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Course overview

Electrodynamics
A Introduction, Maxwell equations, brush up on vector calculus, Dirac delta, potentials, Taylor expansion,

Fourier transform,

B Maxwell equations, brush up on electro- and magnetostatics, multipole expansion

C Maxwell equations, microscopic and macroscopic, time- and frequency domain,
differential and integral form, interface conditions, continuity equation,
energy and momentum of electromagnetic fields

D Wave equation, plane waves, plane harmonic electromagnetic waves, refractive index, polarization,
energy transport, spherical waves

E Reflection and transmission at interfaces, lossy materials, wave packets, dispersion,
phase and group velocity

F Maxwell equations, vectorial and scalar Helmholtz equation, 2D configurations (intermezzo),
mode problems, metallic and dielectric waveguides

G Scalar and vector potentials, gauge conditions, retardedpotentials, electric and magnetic dipole radiation

H Special relativity; transmission lines
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Maxwell equations

SI, in matter, time domain, differential form:

∇ ·D = ρf ,

∇×E = −Ḃ,

∇ ·B = 0,

∇×H = J f + Ḋ,

D = ǫ0E + P ,

B = µ0(H +M).

(+ constitutive relations)

E(r, t): electric field,
D(r, t): (di-)electric displacement,
B(r, t): magnetic induction (field, flux density),
H(r, t): magnetic field (. . .),
ρf(r, t): density of free charges,
J f(r, t): density of free currents,
P (r, t): polarization,
M(r, t): magnetization,

ǫ0: free space permittivity,
µ0: free space permeability.
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Maxwell equations

SI, in matter, time domain, differential form:

∇ ·D = ρf ,

∇×E = −Ḃ,

∇ ·B = 0,

∇×H = J f + Ḋ,

D = ǫ0E + P ,

B = µ0(H +M).

(+ constitutive relations)

E(r, t): electric field,
D(r, t): (di-)electric displacement,
B(r, t): magnetic induction (field, flux density),
H(r, t): magnetic field (. . .),
ρf(r, t): density of free charges,
J f(r, t): density of free currents,
P (r, t): polarization,
M(r, t): magnetization,

ǫ0: free space permittivity,
µ0: free space permeability.

F = q(E + v ×B) (Lorentz-) forceF on a chargeq with velocityv.
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Polarization

P : density of electric dipole moment (bound charges).

D = ǫ0E + P , [D] = [P ] =
As m
m3

, [E] =
V
m

,

vacuum permittivityǫ0 = 8.854187817 . . . · 10−12

[

F
m

=
As
Vm

]

.
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V
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,

vacuum permittivityǫ0 = 8.854187817 . . . · 10−12
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F
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=
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.

• Local dipoles induced byE P (E).

• Simplest case: linear isotropic dielectrica,

P = ǫ0χeE, χe: dielectric susceptibility,[χe] = 1.
D = ǫ0(1 + χe)E = ǫ0ǫE, ǫ: relative permittivity, [ǫ] = 1.
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Polarization

P : density of electric dipole moment (bound charges).

D = ǫ0E + P , [D] = [P ] =
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m3

, [E] =
V
m

,

vacuum permittivityǫ0 = 8.854187817 . . . · 10−12

[

F
m

=
As
Vm

]

.

• Local dipoles induced byE P (E).

• Simplest case: linear isotropic dielectrica,

P = ǫ0χeE, χe: dielectric susceptibility,[χe] = 1.
D = ǫ0(1 + χe)E = ǫ0ǫE, ǫ: relative permittivity, [ǫ] = 1.

• Complications:ǫ(r), ǫ(ω), ǫjk, Imǫ, ǫ(T ), ǫ(F ), χ(2)
jklEkEl, χ

(3)
jklmEkElEm, . . .
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Magnetization

M : density of magnetic dipole moments (bound currents).

H =
1

µ0
B −M , [H ] = [M ] =

A m2

m3
, [B] = T =

Vs
m2

,

vacuum permeabilityµ0 = 4π · 10−7

[

N

A2 =
Vs
Am

]

.
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Vs
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,
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[

N
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Vs
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.

• Local dipoles induced byH M(H).

• Simplest case: linear isotropic magnetic media,

M = χmH , χm: magnetic susceptibility,[χm] = 1.
B = µ0(1 + χm)H = µ0µH, µ: relative permeability,[µ] = 1.

