Ñ � ° Ñ ­ + "�Ñ ­�° Ñ ÿ +1% (7.1)

where " ��°K� + denotes the products (1.18) or (2.7), respectively.

According to Figure 7.3, only a few supermodes must be suspected to be relevant for the power transfer.
For a more quantitative statement, we have restricted the sum in Eq. (7.1) to two and three modes with the
largest amplitudes ¶ Å ­BA ¶ , and computed the power throughput for zero device length, i.e. only the overlap
integrals are evaluated. The results are plotted in Figure 7.6.

Figure 7.6: Contributions of different mode sets to the
power transfer for zero device length versus the thickness
of the central layer. (i): power transfer j AB Ï ó Ó of the entire
mode spectrum, (iii): contribution h AB Ï ó Ó of the three most
exited modes, (ii): power transferred by the two most exited
modes. Parameters are as in Figure 7.2. Note that the power
contribution of the three modes in the three mode regime
(maxima of curve (iii)) is larger than the contribution of two
modes in the two mode regime (maxima of curve (ii)).¨

AB " 
 + always exceeds

�� �	�	� , indicating that representing the propagating fields as superpositions of guided

modes is a very good approximation for the current parameter set. As assumed in Section 1.2, radiation loss
and reflection at the longitudinal discontinuities should be negligible, since the supermode superpositions
match the input respectively output fields well.

While considering only two modes is unsufficient, with an approximation that takes three modes into account
about � 
@� of the input power can be controlled. Admittedly, this approximation is somewhat crude, and
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hence the simulations of the subsequent sections always employ Eq. (7.1) with the entire mode set. How-
ever, for the purpose of finding promising points in a multi-dimensional parameter space, this three mode
approximation serves quite well. In particular, it justifies the introdcution of a kind of coupling length.

To elaborate it further, we consider the three supermodes Ñ E , Ñ < , Ñ Ý , with increasingly ordered propagation
constants b E , b < , b1Ý , with largest absolute weights Å EBA, Å <BA, Å ÝBA. Usually, these are the modes with
wavenumbers closest to b 6 . They effect the power transmission

i ÿ � "$ÒK+3, ��� �E 
 < 
 Ý Å ­� ÿ e 8 i b ­ Ò ��� D � (7.2)

Because of the symmetry of the entire structure and with the subsequent selection of propagation constants,Ñ < and Ñ E , Ñ Ý have opposite parities with respect to the reflection ��� 8 � . Therefore, on choosingÑ A "$�H+M, Ñ B "$�H+ , Ñ C " 8 �à+ , Ñ D " 8 �à+ , the overlaps with the outer waveguide modes are related by"�Ñ A
° Ñ ­ +s, õ "�Ñ D

° Ñ ­ + , for Ñ ­ "$�à+{, õ Ñ ­ " 8 �à+ . If the three modes are supposed to represent the outer
waveguide modes exactly, i.e. if

i
AB " 
 +c, �

,
i

AC " 
 +c, 
 , their mode weights satisfy the equations Å <BA
4Å EBA

4 Å ÝBA , �
, and Å <BA ,aÅ EBA

4 Å ÝBA. If b < is closer to b E than to b Ý , define� bò,eb < 8 b E % ²Ç,§"�b Ý 8 b < 8 � b�+*J � b�% Ã ,aÅ EBA J�Å <BA % (7.3)

otherwise� bò,eb Ý 8 b < % ²Ç,§"�b < 8 b E 8 � b�+*J � b�% Ã ,aÅ ÝBA J�Å <BA
�

(7.4)� b denotes the smallest difference between the propagation constants of neighbouring modes. It defines a
characteristic coupling length Ò c ,>O&J � b . Additionally one amplitude ratio Ã and the asymmetry parameter² are sufficient to characterize the power contained in the input waveguide, as we shall see.

With the above definitions the power transfer function
i

AB reads

i
AB "$ÒK+5, �� ��� � 4 Ã ei O ÒKJ�Ò c 4 " � 8 Ã + e 8 i " � 4 ² +�O ÒAJ�Ò c ��� D � (7.5)

Obviously, the conditions for the transmission to be complete —
i

AB "$ÒA+3, �
— areÒ¾,>��²¿Ò c and ²Ç, ö J�² � (7.6)

Likewise the transmission vanishes —
i

AB "$ÒK+5, 
 — ifÒ¾,§"���² 4 � +�Ò c and ²Ç,>� ö J�"���² 4 � + (7.7)

hold. In both cases ² and
ö

must be nonnegative integer numbers. Recall that Eqs. (7.6), (7.7) refer to the
’three closest modes’ approximation. Parameters determined in this manner may serve as starting values for
an optimization procedure which takes all modes into account.

The transferred power is minimal or maximal if the device length is an odd or even multiple of Ò c, re-
spectively. In contrast to the superposition of only two modes, the propagation constants must additionally
satisfy the conditions (7.6) and (7.7) with ² as given by Eqs. (7.3), (7.4). Defining the usual coupling lengthÒ c makes sense for three mode interference, even for nonequidistant propagation constants ( ² µ, 
 ).
The corresponding expressions for the two mode regime result for grossly unequally weighted modes Ñ E ,Ñ Ý , i.e. for Ã � �

. In this case the conditions (7.6) and (7.7) loose their significance, and maximum or
minimum power transfer occurs at each multiple of the coupling length. This situation was investigated in
Ref. [129].

A variation of the parameter
�

alters both Ò c and ² . In Figure 7.7 we have marked points " � %'Ò c + where
the condition (7.6) for total power transfer is met. These points occur rather frequently, thus justifying the
continuous curve Ò c " � + for design considerations.
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Figure 7.7: Coupling length
Q

c for different
thicknesses

b
of the central layer, for the struc-

tures of Figure 7.2. The line represents
Q

c ac-
cording to Eqs. (7.3), (7.4). Regions for

b
with h AB Ï î Q c Ï b ÓÁÓ í ï according to the three
mode approximation are marked. At such points
Eq. (7.6) holds approximately with á í ï , i.e.á Ð Ï b Ó deviates from the next natural number by
less than óp� ï .

Finally, Figure 7.8 illustrates the effects of multimode interference, in terms of power transmission. In
general,

¨
AB and

¨
AC do not add to one, since a sizeable amount of power may be contained in the central

region at  ¡,>Ò . If present, this power adds to the intrinsic losses of the system.

With growing central layer thickness
�

, more and more supermodes take part in the power transfer (cf.
Figure 7.6), leading to an increasingly irregular beating pattern. The geometries in (a) are selected such that
the estimated coupling length is always Ò c , �

mm, and this trend is clearly visible even for the largest
separation. Figure 7.8(b) shows approximations to the power transmission (7.1), with the sum restricted to
the two, three, and four most excited supermodes. The charts correspond to the configuration

� �>� 
 � m of
the last inset in (a). Two mode interference in the upper right plot yields the general trend only. The second
inset shows the result of the three mode approximation. The four mode interference pattern is already very
close to the exact curves in (a). Note that for this figure parameters from Refs. [85, 129] were chosen, which
differ from the preceding geometries in this section.

