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Course overview

Electrodynamics

A

B
C

I

Introduction, Maxwell equations, brush up on vector calsuDirac delta, potentials, Taylor expansion,
Fourier transform,

Maxwell equations, brush up on electro- and magnetostatnciltipole expansion

Maxwell equations, microscopic and macroscopic, time-faeguency domain,
differential and integral form, interface conditions, tanity equation,
energy and momentum of electromagnetic fields

Wave equation, plane waves, plane harmonic electromiagmaves, refractive index, polarization,
energy transport, spherical waves

Reflection and transmission at interfaces, lossy masemalve packets, dispersion,
phase and group velocity

Maxwell equations, vectorial and scalar Helmholtz equmat2D configurations (intermezzo),
mode problems, metallic and dielectric waveguides

Scalar and vector potentials, gauge conditions, retgosdezhtials, electric and magnetic dipole radiation
Special relativity; transmission lines



Maxwell equations

SI, in matter, time domain, differential form:

E(r,t)
V-D pf D(r,t
V x E —B, B(r,t
V. B 0, H(r,t
V xH Jf—I—D, ,Of(?“,t
Jf(?“,t
D = «E+P, P(r,t

B = po(H+M). MTb)

€0-

(4 constitutive relations) Lo:

F =qFE+vx B)

electric field,

(di-)electric displacement,

magnetic induction (field, flux density),
magnetic field (. .),

density of free charges,

density of free currents,

polarization,

magnetization,

free space permittivity,

free space permeability.

(Lorentz-) forceF' on a charge with velocity v.



Maxwell equations

e Macroscopicguations, linear isotropic media:
V-D=yp;, VxE=-B, V-B=0, VxH=J;+D,
D = €0€E, B = ,LL()/ULH.
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Maxwell equations

e Macroscopicguations, linear isotropic media:
V-D=yp;, VxE=-B, V-B=0, VxH-=J;+D,
D = €0€E, B = ,u(),uH.

e Microscopicequations: =1, n=1, D =¢FE, B= puyH)
¢« V-E=p, VXE=-B, V-B=0, V x B =puyJ + uekFE,

e ... alternatively:
«&V-E=p, VxE=—uH, V-H=0, VxH=J+¢kE.

e Homogeneous macroscopic equations: pr €0, Jr=0)

V-D=0, VxE=-B, V-B=0, VxH=D,
DZEOEE, B:/LOILLH.

e Homogeneous microscopic equations: p=0, J=0)
V-E=0, VxE=-B, V-B=0, V x B =ueE,

e ... alternatively:
V-E=0, VXE=—0H, V-H=0, VxH =¢kFE.



Maxwell equations, integral form

. VD = py

N D -da = Qf’]j, Qf,]} — / Pt dy.
oV 1%



Maxwell equations, integral form

o V-D = ps

~—— WD-da:Qf,v, Qr,v :/fo dy.
° V-B=0

A B -da = 0.

oV



Maxwell equations, integral form

o V-D = ps
~+ [ D.da=q Q= [ .
oV 1%
o V-B=0
A B -da = 0.
oV
° VxE=-B
N E-dS:—(i)Byg, (I)B,SZ B - da (<> OtS ...).
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Maxwell equations, integral form

. VD = py
- D -da = Qs y,
oV
o V- -B =
A B - da =
oV
° VxFE=—-B
N E - -ds =—-dpg,
oS
o VxH=J;+D

Qf,VZ/Pf dy.
V

Pps= | B-da (+as...)
S

If,5:/J-da, CIDD,5:/D-da.
S S



Maxwell equations, integral form

. VD = py
~+ [ D.da=q Q= [ .
oV 1%
o V- -B=
A~ B -da =
oV
° VxFE=-B
N E-dS:—(i)Bﬁ, (I)B,SZ B - da (<> 0:S...).
oS S
. VxH=J;+D
N H-dS:Iﬂg—l—(i)D,g, If,SI/J'dCL, (I)D,SI/D-da.
oS S S

e ... variants.



