Applied Analytical Methods, Course 191560371, Block 2B1@2011 Exercises |V 01.06.2011

1. Spherical Pendulum
~ exercise 61, page 73 of the lecture notes.

Consider a spherical pendulum: A mass at the end of a wegghtiar of lengtfi, allowed to move freely
under the influence of gravitation. The position= [(sin 6 cos ¢, sin 6 sin ¢, 1 — cos #) of the mass
is prescribed in spherical coordinates, where the 3-axasiénted in the vertical direction, the andle
gives the tilt of the bar with respect to the vertical direntiand¢ is the azimuth angle with respect to
the vertical axis. Then the kinetic energyand the potential enerdy of the pendulum are given by

T = %m?ﬂ, V =mgl(1l — cos ),

with ¢ being the acceleration due to gravity and the dot indicatiegtime derivative.

(a) Draw a sketch to clarify the geometry.

(b) The pendulum is a finite dimensional Lagrangian systeth aagrange functior. = 7" —V and
generalized coordinateés ¢. Write L in terms off, ¢, 6, ¢ and derive the equations of motion for
the pendulum.

(c) Alternatively, the pendulum can be described as a finiteedsional Hamiltonian system with
Hamilton function

2
1 p
H(9,¢,p9,p¢) = Imi2 (p(g + ¢ > + mgl(1 — cosB).

sin? 0

Show that this viewpoint leads to the same equations of motio

(d) Show that time independent (equilibrium) solutionsgiven as Cri{ H (u) }, whereu collects the
four arguments off. Derive these solutions and give a physical interpretation

(e) Observe that, except froid (which is conserved for the autonomous Hamiltonian systéneye

is another quantity that is conserved in time, an additional first integral, thgudar momentum
related to the azimuth angle. Show this in both the Lagramgiad the Hamiltonian description.

() Reduce the dynamics by prescribing a vaiuier 1, i.e. substitute the constant into the equations of
motion (then one of the angles disappears from the equatiang state the equation for equilibrium
solutions of the reduced dynamics (these are time indepéride the angle that remains in the
equations).

(g) Show that the equilibria of the reduced dynamics ardivel@quilibria, i.e. constraint critical points
of H(0, ¢, pg, py) atgivenl (6, ¢, pg, py) = v (viewed as a finite dimensional stationarity problem).

(h) Give a physical interpretation for the motion of the teka equilibrium solutions in space. Relate
the angular velocity to the derivative of the value functiminthe constraint variational problem
above.



2. Integral operator as inverse of a differential operator
~ exercise 72, page 85 of the lecture notes.

Consider the boundary value problem
—Uge = f, u(0)=u(r)=0,
that can be viewed as the operator equation
Lu=f, with Lu:=—uz, uecly:={ue 02([0,7T])| u(0) = u(r) =0} .

(a) One can solve this equation in an elementary way, theigolis given byu = K f, whereK is the
integral operator defined by

(ro)(a) = [ o) oty with e ={ (TR OOSYED e o,

Verify by a direct calculation that this is the solution.

(b) Compute the eigenvaluesand the normalized eigenfunctionpsof L, i.e. nonvanishing solutions
of the problemLy = Ap with ¢ € Uy andfgr ©*(z) dr = 1. Show that the eigenfunctions 6fare
also eigenfunctions ok with eigenvalued /), i.e.

Lop=Xp = Kp=pp for p=1/\.

(c) Observe that a Fourier-sine expansion of a functi@ni/, can be viewed as an expansionvohto
eigenfunctions of. and K, respectively. State the effect 6fand K onwv if v is represented in this
way. Assuming that all summations converge as necessargt Wthe effect of.™ and K™ onwv
(where the natural exponent indicates repeated applm&tislow do you consequently define the
operatorF'(L) for a functionF' that is represented by a Taylor series expansion?

3. Eigenfrequencies of a square membrane
Page 107 of the lecture notes, section 6.5, exercise 3.

Restrict the exercise to parts (a) and (b).

Solutions are to be handed in until Wednesday, June 15, 09:00