Figure 7.8: Relative output power j AB (solid lines), j AC (dashed lines), and the total power j AB �£j AC (dotted
lines) of TM waves versus the propagation distance _ (or the device length

Q
). Chart (a) shows curves for different

thicknesses of the central layer, where the given values of
b

correspond to
Q

c í ï mm. The structures support 15, 32
and 87 TM-modes, respectively. For (b), the power transmission is evaluated with different numbers of modes taken
into account. These are the two (top), three (center), and four (bottom) supermodes with largest initial amplitudes, forb í ï�ôp� ô 4�î82 m. Parameters are as in Refs. [85, 129]: Y1� í ï , YH� í ï�� ð�ô , Y)� í ï�� ð�÷ , Y)� í ï�� 4�î , \ í ï�� õ5482 m,Ë í óp� ö 2 m, 6 í óp� ÷ õ�î ö 2 m.
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7.2 Isolators / circulators

The majority of integrated optical isolator configurations have two waveguide ports, which are connected
for light propagation in the direction of transmission. In the opposite direction, the power is either damped
by a polarizer or radiated into the surrounding. In contrast, the concept of the nonreciprocal coupler [98] is
suitable for the realization of circulator devices since the blocked power remains well confined in its own
output waveguide. Recent proposals are based on the nonreciprocal phase shift in magnetooptic waveguides
[97, 68, 37, 177, 16]. The difference of the mode interference patterns in forward and backward directions
allows to spatially separate forward and backward propagating waves. Unfortunately, the conventional X-
coupler as simulated e.g. in Ref. [37] has the drawback of a large total length. For current magnetooptic
materials with limited specific Faraday rotation, this leads not only to undesirably high optical losses, but
also to very strict fabrication tolerances (cf. Eqs. (5.2), (5.3)). Design concepts have to be developed which
aim at short device lengths.

An application of radiatively coupled waveguides for optical isolators and circulators has been proposed
in [127, 123], further elaborated for planar structures in [84] and for raised strip geometries in [82]. Sec-
tions 7.2.1, 7.2.2 cover material from the latter references. The special form of the relevant modes can be
used for optimizing the nonreciprocal phase shift with respect to the device length. In particular, devices
operating in the three mode regime turn out to be interesting.

7.2.1 Planar nonreciprocal devices

We first focus on planar devices as sketched in Figure 7.1(a), assuming that one or more layers have a first
order magnetooptic effect, with the static magnetization adjusted in the film plane, perpendicular to the
direction of propagation (equatorial configuration). In these layers a magnetooptic permittivity perturbation± ?= imo in the form of Eq. (6.3) is present. We adopt the notation of Section 6.2.1 for the piecewise constant
dielectric profile, with all � -dependencies skipped.

The planar gyrotropic multilayer structures can be analysed with the formalism outlined in Section 2.2.
Scalar equations for TE and TM polarized modes may be derived just as for isotropic media. In first order,
gyrotropy does not affect the propagation of TE polarized light, so our further analysis concentrates on TM
modes. For the latter, the off-diagonal permittivity element ¸ does not enter the wave equaton (2.15), but
now the quantities nri and ` E(D | h	noi 4 ¸�b&` E a noi are required to be continuous at the layer interfaces. This
leads to modified entries for the transfer matrices (2.18) according to Table 7.1.Ú ¯ Û�¯ê � ø ì � Y �¯ Þ ¯ Ð ¯ Ì]Í�Î8Ï�Ð ¯ Ñs[ ¯¯ F � Ó �kj ¯ Ì�Í�Î�Ï�Ð ¯ Ñ#[ ¯¯ F � Ó � Þ ¯ Ð ¯ Ì�Í¢Î«Ï � Ð ¯ Ñs[ ¯¯ F � Ó �lj ¯ Ì]Í�Î8Ï � Ð ¯ Ñs[ ¯¯ F � Óê � C ì � Y �¯ Þ ¯ Ð ¯ Ø]ÙpÔ�Ï�Ð ¯ Ñs[ ¯¯ F � Ó �mj ¯ Ô*Õ×Ö�Ï�Ð ¯ Ñ#[ ¯¯ F � Ó � Þ ¯ Ð ¯ Ô*Õ×Ö�Ï�Ð ¯ Ñs[ ¯¯ F � Ó �lj ¯ Ø]ÙpÔ�Ï�Ð ¯ Ñs[ ¯¯ F � ÓÜ ¯ Ý ¯ê � ø ì � Y �¯ Þ ¯ Ð ¯ Ì]Í�Î8Ï�Ð ¯�Ñs[ ¯¯ Ó �kj#¯ Ì�Í�Î�Ï�Ð ¯�Ñ#[ ¯¯ Ó � Þ ¯ Ð ¯ Ì�Í¢Î«Ï � Ð ¯>Ñs[ ¯¯ Ó �lj#¯ Ì]Í�Î8Ï � Ð ¯ÒÑs[ ¯¯ Óê � C ì � Y �¯ Þ ¯ Ð ¯ Ø]ÙpÔ�Ï�Ð ¯ÒÑs[ ¯¯ Ó �mj#¯ Ô*Õ×Ö�Ï�Ð ¯�Ñ#[ ¯¯ Ó � Þ ¯ Ð ¯ Ô*Õ×Ö�Ï�Ð ¯>Ñs[ ¯¯ Ó �lj#¯ Ø]ÙpÔ�Ï�Ð ¯�Ñs[ ¯¯ Ó
Table 7.1: Definitions for the elements of Eq. (2.18), for a transversely magnetized multilayer magnetooptic wave-
guide. j!¯ í ¾ ¯Þê ë Y h¯ ; the remaining definitions are as stated in Table 2.1.

According to Table 6.3, the gyrotropy in equatorial orientation affects TM propagation constants to be
different for opposite directions of propagation. These nonreciprocal TM phase shifts ��±�b can be calculated
by subtracting exact solutions for opposite signs of ¸ , or alternatively, by perturbation theory. Eq. (6.6) is to
be applied, without arguments � and without the � -integrations.

If the layers of radiatively coupled waveguides are made of magnetooptic material, usually the coupling
lenghts Ò f

c ,IO&J � b f for forward and Ò b
c ,IO&J � b b for backward light propagation differ. An isolator
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results if the device length Ò is can be adjusted such that Ò is ,á³�Ò f
c , "$³ õ � +�Ò b

c holds for a positive integer
number ³ ,Ò is , O¶ � b f 8 � b b ¶ � (7.8)

If ³ is even and light is injected at port A, it will leave the device at port B (see Figure 7.1); if light is injected
at port B, it will leave the device at port D. Likewise, if ³ is odd and light is injected at port A, it will leave
the device at port C; if injected at C, it will leave at D.

Eq. (7.8) specifies the dependence of Ò is on the tuning parameter
�

, the thickness of the central layer. Ò is is
the length of an isolator only if Ò is " � +*J�Ò f

c " � + turns out to be an integer. Moreover, the conditions (7.6) and
Eq. (7.7) with multiplicities ³ and ³ õ �

, respectively, must hold for both Ò f
c and Ò b

c , at least approximately.
With regard to isolator (not circulator) performance, Eq. (7.8) is unnecessarily rigid, since complete power
transfer is required only in forward direction.

Using the notation of Section 7.1, Eq. (7.8) may be rewritten asÒ is , O�)¶ ±�b	n 8 ±�b < ¶ � (7.9)

To realize a short device, not only large nonreciprocal phase shifts are required, but also the difference
between the phase shifts ��±�bon and ��±�b < of the two most relevant modes (with indices 4 or 8 , and



)

must be as large as possible. Note that this is the weak point of the conventional coupler. Its two squared
supermodes appear very similar, thus the difference in the nonreciprocal phase shifts remains small (unless
a more elaborated magnetooptic structure is realized, as we have proposed in Ref. [16]).

Eq. (6.6) suggests to insert boundaries between regions with different Faraday rotation at locations � , where
the difference in the absolute values of the mode fields is maximal. The modes Ñ < and Ñ Ý or Ñ E , respec-
tively, are of opposite symmetry with respect to �§, 


. In the central layer their absolute field values

are periodic in � with a period of �¢ne�IO&J � B D ` Dÿ 8 b 6 D . Therefore ¸ should jump at �á, õ ö n , withö , � %~��% �F�F� , ¶ � ¶�Æ � J�� .
If the coupling region is made of layers of thickness n with alternating Faraday rotation, the magnetooptic
phase shifts ±�b < and ±�b1Ý or ±�b E , respectively, differ not only strongly in magnitude, but are of different
signs. Ò is can be further reduced if the outer waveguides are fabricated from double magnetooptic layers as
well. In this case the two layers must be ordered properly to enhance the nonreciprocal phase shift caused
by the magnetic grating in the central layer. These concepts are illustrated in Figure 7.9.