• Complications: manifold.
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Maxwell equations

• Linear dielectric & magnetic media:

∇ ·D = ρf , ∇×E = −Ḃ, D = ǫ0ǫE,
∇ ·B = 0, ∇×H = J f + Ḋ, B = µ0µH.
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∇ ·D = ρf , ∇×E = −Ḃ, D = ǫ0ǫE,
∇ ·B = 0, ∇×H = J f + Ḋ, B = µ0µH.

• Static configurations,∂t = 0:

∇ ·D = ρf , ∇×E = 0, D = ǫ0ǫE Electrostatics.

∇ ·B = 0, ∇×H = J f , B = µ0µH Magnetostatics.
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Maxwell equations

• Linear dielectric & magnetic media:

∇ ·D = ρf , ∇×E = −Ḃ, D = ǫ0ǫE,
∇ ·B = 0, ∇×H = J f + Ḋ, B = µ0µH.

• Static configurations,∂t = 0:

∇ ·D = ρf , ∇×E = 0, D = ǫ0ǫE Electrostatics.

∇ ·B = 0, ∇×H = J f , B = µ0µH Magnetostatics.

• Quasi-stationary configurations,∂tD = 0:

∇ ·D = ρf , ∇×E = −Ḃ, D = ǫ0ǫE,
∇ ·B = 0, ∇×H = J f , B = µ0µH Induction, AC currents,. . .
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Electrostatics

∇ ·D = ρf , ∇×E = 0, D = ǫ0ǫE

∇ · (ǫE) =
ρf
ǫ0

, ∇×E = 0 ǫ(r) !!!
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• Homogeneous media (piecewise. . .), ∂rǫ = ǫ∂r:
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ρf
ǫ0ǫ

, ∇×E = 0.
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∂V
E · da =

Qf,V

ǫǫ0
.
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∫

∂V
E · da =

Qf,V

ǫǫ0
.

• Scalar electrostatic potentialφ(r): (lecture A, potentials. . .)

E = −∇φ, φ(r)− φ(r0) = −

∫ r

r0

E(r′) · dr′,
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Electrostatics

∇ ·D = ρf , ∇×E = 0, D = ǫ0ǫE

∇ · (ǫE) =
ρf
ǫ0

, ∇×E = 0 ǫ(r) !!!

• Homogeneous media (piecewise. . .), ∂rǫ = ǫ∂r:

∇ ·E =
ρf
ǫ0ǫ

, ∇×E = 0.

• Physical Gauss’ law: Qf,V : free charges inV
∫

∂V
E · da =

Qf,V

ǫǫ0
.

• Scalar electrostatic potentialφ(r): (lecture A, potentials. . .)

E = −∇φ, φ(r)− φ(r0) = −

∫ r

r0

E(r′) · dr′,

• Poisson equation: ∆φ = −
ρf
ǫ0ǫ

.
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Electrostatics, solutions

• Poisson equation: ∆φ = −
ρf
ǫ0ǫ

.

• Solutions (V → ∞):

φ(r) =
1

4πǫ0ǫ

∫

ρf(r
′)

|r − r′|
dV ′, E(r) =

1

4πǫ0ǫ

∫

ρf(r
′)
(r − r′)

|r − r′|3
dV ′.
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• Poisson equation: ∆φ = −
ρf
ǫ0ǫ

.

• Solutions (V → ∞):

φ(r) =
1

4πǫ0ǫ

∫

ρf(r
′)

|r − r′|
dV ′, E(r) =

1

4πǫ0ǫ

∫

ρf(r
′)
(r − r′)

|r − r′|3
dV ′.

• Point chargeq atr0, ρf(r) = q δ(r − r0):

φ(r) =
q

4πǫ0ǫ

1

|r − r0|
, E(r) =

q

4πǫ0ǫ

(r − r0)

|r − r0|3
.

• Coulomb’s law, force on another chargeq̃ atr:

F q→q̃ =
q̃ q

4πǫ0ǫ

(r − r0)

|r − r0|3
.
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Electrostatics, charge densities

Variants of charge densities:

• ρ(r), volume, Q =

∫

V
ρdV , [ρ] = As/m3,

• σ(r), surface, Q =

∫

S
σ da, [σ] = As/m2,

• λ(r), line, Q =

∫

P
λds, [λ] = As/m,

• Q, point atr0, ρ(r) = Qδ(r − r0), [Q] = As = C.
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Electrostatics, conductors

Conductors,electrostaticconfigurations, free mobility of charges:

• External field induces chargesσf on the surfaceof the conductor.