Maxwell equations, Fourier transform
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& F(rt) = /F(r,w) e Wy, F(r,w) = \/%_W/F(r,t) e Wiy

1
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Maxwell equations, Fourier transform

V-D=yp;, VXxE=-B, V-B=0, VxH=J;+ D,
DZGOGE, B:,LLOILLH

~

& F(rt) = —/F(r,w) e Wy, F(r,w) = \/%/F(r,t) e Wiy

A g ) ) ,Of(’l“ t) Jf(fat)
> FE(r,w), D(r,w), B( ) H(r, w), ps(r,w), Je(r,w),

V-D=jp;, VXE=iwB, V-B=0, VxH=J;—iwD,

D = GOGE, B = ,u(),uI:I (Caution !).

e ... variants.
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Maxwell equations, frequency domain

~ ~ ~ ~ ~

V-D=p;, VXE=iwB, V-B=0, VxH=J;—iwD,

e FcR ~— F(r,—w)=(F(r,w)*

e ‘“atfrequencywy” F(r,w)= gF(r)é(w—wo)Jr\/;F*(r)é(erwo)
& Pt = {F(r) —'C.Uouﬁ**(r)eiwot},
F(r,t) = Rel F(r) e—'wot},

1

2

F(rye'wol ycc.



Maxwell equations, frequency domain

~

V-D=p;, VXE=iwB, V-B=0, VxH=J;—iwD,



Maxwell equations, dispersion

V-D=p;, VxE=iwB, V-B=0, VxH=J;—iwD,
D — Ger, B — NOMﬂ-

e (Material)dispersion €(w), ji(w),
€, [ are usually determined at specific frequency



Maxwell equations, dispersion

V-D=p;, VxE=iwB, V-B=0, VxH=J;—iwD,
D — Ger, B — MOMﬂ-

e (Material)dispersion €(w), ji(w),
€, [ are usually determined at specific frequency
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Maxwell equations, dispersion

e (Material)dispersion €(w), ji(w),
€, [ are usually determined at specific frequency

e D(rw)=ef(WE(rw), B(r.w) = upw)H(r w)

C» :eO/ (t —tHE(r,t")dt',

,uO/,ut—t (r,t")dt’.



Interface conditions

V-D:pf N D'dCL:Qf’V
oV
e interface between two media 1, 2, surface normal
e surface charge density;,
e “Gaussian pillbox”, flatten first, then shrink to a point:

(Griffiths, page 331, Fig. 7.46)
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Interface conditions

V-D:pf N D'dCL:Qf’V
oV

e interface between two media 1, 2, surface normal
e surface charge density;,
e “Gaussian pillbox”, flatten first, then shrink to a point

C> ’I’L-(Dl—Dz):O'f.

V-B=0 ~» B -da=0
oV

C> n'(Bl—BQ):O.
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Interface conditions

. d
VxH=J+D ~r—=> H-dS:]fS—I——/D-dCL
88 ’ dt /s

e Interface between two media 1, 2, surface normal
e surface current density<y,

e “Amperian loop”, surface tangei flatten first, then shrink to a point:

Ak

(Griffiths, page 332, Fig. 7.47)
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Interface conditions

. d
VxH=J+D ~r—=> H-dS:IfS—I——/D-dCL
88 ’ dt /s

e interface between two media 1, 2, surface normal
e surface current density<y,
e “Amperian loop”, surface tangeif flatten first, then shrink to a point,
e flux of D vanishes with§ — 0”
C> l-(HH—H;)=K¢-(nxl)=1-(K¢ xn), Vi, |I| =1, I || surface
: d
VxFE=—-B ~» E-ds:——/B-da
oS di Js

C> l-(Ey— E3) =0 VL, || =1, 1 || surface
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Interface conditions, summary

e Surface between media 1 and 2, surface nommalurface tangents
surface charge densiby, surface current densiti; :

n-(Dl—D2>:O'f, l-(El—Eg):O,
’n,-(Bl—B2>:O, l-(Hl—Hg):l-(fon).
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Interface conditions, summary

e Surface between media 1 and 2, surface nommalurface tangents
surface charge densiby, surface current densiti; :

n-(Dl—D2>:O'f, l-(El—Eg):O,
’n,-(Bl—B2>:O, l-(Hl—Hg):l-(fon).