Figure 7.9: Absolute field values of the modes from
Figure 7.5. The refractive index profile is sketched above.
The magnetooptic profile shown below is adjusted to the
shape of the mode functions to obtain optimal nonrecipro-
cal phase shifts.

The following discussion assumes two different media. A nonmagnetic medium with smaller refractive
index ` < , ` D is used for the cladding and gap layers. The guiding regions are made of magnetooptic
material (refractive index ` G , ` ÿ ) which can be properly doped to exhibit positive and negative Faraday
rotation of equal magnitude (off-diagonal elements

õ ¸ ). These assumptions are realistic, see Ref. [165].
Figure 7.10 compares potential device lengths of isolators based on radiatively coupled waveguides with
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identical refractive index profile. The values are estimated with the aid of Eq. (7.9). Clearly, shortest
devices can be expected in the regions of the three mode regime, for periodically occurring values

�
.

Figure 7.10: Isolator device length
Q

is versus the
thickness

b
of the coupling layer. Different parts

of the multilayer structures have been modeled
to be magnetooptic: (1 – dash-dotted line) only
the outer waveguides: single layers with opposite
faraday rotation on both sides, (2 – continuous
line) the outer waveguides: double layers of equal
thickness with opposite Faraday rotation, (3 –
dashed line) the central region: magnetic grating
with alternating Faraday rotation, (4 – dotted line)
the outer waveguides: double layers, additionally
alternating Faraday rotation in the coupling layer.
Parameters are as in Figure 7.2, B ¾ B í óp� ó�ó 4 . Ex-
ample profiles of Faraday rotation and refractive
index for

b í ÷p� î ÷@ï 2 m are sketched in the in-
set.

If the outer waveguides are made of two layers, the total length can be shortened by a factor of
�F


as
compared to magnetooptic single layer outer waveguides provided that

�
is choosen within the three mode

regime. In the case of only two relevant modes, both propagation constants are shifted in the same way
because of approximately equally large amplitudes in the outer waveguides. This is the reason for the poles
in curve (2) of Figure 7.10. Such large variations vanish if the coupling layer is a magnetic grating. In
the three mode regime, the device is half as long as compared to the double layer stuctures. It is further
diminished by a factor of

� J � if both the central region and the outer waveguides consist of magnetooptic
layers. The following paragraphs refer to such structures.

The available material ( ` < ,a` D , ` G ,a` ÿ , ¸ ), the light wavelength P and the height ! of the outer waveguides
are assumed to be fixed, the gap width Ä and the coupler thickness

�
have to be optimized. We observed the

following tendencies:

If Ä decreases, the modes of the outer waveguides deviate more and more from the modes of the entire
structure which leads to larger coupling losses at input and output. If Ä increases, the coupling length
increases in both regimes. In the three mode regime the minimal isolator length depends but weakly onÄ while gradients in Ò is " � + increase for larger Ä . We are looking for values

�
for which Ò f

c " � + , Ò b
c " � + ,

and Ò is " � + simultaneously have their proper meaning as coupling or isolator length. Such values occur less
frequently with increasing gap width Ä .

For given gap width Ä , regions with promising thicknesses
�

can be selected from charts like Figure 7.10. In
these regions points

�
are likely to be found which guarantee a proper isolation at a device length Ò close toÒ is " � + . These simulations have to consider all guided modes of the coupler structure to give reliable results.

Larger
�

improves the separation of the input and output waveguides, but the number of magnetic layers,
hence the structuring effort, increases. The relevant propagation constants are more closely spaced, therefore
coupling lengths increase, while the total length does not significantly change. Tolerance requirements forÒ and

�
become less strict. At the same time, additional modes contribute to the coupling process, thus the

conditions of all of them being properly in phase are met less frequently.

Table 7.2 presents three example parameter sets which correspond to well performing isolator devices. We
have calculated the interference of all guided modes, with the magnetooptic anisotropy included directly
into the planar modesolver by means of the transfer matrices of Table 7.1. The isolation is defined by
IS , �F
=w �yx ¨ f

AB J ¨ b
AB, the (forward transmission) loss by LO , 8 �F
=w �yx ¨ f

AB. Reflections at power input
or output and losses due to material absorption are neglected. The tolerance � ½ of a length parameter ½
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b ë32 m
Q ë32 m IS � dB� LO � dB� Ñ b ë nm Ñ Ë ë nm Ñl\ ë nm Ñ Q ë32 m

(i) ÷@� î ÷pï ï 4 ï î õ ö óp� ï 4 4 ï�÷ õ õ54
(ii) ï�óp� õ54�î ï 474 ö 474 óp� ï 4 ñ ï�÷ õ ð�ó
(ii) ï�öp��ñ�ï�ô ï 4 ó¢ð õ ö óp� î ñ ï î î ó õ õ54

Table 7.2: Example parameters and tolerances for isolators based on planar radiatively coupled waveguides. The
remaining parameters are 6 í ï�� õ82 m, \ í óp� ö 2 m, Ë í óp� ö 2 m, Y � í Y � í¾î � ï�ö , Y � í Y � í î � õ ó , B ¾ B í ó@� ó�ó 4 (see
Figure 7.1).

is declared as follows. If all other parameters remain fixed, then � ½ 8 � ½ % ½ 4 � ½ � is an interval of values
such that isolation better than � 
 dB and forward transmission loss below


����
dB are guaranteed. Parameters! and Ä have been varied for one of the outer waveguides only. The coupling region of structures (i), (ii),

and (iii) is made up of 10, 16, and 28 layers of alternating Faraday rotation. Figure 7.11 illustrates light
propagation in structure (i).

(a) (b)
Figure 7.11: Light propagation in structure (i) of Table 7.2. The TM-polarized mode function of one outer waveguide
is used as an initial field in _ í ó (a) and _ í ï�� 4 mm (b). In the direction of transmission the power remains in the
input waveguide (a), while in the opposite direction the power is guided to the other waveguide (b). Due to Ð b p ó an
almost periodic interference pattern emerges in the backward direction (b).

The three sample devices may be analyzed by the three mode approximation outlined in Section 7.1. Con-
ditions (7.8) and (7.6), (7.7) for good isolator performance are met, at least approximately, as demonstrated
in Table 7.3. The ratios of device to coupling lengths should be integer numbers (

�
,
�
, � , � , � , and

�
in our

case). Likewise, the asymmetry parameters ² turn out to be close to fractions of two small integers (
� J�� , 
 ,�

,


, �pJ � , and



).

(i) (ii) (iii)Q f
c ë32 m 381 391 739Q ë Q f

c 3.97 3.98 2.04Ð f 0.504 0.012 1.015Q b
c ë32 m 309 507 522Q ë Q b

c 4.89 3.07 2.88Ð b 0.003 0.671 0.002

Table 7.3: Values characterizing the coupling behaviour for the structures
of Table 7.2. The values listed here are the subject of Eqs. (7.6)–(7.8) for
good isolator performance according to the three mode approximation. See
the text for further explanation.