• These cancel the external field in the interior
E = 0 insidethe conductor.

• ∇ ·E =
ρf
ǫ0ǫ

ρf = 0 insidethe conductor.

• φ(r) = φ(r0)−

∫ r

r0

E · ds φ constant over the conductor.

• Eoutside ⊥ conductor surface.

• (Faraday cage).
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Magnetostatics

∇ ·B = 0, ∇×H = J f , B = µ0µH

∇ ·B = 0,
1

µ0
∇×

1

µ
B = J f µ(r) !!!
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• Ampère’s circuital law: If,S : free current throughS
∮

∂S
B · ds = µµ0 If,S .

• Vector potentialA(r): (lecture A, potentials. . .)

B = ∇×A.

• Poisson equation, vectorial: ∆A = −µ0µJ f .
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Magnetostatics, solutions

• Poisson equation, vectorial: ∆A = −µ0µJ f .

• Solutions (V → ∞):

A(r) =
µ0µ

4π

∫

J f(r
′)

|r − r′|
dV ′, B(r) =

µ0µ

4π

∫

J f(r
′)×

(r − r′)

|r − r′|3
dV ′.
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Magnetostatics, solutions

• Poisson equation, vectorial: ∆A = −µ0µJ f .

• Solutions (V → ∞):

A(r) =
µ0µ

4π

∫
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′)
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dV ′, B(r) =

µ0µ

4π

∫

J f(r
′)×
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µ0µ
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C

1

|r − r′|
ds′, B(r) =

µ0µ

4π
I

∮

C
ds′ ×

(r − r′)

|r − r′|3
.

• Ampère’s force law, force on another currentĨ alongC̃:

F C→C̃ =
µ0µ

4π
ĨI

∮

C̃

∮

C

ds× (ds′ × (r − r′))

|r − r′|3
.
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Magnetostatics, current densities

Variants of current densities:

• J(r), volume, I =

∫

S
J · da, [J ] = A/m2,

• K(r), surface, I =

∫

P
K · t ds, |t| = 1, t ‖ surface,t ⊥ ds, [K] = A/m,

• I(r), line, I = |I|, [I] = A,

• Current density moving charge density:

J = ρv, K = σ v, I = λv.
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Multipole expansion

Electrostatics:
localized charge densityρf(r), ∆φ = −

ρf
ǫ0ǫ

,

φ(r) =
1

4πǫ0ǫ

∫

ρf(r
′)

|r − r′|
dV ′.

Magnetostatics:

localized current densityJ f(r), ∆A = −µ0µJ f ,

A(r) =
µ0µ

4π

∫

J f(r
′)

|r − r′|
dV ′.

Considerφ(r), A(r), for |r| ≫ |r′|ρ(r′) 6=0, J(r′) 6=0: . . .
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Multipole expansion, 1/r

Constantrs; second order expansion of
1

|r − rs|
aroundr = 0:

1

|∆r − rs|
≈

1

|rs|
+

rs · ∆r

|rs|3
+

1

2

{

3(∆r · rs)
2 − r2s∆r

2

|rs|5

}

± . . . .

(exercise)
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Multipole expansion, 1/r

Constantrs; second order expansion of
1

|r − rs|
aroundr = 0:

1

|∆r − rs|
≈

1

|rs|
+

rs · ∆r

|rs|3
+

1

2

{

3(∆r · rs)
2 − r2s∆r

2

|rs|5

}

± . . . .

(exercise)

Expansion required for|r| ≫ |r′|; substitute ∆r → r′, r′ = |r′|,

rs → r, r = |r| :

1

|r − r′|
≈

1

r
+

r · r′

r3
+

1

2

{

3(r′ · r)2 − r2(r′)2

r5

}

± . . . .
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Multipole expansion, φ

φ(r) =
1

4πǫ0ǫ

∫

ρf(r
′)

|r − r′|
dV ′

&
1

|r − r′|
≈

1

r
+

r · r′

r3
+

1

2

(

3(r′ · r)2 − r2(r′)2

r5

)

± . . .
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Multipole expansion, φ

φ(r) =
1

4πǫ0ǫ

∫

ρf(r
′)

|r − r′|
dV ′

&
1

|r − r′|
≈

1

r
+

r · r′

r3
+

1

2

(

3(r′ · r)2 − r2(r′)2

r5

)

± . . .