e Surface without free charges:

’n-(Dl—D2>:O, l-(El—E2>=O,
’n,-(Bl—B2>:O, l-(Hl—H2>:O.

e ... variants.
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Continuity equation, charges

Macroscopic:

VxH=J¢+D, V-D=p

14



Continuity equation, charges

Macroscopic:

VxH=J;+D, V-D=p

C> pr+ V- Je =0, Qf’v+/ J¢-da = 0.
oV
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Continuity equation, charges

Macroscopic:

VxH=J;+D, V-D=p

C> pr+ V- Je =0, Qf’v+/ J¢-da = 0.
oV

Microscopic:

VXB:,LLOJ—I—,LLOEOE, eV - E =p

G j1v.J=0 Qv+/ J -da = 0.
oV

14



Energy of electromagnetic fields

e Force on a particle with chargg velocityv, in afield E, B :
F =q(FE +vxB),
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Energy of electromagnetic fields

e Force on a particle with chargg velocityv, in afield E, B :
F =q(FE +vxB),

e Work for shifting the particle by d= v dt:
dW =F -dr =q(FE +v x B)-vdt =qF - vdt,
daw

e respective power: & = qF - v.

For a charge density;(r, ) :
force density f = ps(E + v x B),

C» powerdensityf-v=p;FE-v=J; - FE,

total work per time unit done i : % = / J¢- EdV.
V

15



Poynting theorem

VxH=J+D, VxE=-B

dﬂ glech:/Jf.Edy:_/(E.D+H-B)dV—/V-(ExH)dV,
t V Y V

16



Poynting theorem

VxH=J;+D, VxE=-B

G meCh:/Jf-EdV:—/
)%
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Poynting theorem

VxH=J;+D, VxE=-B

G meCh:/Jf-EdV:—/
)%

Sy (E-D+H-B)dV—/V~(E><H)dV,
dt V V

e Poyntingvectar S =F x H, (energy flux density, power density)

. 1
e energydensity wu= 5(E .D+ H - B), pyfield — / wdV,
y
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Poynting theorem

VxH=J;+D, VxE=-B

dﬂ ;;nech:/Jf.Edy:_/(E.D+H-B)dV—/V-(ExH)dV,
t V Y V

Poynting vectar S = F x H, (energy flux density, power density)

. 1
energy density u = §(E-D+H-B), Wﬁeld:/udv,
V
D =¢¢E, B=yuH ~—~ 4= (E-D+ H-B) (N
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Poynting theorem

VxH=J;+D, VxE=-B

C» E mech /Jf EdV——/(ED—I-HB)dV—/V(EXH)dV’
d¢ V Y V

e Poyntingvectar S =F x H, (energy flux density, power density)
. 1
e energydensity u= 5(E .D+ H - B), pyeld — / wdV,
V

e D=¢eE, B=yuH ~—~ 4= (E-D+H-B) ("

V arbitrary
d
G 4+V.-S=-J; E (Wmech Wﬁeld) —7{ S - da.
dt oV

16



Momentum of electromagnetic fields

e Density of forces on a charge density velocityv, in a field E, B :
f:pf(E—I—’UXB):pr—I—JfXB,
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Momentum of electromagnetic fields

e Density of forces on a charge density velocityv, in a field E, B :

f:pf(E—I—UXB):pr—I—JfXB,

e change of mechanical momentumirwith time:

d
Fy= _pp*™ = /V(pr +J¢ x B)dV.

V-D=yp;, VxH=J¢+D, V-B=0
0

G f=(EV-D-DxVxE+HV-B-BxVxH)-_(DxB)

17



Momentum of electromagnetic fields

f = pE+JixB
= (EV-D-DxVXE+HV -B-BxVxH)

0

ot

(D x B).

18



Momentum of electromagnetic fields

<
]

o+ Jf X B
= (EV-D-DxVXE+HV -B-BxVxH)
D = ¢yeE, B = uouH,

3
C» (EV-D—DXVXE)i:eoejz_:la—rj (EZ—E]'—§E 5Z-j),

3
1 ) 1
(HV-B-BxVxH),=—) jf<BiBj—§B25ij>.