For comparison, a conventional nonreciprocal coupler (no central layer in Figure 7.1) made from the same
materials ( ` < ,´` D , ` G , ¶ ¸)¶ ) with the same geometry of the coupled waveguides ( P , ! ) must be longer than� ��
�� mm. This length results for a gap width Ä , 


and double layer waveguides. It is further enlarged
by bends which are necessary for separating input and output ports. A gap width Ä , 


corresponds to a
coupling length of

�	����
z�
m, and a tolerance below


���
z�
m for the total device length is required. The device

length increases to
�F
����

mm for a gap of width � Ä , 
������
m. Conventional coupler isolators are highly
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sensitive to alterations of the waveguide separation. The optimal value of

������

m must be maintained with
a tolerance better than

õ 
�� �
nm as can be estimated from the sinusoidal form of the power transfer and the

dependence of the coupling length on Ä .

7.2.2 Concepts based on raised strip waveguides

Analogous mode patterns appear in more realistic three-dimensional structures. Figure 7.12 illustrates the
supermodes of a rib coupler in the three mode regime. Geometry and cross section are sketched in Fig-
ures 7.1, 1.8. The three most relevant modes corresponding to the planar profiles in Figure 7.4(a) can be
clearly identified. However, the sound basis of semianalytic planar mode solutions is replaced by numerical
approximations. The plotted modes are generated by the semivectorial wave matching program of Chapter 3,
with the penalty factor technique mentioned in the last paragraph of Section 4.3.4 applied.

Figure 7.12: Mode intensity profiles for the eight TM polarized modes of a radiatively coupled waveguide structure
given by the following parameters: q í 4 � õ82 m, Z í ï�� ï 2 m, � í ó@��ï 2 m, [ í óp� 4�2 m, Y f í�î � õ , Y s í ï�� ô 4 ,Y c í ï�� ó , 6 í ï�� õ82 m.

One can expect similar intensity profiles for the three mode regime of TE polarization, for slightly varied
geometry parameters. The mode shape inspires isolator configurations as shown in Figure 7.13. As before,
we assume the guiding strips to be made of magnetooptic material. (a) is the straightforward extension
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of the planar multilayer concept of Section 7.2.1 to the two-dimensional cross section, obtained by a � 
��
rotation. It applies to TE polarized light, with the magnetization adjusted in the polar configuration to effect
nonreciprocal TE phase shifts. The positions of the walls separating regions with opposite Faraday rotation
are subject to design considerations analogous to Section 7.2.1, with Eq. (6.6) substituted by Eq. (6.8). For
a fabrication of these periodic magnetooptic profiles, both proposals of domain or compensation walls may
be considered.

r
s t

uwv vxuyvzuyvzuyvxu uyv
(a)

{
|

}
||~ ~

�
~

(b)
Figure 7.13: Concept for isolators/circulators based on radiatively coupled raised strip waveguides, for TE (a) and
TM polarized light (b). Dotted lines indicate boundaries between stripes or layers, respectively, with opposite Faraday
rotation, where the signs indicate the signs of the magnetooptic profile ¾ .
In contrast to concept (a), which relies on the different mode symmetry, concept (b) for TM polarization
takes advantage of the strongly differing amplitudes of the relevant supermodes. Here the guiding strips are
fabricated from two magnetooptic layers with opposite Faraday rotation, in equatorial configuration. The
nonreciprocal phase shifts of the central and the neighbouring modes must be as unequal as possible, there-
fore the outer waveguides should have a magnetooptic profile with reverted signs. The central magnetooptic
boundary is to be adjusted to the vertical mode field maximum.

With the central layer thickness
�

replaced by the width � of the central rib, the dispersion characteristic
of the three-dimensional devices is similar to the planar case, as confirmed by Figure 7.14. Here the slight
shift of the region of the anomaly, i.e. the level of the central mode wavenumber in case of three propagation
constants at two equal distances, above the level b 6 is more pronounced than in the planar case.

Figure 7.14: Propagation constants ê
(top), coupling length

Q
c (center), and

the estimated isolator device length
Q

is
(bottom) for TM-polarized light ver-
sus the central rib width q of the
three rib waveguide coupler. Only
part of the region allowed for prop-
agation constants is displayed. Thin
lines in the top inset indicate propa-
gation constants of the isolated outer
waveguides, the level ê I ë¢ì , and of
the modes of the central strip (con-
tinuous and dotted lines for modes of
even and odd symmetry). Parameters
are as given for Figure 7.12, with an
off-diagonal permittivity element ¾ í�Kó@� ó�ó 4 . Circles in the bottom chart
correspond to a device with isotropic
outer guides but a double layer mag-
netooptic central waveguide, while the
stars indicate the total length for a de-
vice with both central and outer wave-
guides made of magnetooptic material
as sketched in Figure 7.13(b), with a
thickness of the bottom magnetooptic
layers of óp� ï�ö 2 m.
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According to the bottom inset, evaluation of Eqs. (6.5), (7.9) yields an estimate for the minimum achievable
device length of

����
 � mm. This is one order of magnitude smaller than the value of
�F


mm given in [37]
for a conventional two-waveguide nonreciprocal coupler of comparable materials and geometry. If only the
central waveguide is made of magnetooptic material, for a device with isotropic outer waveguides one can
still expect a minimum total length below � mm.

7.3 Polarization splitters

The coupling length of radiatively coupled waveguides depends strongly and periodically on the thickness of
the coupling layer or the width of the center waveguide, respectively. In general, the periodicity is different
for light of both polarizations. Provided that the device length can be adjusted to an even multiple of the
coupling length for TE polarization and to an odd multiple of the length for TM polarization (or vice versa),
light of different polarizations propagates from the same input towards different output ports. Thus the
concept of radiatively coupled waveguides [124] is among the number of recent proposals for integrated
optical polarization splitting devices [132, 35, 150, 149, 152, 69]. We have simulated both planar [129] and
three-dimensional [79] couplers for use as polarization splitters. These investigations are the subject of the
following sections.

7.3.1 Planar devices

For the following planar simulations, the material parameters (glass waveguides) have been selected similar
to Ref. [149], such that a direct comparison is possible. Figure 7.15 shows a pronounced difference in the
coupling lengths for TE and TM polarization, with a ratio of

� J � of the maximum lengths. The current
parameter set yields only a slight variation of the maximum level with the central layer thickness

�
.

Figure 7.15: Coupling length
Q

c
for TE (continuous line) and TM
polarized light (dotted curve) ver-
sus the thickness

b
of the central

layer for planar radiatively cou-
pled waveguides with parameters
as given for Table 7.4. Marks (i)
and (ii) correspond to rows (i) and
(ii) in the table.

We have selected regions with the coupling lengths close to the maximum level, and searched for thick-
nesses

�
and device lengths Ò with proper polarization splitting performance. Since the coupling lengths

vary almost periodically with
�

, there is also an almost periodical set of possible values of
�

, where the
polarization discrimination occurs. Table 7.4 summarizes three sets of sample parameters, while Figure 7.16
illustrates the light propagation in device (iii). Due to operation in the two mode regime, there is an almost
regular beating pattern for both polarizations. After

�
half beat lengths for TE or

�
half beat lengths for TM

polarization, the input power leaves the device at different output ports.

Strict fabrication tolerances with respect to the geometry parameters are a general property of all polar-
ization splitting devices [152]. The polarization splitting performance and the fabrication tolerances are
characterized by the extinction ratios ER G , �F
=w �yx G < " ¨ TM

AB J ¨ TE
AB + and ER D , �F
=w �yx G < " ¨ TE

AC J ¨ TM
AC + , as in

[149, 152]. Figure 7.17 shows the variation of these quantities with the propagation distance  or the device
length, respectively. For a good polarization discrimination, the device length should be chosen in such a
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b ë32 m
Q ë32 m Ñ b ë nm Ñl\ ë nm Ñ Ë ë nm Ñ Q ë32 m

(i) î � õ ó 4 ð�ð î ö î ó ô ö ð�ó
(ii) ð@� õ ÷pï ð�ð�÷�ð ï ñ ï�ï ï�ï ð�ó
(iii) ï�óp� ï�ó�ö ð 4 ð�ö ï 4 ï�ï ï�ó ð�ó

Table 7.4: Geometry parameters and tolerances for planar radiatively coupled waveguide based polarization splitters.
See the text for the interpretation of the tolerances. Remaining geometry and material parameters are Y � í ï�� 4 ï�ó�÷ 4 ,Y1� í ï�� 4�î , Y)� í ï�� 4 ï î , Y)� í ï���ñ , \ í ï�� 4 ó 2 m, Ë í ó@� ñ�ñ 2 m, 6 í ó@� ÷ õ�î ö 2 m.

