Applied Analytical Methods, Course 191560371, Block 2B1@@011 Exerciseslll 12.05.2011

1. More about discrete Hamiltonian and Lagrangian systems

(@) For a discrete Hamiltonian system with position vagal = (q1,...,qx) € RY, momentum
variablesp = (py,...,pn) € RY, and Hamiltonian (Hamilton function)

H:RxRY xRN =R, (t,q,p) — H(t,q,p),

the canonical action functional,. is defined as

t1

Ac(g,p) = / (p(t) - Orq(t) — H(t,q(t),p(t))) dt,

to
whereq(t), p(t) are the candidates for the trajectory of the system in phasees The canonical
action principle states that the physical trajectoriescaitecal points of the action functional. Find
the differential equations that govern these trajectoriesfind the equations of motion (Hamilton
equations) for the discrete Hamiltonian system.

(b) For a single particle of mass, described by its cartesian positigrand momentunp, the Hamil-
tonian (here: the total energy) for the motion of this péetio a potential/(q) is

p2

H(g,p)=5—+V(q).

2m

Show that the Hamilton equations for this system lead to Mesitaw, withF = — V'V being the
force acting on the particle.

(c) i. Show that for an autonomous discrete Hamiltonianesysivith position variableg, momen-
tum variablegp, and a Hamiltoniarf (g, p) that does not explicitly depend on time, the Hamil-
tonian is conserved during the physical time evolution.

ii. Show that for an autonomous discrete Lagrangian systescribed by position variableg
velocitiesq = d,q, and a Lagrangiati(q,v) that does not explicitly depend on time, the
quantity
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is conserved during the physical time evolution.

2. Harmonic oscillator in Lagrangian and Hamiltonian degip
Page 48 of the lecture notes, exercise 42, parts 1 (a) and 2 (a)

3. Nonlinear two-point boundary value problem
Page 51 of the lecture notes, section 3.5, exercise 2.

4. Stationary states of a nonlinear diffusion equation
Page 54 of the lecture notes, section 3.5, exercise 6.

5. Dido’s problem: Find the surface of largest area, given tilae/of its perimeter.
Page 71 of the lecture notes, section 5.1, exercise 60, part 1
Program:

(a) Specialize the problem [R? to a part of ther-y-plane such that the boundary can be parametrized
by polar coordinates. For a given trial curwgp) that defines the boundary, give expressions for
the enclosed ared(r) and for the length of the boundas(r).

(b) State the constraint optimization problem for the agb#en a fixed length. of the boundary, and
derive the differential equation for the constraint cetipoint.

(c) Observe that the equation is satisfied for the type ofasuthiat you expect, and fix the value of the
Lagrange multiplier by incorporating the constraint.

Solutions are to be handed in until Wednesday, June 01, 09:00