φ(r) =
1

4πǫ0ǫ

{

1

r

∫

ρf(r
′)d3r′

+
1

r3
r ·

∫

ρf(r
′) r′ d3r′

+
1

2 r5

∫

ρf(r
′)
(

3(r′ · r)2 − r2(r′)2
)

d3r′ ± . . .

}
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Multipole moments, φ

φ(r) =
1

4πǫ0ǫ

{

Q

r
+

p · r

r3
+

1

2

3
∑

j,k=1

Qj,k
rjrk
r5

± . . .

}

,

Q =

∫

ρf(r
′)d3r′, total charge,monopolemoment,

p =

∫

ρf(r
′) r′ d3r′, electricdipolemoment,

Qjk =

∫

ρf(r
′)
(

3r′jr
′
k − (r′)2δjk

)

d3r′, electricquadrupolemoment.
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Multipole moments, φ

φ(r) =
1

4πǫ0ǫ

{

Q

r
+

p · r

r3
+

1

2

3
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± . . .

}
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Q =

∫

ρf(r
′)d3r′, total charge,monopolemoment,
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∫

ρf(r
′) r′ d3r′, electricdipolemoment,

Qjk =

∫

ρf(r
′)
(

3r′jr
′
k − (r′)2δjk

)

d3r′, electricquadrupolemoment.

|r| ≫ |r′|ρ(r′) 6=0: • Q 6= 0: monopole dominant;φ(r) ≈
1

4πǫ0ǫ

q

r
,

• Q = 0, p 6= 0: dipole dominant;φ(r) ≈
1

4πǫ0ǫ

p · r

r3
,

• Q = 0, p = 0: quadru- (. . .)-pole dominant.
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(
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d3r′, electricquadrupolemoment.

|r| ≫ |r′|ρ(r′) 6=0: • Q 6= 0: monopole dominant;φ(r) ≈
1

4πǫ0ǫ

q

r
,

• Q = 0, p 6= 0: dipole dominant;φ(r) ≈
1

4πǫ0ǫ

p · r

r3
,

• Q = 0, p = 0: quadru- (. . .)-pole dominant.

E = −∇φ corresponding electric fields.
17
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Multipole expansion, A

A(r) =
µ0µ

4π

∫

J f(r
′)

|r − r′|
dV ′

&
1

|r − r′|
≈

1

r
+

r · r′

r3
± . . .
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Multipole expansion, A

A(r) =
µ0µ

4π

∫

J f(r
′)

|r − r′|
dV ′

&
1

|r − r′|
≈

1

r
+

r · r′

r3
± . . .

A(r) =
µ0µ

4π

{

1

r

∫

J f(r
′)d3r′

+
1

r3

∫

J f(r
′) (r · r′)d3r′

± . . .

}
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Multipole moments, A

A(r) =
µ0µ

4π

{

0 +
m× r

r3
± . . .

}

,

no magneticmonopoles,

m =
1

2

∫

r′ × J f(r
′)d3r′, magneticdipolemoment.
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Multipole moments, A

A(r) =
µ0µ

4π

{

0 +
m× r

r3
± . . .

}

,

no magneticmonopoles,

m =
1

2

∫

r′ × J f(r
′)d3r′, magneticdipolemoment.

|r| ≫ |r′|ρ(r′) 6=0: • m 6= 0: dipole term dominant;A(r) ≈
µ0µ

4π

m× r

r3
,

• m = 0: higher order moments become relevant.
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Multipole moments, A

A(r) =
µ0µ

4π

{

0 +
m× r

r3
± . . .

}

,

no magneticmonopoles,

m =
1

2

∫

r′ × J f(r
′)d3r′, magneticdipolemoment.

|r| ≫ |r′|ρ(r′) 6=0: • m 6= 0: dipole term dominant;A(r) ≈
µ0µ

4π

m× r

r3
,

• m = 0: higher order moments become relevant.

B = ∇×A corresponding magnetic fields.
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Upcoming

Next lecture:

• Maxwell equations: free space and in media, time- and frequency domain,
differential and integral form, interface conditions, continuity equation

• Energy and momentum of electromagnetic fields, Poynting theorem
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