����� �����
Figure 7.16: Propagation of TE polarized light (a) and TM polarized light (b) in device (iii) of Table 7.4. The properly
polarized mode of a basic slab waveguide is launched into WG1 at _ í ó . Accordingly to the theoretical prediction,
light with different polarization states is directed towards different output channels.

way that both extinction ratios are below 8 � 
 dB, or above 4 � 
 dB [152]. These levels are shown by dashed
lines.

Figure 7.17: Extinction ratios ER � , ER � versus the propa-
gation distance _ for structure (iii) of Table 7.4.

The couplers (i) to (iii) of Table 7.4 achieve an optimum performance ¸ �u� ¼ ER G % ER D ½ of 8 � ����� dB,8 � � ��
 dB, and 8 ���d� � dB, respectively. The fabrication tolerances are determined such that both extinc-
tion ratios are below the level of 8 � 
 dB if the parameter is enlarged or diminished by at most the tolerance.
Values for structure (iii) can be read off from Figure 7.18. If compared to other recent planar design pro-
posals, these tolerances are much less critical (

õ �
nm in Ref. [149] for a three waveguide coupler with

high refracting, thin intermediate layer) or comparable (
õ �¢�

nm in Ref. [152] for a multilayer ARROW
configuration).

However, the above simulations were carried out with leaky mode perturbation theory in mind [129], and
restricted to the two mode regime. Aiming at a short device length, future designs should operate in the
two mode regime for TE and in the three mode regime for TM polarization (or vice versa), such that the
entire range of the coupling length variations is exploited. For the above parameter set this concept is not
useful, since the curves for the coupling lengths of both polarizations are almost ‘in phase’ on the

�
-axis in

Figure 7.15. But it can be realized with raised strip waveguides, as exemplified in the next section.
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Figure 7.18: (a) Extinction ratios ER � , ER � versus the thickness of the central layer
b

(a), the outer film thickness\ (b), and the thickness Ë of the buffer layers (c). In each chart, the remaining parameters are as for coupler (iii) of
Table 7.4.

7.3.2 Three-dimensional couplers

This section refers again to the cross section of Figure 1.8, with typical garnet parameters. As we shall
see, these configurations exhibit a pronounced polarization dependence, enabling a polarization splitter
design with short device length. This time the structures are to be modeled by means of the coupled mode
theory formalism of Section 1.5.2. As we have demonstrated in Section 7.2.2, an analysis based on directly
computed supermodes is feasible as well which avoids the approximations introduced by the coupled mode
theory. However, for a complete design usually a large number of simulations are required. Besides a
prohibitive demand of computing power, the direct procedure becomes unreliable due to the need to calculate
higher order modes with closely spaced propagation constants. At least this difficulty can be overcome with
the considerably faster coupled mode theory approach.

Our simulations start with the computation of the guided mode sets for a series of isolated central wave-
guides, for varying width � . With the two additional modes of the outer waveguides with fixed geometries
and gap width, the coupled mode analysis for the three waveguide coupler yields supermode dispersion
curves as shown in Figure 7.19.

Figure 7.19: Effective mode indices ê ë¢ì for the supermodes of the three waveguide coupler, for TE (top) and TM
polarization (bottom), and for supermodes of even (continuous lines) and odd symmetry (dotted lines), versus the
width q of the central waveguide. The thin dashed lines indicate the effective mode indices of the corresponding
planar waveguide (top line), the levels ê I ë�ì of the modes of the isolated outer waveguides (center line) and the mode
indices of the isolated center guide of proper width. Parameters are [ í ó@� ñ 2 m, Z í ï�� î82 m, � í óp� ï 2 m, Y s í ï�� ô 4 ,Y f í}î � î , Y c í ï�� ó , 6 í ï�� õÃ2 m.
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The supermode propagation constants exhibit the expected asymptotic behaviour. For proper polarization
and height, the wavenumbers of the corresponding planar, three layered waveguides constitute upper limits.
The propagation constant b 6 of the isolated outer waveguides is indicated by the central thin horizontal line.
Outside the region around this level, the supermode dispersion curves resemble the lines for the isolated
central waveguide of the same width.

The corresponding mode profiles exist on the central core only, with small amplitudes on the outer core
regions, as illustrated by the mode profiles in Figure 7.20. In contrast, the supermodes with propagation
constants close to b 6 have only small amplitudes on the core region of the central waveguide, but larger field
strength on the outer cores. In the example of Figure 7.20, these are the three supermodes of order 4, 5, and
6 for TE polarization and those of 4th and 5th order for TM polarization.

All these findings agree with expectations from our investigations on planar structures, and with the results of
rigorous supermode calculations. At the same time, from planar simulations one would expect b 6 to match
the region of almost horizontal tangents in the supermode dispersion curves. As shown by the magnifications
in the right part of Figure 7.19, these regions turn out to be shifted upwards from the levels b 6 . This
observation is confirmed by the rigorous treatment of Section 7.2.2.

Figure 7.20: Mode intensity profiles for a three waveguide coupler, for TE (left) and TM polarization (right). Param-
eters are [ í ó@� ñ 2 m, Z í ï�� î ï 2 m, � í óp� ï�ï 2 m, q í ð2� ô�÷ 2 m, remaining values as stated for Figure 7.19.

If the structure is excited by the single waveguides modes, the supermodes with large amplitudes on the
outer cores, i.e. those with propagation constants close to b 6 , will carry the main part of the inserted power.
According to the reasoning of Section 7.1, this allows to define a characteristic coupling length as Ò c ,O&Jd¶ b s 8 b a ¶ , where b s, b a are the wavenumbers of the symmetric (s) and antisymmetric (a) supermodes with
largest initial weights (1.80). Constructive interference of the two modes is at least a necessary condition
for the power transfer between the outer waveguides. This condition covers the distribution of the largest
part of the guided power. Note that for complete power transfer the remaining modes must add properly to
the two most dominant, and this additional constraint is not included in the definition of Ò c.
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Figure 7.21: Coupling length for the couplers of
Figure 7.19, for TE (filled circles) and TM polarized
light (open markers) versus width q of the central
waveguide.

For our series of couplers Ò c evaluates to the curves of Figure 7.21. The figure confirms the pronounced
difference between the TE and TM coupling behaviours as predicted in Section 5.3. The curves are not
smooth due to two reasons. First, in the locations of the minima, the supermodes change, which enter the
expression for Ò c.

The second reason for the discontinuity becomes apparent if Figures 7.21 and 7.19 are compared. With
increasing width � , the basic set of coupled modes is enlarged by newly appearing modes of the central
rib. These are identified by the mode solver only if there is a certain distance between the trial propagation
constant and the background value, given by the substrate refractive index. If a guided mode is identified, its
field distribution (which enters the coupled mode theory integrals) becomes more and more unreliable for a
mode approaching cutoff. Even if the accuracy can be increased, with numerically calculated basic modes
there will never be a smooth transition to enlarged mode sets. We regard this as a fundamental problem
for the application of coupled mode theory to such multimode structures. However, while a quantitative
accuracy better than the discontinuities in Ò c "��§+ cannot be guaranteed, the qualitative behaviour of these
curves is correct.