0

ot

(D x B).
()

18



Momentum of electromagnetic fields

f = pE+JixB

= (EV-D—D><V><E+HV-B—B><V><H)—E(D><B).
D = eyeE, B = pouH, (N
G 0 [
(EV-D—-DxV x E), Za—<z 2E5m)
(HV -B-BxV xH), = iii (BiB-—lB25i->.
" pop iz Or; 72 ’
e Maxwell stress tensor (momentum flux density)
1
Tz] = GOEEiEj + — (513 <€0€E -+ —B2>
HoH o

T=(Ty), Tij=Tj, (a-T) Z%sz, (V- T)i

0

18



Momentum of electromagnetic fields

f = pE+JixB
0
= (IEV7-I)——I)><V7><13+—EI‘7-13—-£3>:V7>:II)——EE(I)>:EQ.
e Maxwell stress tensor (momentum flux density)

1 1 1
Tij = GOEEiEj -+ —BiBj — —(57;]' (606E2 + —B2> .
o 2 Lok
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Momentum of electromagnetic fields

= ptE+ Jsx B

0
= (IEV7-I)——I)><V7><13+—EI‘7-13—-£3>:V7>:II)——EE(I)>:EQ.
Maxwell stress tensor (momentum flux density)

1 1 1
Tij = GOEEiEj -+ —BiBj — —(57;]' (606E2 + —B2> .
o 2 Lok

density of momentum D x B = epepiop S, pifd = egpuo / e Sdy
y
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Momentum of electromagnetic fields

f = pE+JixB
0
= (IEV7-I)——I)><V7><13+—EI‘7-13—-£3>:V7>:II)——EE(I)x:Eﬂ.
e Maxwell stress tensor (momentum flux density)

1 1 1
Tij = GOEEiEj -+ —BiBj — —(57;]' <€0€E2 + —B2> :
o 2 Lok

e density of momentum D x B = egepopn S,  piFd = eoug / e Sdy
y

: d
C» eocpopuS — V- T = —(prE+ J¢ x B), 3 (p?e(zh +p%eld) :]g T-da.
1%
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Momentum of electromagnetic fields

f = pE+Jsx B
— (IEV7-I)——I)><V7><13%—EIY7-13——£3><V7><II)——£%(I)><13)

e Maxwell stress tensor (momentum flux density)
1 1 1
Tij — EeriEj -+ —BzB] — —(57;]' <€0€E2 -+ —B2> .
o 2 Lok

e density of momentum D x B = egepopn S,  piFd = eoug / e Sdy
y

: d
C» eocpopuS — V- T = —(prE+ J¢ x B), 3 (p?e(zh +p%eld) :]g T-da.
1%

T - da : force per unit area acting on the surface element d d
T;; = T}; : component of the force per unit area acting on a surface element inwreg, apgleCh = Fy

T;; . pressures,T;»; : shear forces.



Energy and momentum, microscopic

(e=1Lpu=1,pr > p,Js — J)

Energy
1 1 1
S=—FE x B, u:—<eoE2+—B2>,
o 2 o

d
W+V-S=-J-E (Wmech Wﬁeld) —]{ S - da.
dt 5%

Momentum

1 1 1
Tij = GoEiEj + —BiBj — _5ij <€0E2 + —B2> ; coll X B = €yl S,
o 2 1o

. d
eoptopS — V- T=—(pE + J x B), =7 (p?e(zh—l-p%eld) 272 T - da.
V
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Energy and momentum, microscopic

(e=1,p=1,pf > p,Jg — J)

Energy
1 1 1
S=—F x B, u:—<eOE2+—B2>,
10 2 o

d
W+V.-S=-J- E, (Wmech Wﬁeld) —]{ S - da.

dt 5%
Momentum

1 1 9 I,
Tij = GoEiEj + %BiBj — 5523 coll” + %B ; col X B = €egug S,
: d
eoptopS — V- T=—(pE + J x B), =7 (pge(zh—l-p%eld) 272 T - da.
V

e ... variants.
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Upcoming

Next lecture:

e \Wave equation, plane waves, refractive index, polarinagmergy transport,
spherical waves

‘In what we trust...

21
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