For the following design we stay away from the discontinuities for both TE and TM. We have assumed the
waveguide height, wavelength and refractive indices to be fixed, and calculated a series of central waveguide
mode sets with

�d�����
m Æ�� Æ ��� �à�

m. Then coupled mode theory simulations with parameters varying
around Å , ��� � � m, � , 
�� �à�

m lead to a parameter set for a well performing polarization splitter as
summarized in Table 7.5.

q Z � [ 6 QÛ ð2� ô�÷ 2 m ï�� î ï 2 m ó@��ï�ï 2 m ó@� ñ¢ó 2 m ï�� õ ó 2 m ö 4 ó 2 mÑ Û �lï�ó nm �lï nm � î nm � î ó nm �lï nm � î7482 m

Table 7.5: Parameters and tolerances for a three waveguide polarization splitter according to Figures 7.1(b) and 1.8.
See the text for the interpretation of the tolerances and the caption of Figure 7.19 for refractive index values.

The device achieves polarization splitting ratios of ER G , �F
=w �yx G < " ¨ TM
AB J ¨ TE

AB +}, � 
 dB and ER D ,�F
=w �yx G < " ¨ TE
AC J ¨ TM

AC +�,I� � dB. For otherwise tuned parameters, the geometry tolerances are determined
such that both ER G and ER D exceed the level � 
 dB if a parameter deviates from its optimum ½ by no more
than the value � ½ given in the table. The tolerances are roughly estimated with the help of the perturbational
expressions of Section 1.4 for the derivatives of propagation constants due to geometry variations, based on
the supermode profiles of Figure 7.20. For each parameter ½ º ¼ ��% À %'Å�% � %~P ½ , we have calculated curves
¨

TE,TM
AB,AC "$± ½ + and the extinction ratios by Eq. (1.81), with original mode profiles, but with the propagation

constants changed by |�� b $ ± ½ , and read off the tolerance values. Unfortunately the short device length has
its price: the tolerances for the widths of the gaps and of the outer waveguides are very strict. At the same
time, due to similar supermode profiles along the vertical direction, the waveguide height turns out to be an
uncritical parameter.

The optimum device length, its tolerance and the peak performance are indicated by the curves of
Figure 7.22. From Figure 7.21, at � , �d� � ��� m one expects a coupling length for TE beeing about twice
as long as that for TM, corresponding to the superposition of the dominant modes. Despite the interference
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Figure 7.22: Relative output power for
TE (continuous lines) and TM polariza-
tion (dotted lines) for waveguide WG1
(top) and waveguide WG2 (center) and ex-
tinction ratios ER � , ER � (bottom) versus
the length of the coupling section

Q
. The

vertical line indicates the proper length for
the polarization splitter of Table 7.5.

of 8 TE and 7 TM modes, this sinusoidal trend is clearly visible in the power versus propagation distance
curves of Figure 7.22.

Finally, Figure 7.23 shows the light propagation in the polarization splitter. Note that for most positions
 Æ´ ÇÆáÒ part of the power is carried in the center core region, therefore

¨
TE/TM
AB and

¨
TE/TM
AC usually do

not add to one.

Figure 7.23: TE (top) and TM light propagation (bottom) for the three waveguide coupler as prescribed by the
parameters of Table 7.5. The length of the coupling section is

Q í ö 4 ó 2 m. The grey scale levels correspond to
the squareroot of the _ -component of the Poynting vector, evaluated in the ] - _ -plane at half the waveguide height^ í [ ë�î .
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7.4 Polarization independent isolator/circulator

Protection of an optical circuit from backscattered light is the most prominent application of optical isolators.
In general, the attached optical network does not preserve polarization, hence arbitrarily polarized reflected
light must be blocked. For a light source that is restricted to a single polarization, combination of a single
polarization isolator and a properly adjusted polarizer or polarization splitter yields the desired protection.
If, in contrast, the circuits output is not of a specific polarization, e.g. because part of it is constructed by
pieces of circular optical fiber, the task requires an isolator with polarization independent performance.

In an integrated optical setting, we thus have to demand proper isolation for both TE and TM input light.
The straightforward way to achieve this is to line up a TE and a TM isolator, provided that each device
is transparent for the other polarization (note that this is a critical additional constraint for most single
polarization concepts). The conventional polarization rotator setup of Section 6.3 cannot be used, since it
involves polarizers.

Alternatively, one may think of one isolator for TE light and one for TM light in parallel, connected to single
input and output waveguides by two polarization splitters. Both have to be manufactured side by side on the
same substrate, requiring in close proximity different materials and perpendicularly directed outer bias fields
for proper adjustment of the magnetization (cf. Section 7.2.2). Similar difficulties arise with the first concept
for a non-composite integrated polarization independent isolator, as proposed recently in Ref. [180]. The
device consists of a Mach-Zehnder interferometer where one branch is designed as a nonreciprocal phase
shifter for TE modes, the other a phase shifter for TM modes. Both branches are of almost square shape and
made with a compensation wall, or from a double layer waveguide, respectively, such that two regions of
opposite Farady rotation exist. The magnetization has to be adjusted perpendicularly to the substrate surface
in one branch, and parallel to the substrate in the other branch.

As another alternative, it is tempting to employ the unidirectional polarization converters of Section 6.4
[77]. Almost square magnetooptic double layer waveguide segments of proper length are placed between
two polarization splitters, where we can use the radiatively coupled waveguide design of Section 7.3.2, with
the shape of the outer waveguides adjusted to the polarization converters. Figure 7.24 sketches the concept.
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Figure 7.24: Geometry of the polar-
ization independent circulator. The com-
posite device consists of two polarization
splitters, each of length

Q
ps, with two po-

larization converting double layer wave-
guides of length

Q
cv in-between.

Table 7.6 collects a set of suitable parameters. The analysis of the composite device employs semivectorial
WMM based coupled mode theory for the polarization splitters, and the vectorial coupled mode formalism
for the magnetooptic polarization converters. The simulation proceeds stepwise along the five longitudinally
homogeneous segments, with the output amplitudes of the four port modes from one waveguide segment
used as input amplitudes for the subsequent one. For simplicity, we assume an isotropic material and pos-
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itively and negatively rotating magnetooptic materials with the same refractive index. Then the port wave-
guide geometry À , Å , the length of the polarization converters Ò cv, and the magnetooptic profile ¸ , ! , ¶ , are
dictated by the unidirectional phase matching condition (6.25), and by the requirement of backward phase
matched waveguides. Table 7.6 shows parameters for waveguide (i) of Table 6.5. The planar waveguide ( ` s,` f, ` c, À ) corresponding to the strips is still single-mode, thus the polarization splitter design procedure of
Section 7.3.2 can be applied, leading to the remaining dimensional parameters � , � , and Ò ps. For a rough
estimation of fabrication tolerances we refer to Sections 6.4 and 7.3.2.[ ë�2 m Z ë�2 m \ ë32 m þ ë á � ë�2 m q ë32 m

Q
ps ë32 m

Q
cv ë32 m Y s Y f Y c � ¾ 6 ë32 móp� ÷ õ ð óp��ñFô�ö óp� ï�ö@ï ÷ õ ó@��ï�ó õ õ � ÷pï�÷ ð�ô î ï�ö õ�î ï�� ô 4 î � õ ó î ï�� ó óp� ó�ó 4 ï�� õ

Table 7.6: Parameters enabling isolator performance of the device of Figure 7.24. The polarization converters and
two polarization splitters add up to a total device length of î � öpï�÷ mm.

The simulation of the device serves best to explain its behaviour. Previously one should recall the function
of the polarization splitters and of the unidirectional polarization converters. TM light injected in one of the
polarization splitter ports leaves the splitter in the same waveguide straight ahead, while TE light changes
the waveguide. This applies to both directions of light propagation. Waves propagating in the polarization
converters in forward direction regain their input polarization at the output. In backward direction, TE input
polarization is converted to TM output light, and vice versa. Combination of these functions leads to the
light paths depicted in Figure 7.25. Charts (a) and (b) show a straight transmission from port A to B in
forward direction for both input polarizations. In backward direction, illustrated in insets (c) and (d), port B
is connected to D for TE and TM polarized light. Mirrored beating patterns appear for forward transmission
from D to C and for the backward connection between C and A. This is the functionality of an isolator for
the two straight light paths A ª B and D ª C.

An assessment of the device performance has to consider the polarization splitters first. The characteristic
quantities are the relative power transmissions

¨
s for straight connections (WG1 � WG1, WG2 � WG2)

and

¨
x for cross light paths (WG1 � WG2, WG2 � WG1) for TE and TM polarized light. Our analysis

predicts extiction ratios of
�F
=w �yx G < " ¨ TM

s J ¨ TE
s +q, � ����� dB for the polarization discrimination in straight

paths and
�F
=w �yx G < " ¨ TE

x J ¨ TM
x +l,É� ����
 dB for the cross connections. Losses due to mode mismatch at the

waveguide junctions in the polarization splitters evaluate to 8 �F
=w �yx G < " ¨ TE
x +-, 
������ dB for TE light and to8 �F
=w �yx G < " ¨ TM

s +3, 
���
@
 dB for TM polarization.

In principle, properly adjusted parameters of the polarization converters enable ideal conversion. Then only
the limited splitting ratios of the two polarization splitters bound the isolator performance. In backward
direction, all power fractions pass a polarization splitter once in the TE and once in the TM polarization
state. Hence the total relative backward power transmission from port B to A,

¨
BA , ¨ TE

s

¨
TM
s

4 ¨ TE
x

¨
TM
x ,

is independent from the input polarization. In forward direction, the power passes two polarization splitters
in the input polarization state. The relative transmission is slightly polarization dependent. One obtains
¨

AB , 3 "*" ¨ TE
s + D 4 " ¨ TE

x + D + 4 " � 8 3 + "*" ¨ TM
s + D 4 " ¨ TM

x + D + , where 3 is the ratio of TE over TM forward
power input. If the device is employed as an isolator for the A-B connection, the simulation yields isolation
levels

�F
=w �yx G < " ¨ AB J ¨ BA + of � ����� dB and � ����
 dB and losses 8 �F
=w �yx G < " ¨ AB + of

����p


dB and

�� � �

dB for
TE and TM forward input polarization.

It depends on the definition of ‘ports’, whether the device can be regarded as a circulator. If the ports are
defined in terms of modes, thus to be specified by a spatial outlet A to D and the mode polarization TE or
TM, we obtain the two separate transmission cycles ATE � BTE, BTE � DTM, DTM � CTM, CTM � ATE,
and ATM � BTM, BTM � DTE, DTE � CTE, CTE � ATM. There is no circulator functionality with respect
to the four waveguides if only modes of equal polarization are admitted. If one considers input and output
power only, the device performs as a polarization independent four port circulator with the transmission
cycle A � B, B � D, D � C, C � A.
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(a) (b) (c) (d)
Figure 7.25: Light propagation through the device of Figure 7.24, with parameters as in Table 7.6. Grey scale levels
indicate the squareroot of the local intensity (TE and TM part) in the ] - _ -plane in the center of the guiding film at^ í [ ë¢î . Arrows indicate the excited port, either TE or TM light is launched.
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Let us stop here with further details. Improving the design reliability, e.g. by employing fully vectorial
and/or direct mode calculations for the polarization splitters, optimizing the device performance with regard
to isolation and loss, and estimating the fabrication tolerances will be left for future work. The preceding
chapters provide suitable theoretical and numerical tools for this task.
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Summary

Touching the fields of general waveguide theory, of numerical simulation tools, and of concrete design
considerations, this work has gone through a course from the fundamental Maxwell equations towards
concepts for integrated magnetooptic devices. Results of this thesis include:

Proposal, implementation, and assessment of the WMM mode solver (Chapters 3, 4; Refs. [73, 74, 80, 81])

For waveguides with piecewise constant, rectangular permittivity profiles, a simple local expansion into
factorizing exponential or harmonic trial functions forms a promising ansatz for the calculation of guided
modes. This function space turns out to be large enough to approximate the unknown mode fields well.
Inside the homogeneous rectangles the trial functions solve the Maxwell equations exactly. A least squares
expression for the mismatch in the continuity conditions at dielectric boundaries connects the fields on
neighbouring regions. Minimization of this error allows to identify propagation constants and to compute
the mode fields.

The procedure has been implemented both for semivectorial simulations and for fully vectorial mode analy-
sis, where each of the common formulations for the vectorial mode problem may be employed. The vectorial
WMM performs truly vectorial calculations in the sense that both transverse directions are treated alike. The
piecewise defined trial fields are well suited to deal with field discontinuities or discontinuous derivatives.
At the corners of dielectric waveguides, the method yields correct qualitative features of the divergent field
behaviour.

For widely established benchmark problems we observed excellent agreement between the WMM and sev-
eral previously published methods. While in principle the current implementation allows to simulate cross
sections with an arbitrary rectangular decomposition, the method turns out to be effective especially for
structures described by few rectangles and boundary lines only. This class includes single rib and raised
strip waveguides as well as coupler geometries constructed from these waveguides. For the composite
structures investigated in this thesis, the results are reasonable and accurate. At the same time, the WMM
shows to be quite economic both in computational time and memory consumption. This qualifies the method
for larger simulation tasks, i.e. as the basis of a more extensive tool for integrated optics design. Inclusion
of the programs into a commercial simulation environment [17] is intended.

Unlike methods based on finite differences or finite elements, the WMM yields semianalytical mode field
representations which are defined on the entire plane of the waveguide cross section, including the dielectric
discontinuities explicitely and accurately. The fields are therefore perfectly suited for further processing,
for instance in the framework of propagating mode analysis, coupled mode theory, or for the evaluation of
perturbation theory integrals. Chapters 5–7 of this thesis rely on these features.

Perturbational geometry tolerancing procedure (Sections 1.4, 5.2; Refs. [75, 78])

Shifting the location of a dielectric boundary in the cross section of a waveguide with piecewise constant
refractive index profile results in a permittivity perturbation in a layer along the discontinuity line. On
the basis of these thin layer perturbations, we discussed perturbational expressions for the derivatives of
the propagation constants with respect to geometry parameters, both for fully vectorial, hybrid and for
semivectorial approximations to the basic modes.

These derivatives can be estimated by line integrals of the mode fields along the relevant dielectric interfaces.
The expressions provide direct access to the wavelength dependence. We verified the approach numerically
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by comparison with rigorously calculated data on single rib and raised strip waveguides. These comparisons
provide a good test not only for the perturbation formulas, but for the accuracy of the underlying mode solver.

The accuracy actually achieved is sufficient to yield reasonable tolerance estimates for realistic integrated
optical devices. This was demonstrated by the examples of directional couplers. Complete tolerancing needs
one mode analysis run only, even for a more complex device defined by � dimensional parameters, where
at least � 4 �

calculations are necessary to evaluate the wavenumber gradients in a conventional way by
difference quotients.

The perturbational approach allows to establish and to quantify guidelines for geometry tolerant devices.
The total length should be kept short, intensities on dielectric boundaries must be low, and only modes with
almost equal intensity profiles should interfere.

Numerical assessment of nonreciprocal wave propagation (Chapter 6; Refs. [76, 110, 77])

The coefficients of coupled mode theory for the magnetooptic permittivity contribution allow a classifica-
tion of the influences of gyrotropy on guided wave propagation. For mirror symmetric waveguides with
well polarized fundamental modes, one identifies the dominant effects of TE phase shift, TM phase shift,
and TE/TM polarization conversion, for polar, equatorial, and longitudinal magnetooptic configurations,
respectively.

Layered equatorial magnetooptic profiles lead to phase shifters for TM modes. The nonreciprocal phase shift
can be written as a sum of integrals along the horizontal magnetooptic discontinuities, multiplied with the
squared transversal magnetic mode field. Analogously, sliced asymmetric polar magnetooptic profiles yield
phase shifts for TE polarized modes. Here the nonreciprocal phase shift arises from vertical magnetooptic
discontinuities, this time weighted by the squared dielectric displacement. We gave an explicit expression for
the nonreciprocal TE phase shift of a rib waveguide with a magnetooptic domain lattice. Exact recognition
of the discontinuities in the dominant electric mode field is indispensable. For comparable magnetooptic
profiles, the effect reaches the same order of magnitude as the phase shift for TM modes.

Polarization conversion is the dominant effect in magnetooptic waveguides with longitudinally directed
magnetization. Phase matching as a condition for complete polarization rotation can be realized with se-
lected geometries of raised strip waveguides or embedded square waveguides. Based on coupled mode
theory for the vectorial modes of rectangular isotropic waveguides, we simulated the performance of such
devices in an isolator setting, including birefringence and optical absorption. Fabrication tolerances with
respect to all relevant parameters can be evaluated by simple perturbational expressions. Numerical verifi-
cation shows that these formulas are accurate enough for practical purposes.

Unfortunately, most tolerances turn out to be very strict. Ab initio fabrication of a waveguide with 30 dB
isolation in a conventional experimental setup is difficult. However, even the tight tolerances qualify the
traditional polarization rotator setup as competitive to recent proposals for integrated optical isolators based
on nonreciprocal interferometry.

A magnetooptic waveguide which is magnetized at a certain angle with respect to the longitudinal direction
may perform as a unidirectional polarization converter. The term specifies a device that converts TE light to
TM light for one direction of propagation, while it maintains the polarization state for the opposite direction.
This requires to balance the gyrotropic effects of nonreciprocal phase shift and of polarization coupling. We
proposed and simulated a setup with double layer waveguides, which are composed of magnetooptic films
of opposite Faraday rotation. The concept is a monolithic substitute for the conventional, usual hybrid
configuration, where a nonreciprocal

�@� �
polarization converter and a reciprocal

�@� �
rotator are placed in

line.

Designs of three waveguide couplers for applications as isolators/circulators and polarization splitters
(Chapter 7; Refs. [129, 84, 82, 79])

Three-guide couplers with multimode central waveguides allow for remote coupling between optical chan-
nels. A simple three mode approximation turns out to be sufficient for a rough description. One can identify
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two different regimes where either two or three supermodes determine the coupling behaviour. The con-
ventionally defined coupling length is still useful, although here the power transfer is a truly multimode
interference process.

We found good agreement between the main features of light propagation in planar radiatively coupled
waveguides and in more realistic three dimensional structures. In case of the multimode and multiwaveguide
raised strip structures, analysis via coupled mode theory offers an attractive alternative. Comparison with
rigorously computed results for two waveguide couplers prove that the coupled mode model is adequate.

The specific form of the relevant modes suggests the design of integrated optical isolators and circulators.
Aiming at a short device length, the differing shapes of the relevant mode intensity profiles in the three
mode regime turn out to be advantageous. In the planar case, an effective TM circulator can be designed
if the central region consists of a stack of magnetooptic layers with alternating Faraday rotation. While
the planar concept directly inspires a design for a three dimensional circulator for TE polarized light, a
three dimensional circulator for TM polarization may be much simpler. For a raised strip coupler consisting
of magnetooptic double layer waveguides, our design enables standard isolating performance with a total
length of about one millimeter.

Polarization separation in a directional coupler at a short device length requires the TE and TM coupling
lengths to be as different as possible. Hence a radiatively coupled waveguide polarization splitter should
operate in the two mode regime for TE polarization and in the three mode regime for TM polarization, or
vice versa, such that the entire dynamic range of the coupling length variations is exploited. This is easily
possible with a three dimensional raised strip configuration.

Finally, combination of two magnetooptic unidirectional polarization converters and two radiatively coupled
waveguide based polarization splitters leads to a design for a polarization independent isolator. If defined
in terms of input/output power rather than in terms of mode amplitudes, this is a concept for a polarization
independent integrated four port circulator device, up to our knowledge the first ever proposed and simulated.
Our simulation predicts a total length of about three millimeters.
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[16] N. Bahlmann, M. Lohmeyer, O. Zhuromskyy, H. Dötsch, and P. Hertel. Nonreciprocal coupled waveguides for
integrated optical isolators and circulators for TM-modes. Optics Communications, 161(4-6):330–337, 1999.

[17] 2D Mode Solver ’Selene’. BBV Software BV, Hengelosestraat 705, 7521 PA Enschede, The Netherlands;
http://www.bbv-software.com.



126 Bibliography

[18] G. M. Berry and S. V. Burke. Analysis of optical rib self-imaging multimode interference (MMI) waveguide
devices using the discrete spectral index method. Optical and Quantum Electronics, 27:921–934, 1995.

[19] K. Bierwirth, N. Schulz, and F. Arndt. Finite-Difference Analysis of Rectangular Dielectric Waveguide Struc-
tures. IEEE Transactions on Microwave Theory and Techniques, MTT-34(11):1104–1113, 1986.

[20] M. Bressan and P. Gamba. Analytical Expressions of Field Singularities at the Edge of Four Right Wedges.
IEEE Microwave and Guided Wave Letters, 4(1):3–5, 1994.

[21] J. Buus, M. C. Farries, and D. J. Robbins. Reflectivity of Coated and Tilted Semiconductor Facets. IEEE
Journal of Quantum Electronics, 27(6):1837–1842, 1991.

[22] K. L. Chen and S. Wang. The Crosstalk in Three-Waveguide Optical Directional Couplers. IEEE Journal of
Quantum Electronics, 22(7):1039–1041, 1986.

[23] K. S. Chiang. Review of numerical and approximate methods for the modal analysis of general optical dielectric
waveguides. Optical and Quantum Electronics, 26:S113–S134, 1994.

[24] K. S. Chiang. Analysis of the Effective-Index Method for the Vector Modes of Rectangular-Core Dielectric
Waveguides. IEEE Transactions on Microwave Theory and Techniques, 44(5):692–700, 1996.

[25] S. L. Chuang. A Coupled Mode Formulation by Reciprocity and a Variational Principle. Journal of Lightwave
Technology, 5(1):5–15, 1987.

[26] H. Dammann, E. Pross, G. Rabe, and W. Tolksdorf. 45 á waveguide isolators with phase mismatch. Applied
Physics Letters, 56:1302–1304, 1990.

[27] H. Dammann, E. Pross, G. Rabe, W. Tolksdorf, and M. Zinke. Phase matching in symmetrical single-mode
magneto-optic waveguides by application of stress. Applied Physics Letters, 49:1755–1757, 1986.

[28] J. B. Davies. A Least Squares Boundary Residual Method for the Numerical Solution of Scattering Problems.
IEEE Transactions on Microwave Theory and Techniques, MTT-21(2):99–104, 1973.

[29] J. P. Donelly. Limitations on Power Transfer Efficiency in Three-Guide Optical Couplers. IEEE Journal of
Quantum Electronics, 22(5):610–616, 1986.
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