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Course overview

Electrodynamics
A Introduction, Maxwell equations, brush up on vector calculus, Dirac delta, potentials, Taylor expansion,

Fourier transform,

B Maxwell equations, brush up on electro- and magnetostatics, multipole expansion

C Maxwell equations, microscopic and macroscopic, time- andfrequency domain,
differential and integral form, interface conditions, continuity equation,
energy and momentum of electromagnetic fields

D Wave equation, plane waves, plane harmonic electromagnetic waves, refractive index, polarization,
energy transport, spherical waves

E Reflection and transmission at interfaces, lossy materials, wave packets, dispersion,
phase and group velocity

F Maxwell equations, vectorial and scalar Helmholtz equation, 2D configurations (intermezzo),
mode problems, metallic and dielectric waveguides

G Scalar and vector potentials, gauge conditions, retardedpotentials, electric and magnetic dipole radiation

H Special relativity; transmission lines
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Maxwell equations

SI, in matter, time domain, differential form:

∇ ·D = ρf ,

∇×E = −Ḃ,

∇ ·B = 0,

∇×H = J f + Ḋ,

D = ǫ0E + P ,

B = µ0(H +M).

(+ constitutive relations)

E(r, t): electric field,
D(r, t): (di-)electric displacement,
B(r, t): magnetic induction (field, flux density),
H(r, t): magnetic field (. . .),
ρf(r, t): density of free charges,
J f(r, t): density of free currents,
P (r, t): polarization,
M(r, t): magnetization,

ǫ0: free space permittivity,
µ0: free space permeability.

F = q(E + v ×B) (Lorentz-) forceF on a chargeq with velocityv.
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Maxwell equations

• Macroscopicequations, linear isotropic media:
∇ ·D = ρf , ∇×E = −Ḃ, ∇ ·B = 0, ∇×H = J f + Ḋ,

D = ǫ0ǫE, B = µ0µH .

• Microscopicequations: (ǫ = 1, µ = 1, D = ǫ0E, B = µ0H)
ǫ0∇ ·E = ρ, ∇×E = −Ḃ, ∇ ·B = 0, ∇×B = µ0J + µ0ǫ0Ė,

• . . . alternatively:
ǫ0∇ ·E = ρ, ∇×E = −µ0Ḣ, ∇ ·H = 0, ∇×H = J + ǫ0Ė.

• Homogeneous macroscopic equations: (ρf = 0, J f = 0)
∇ ·D = 0, ∇×E = −Ḃ, ∇ ·B = 0, ∇×H = Ḋ,

D = ǫ0ǫE, B = µ0µH .

• Homogeneous microscopic equations: (ρ = 0, J = 0)
∇ ·E = 0, ∇×E = −Ḃ, ∇ ·B = 0, ∇×B = µ0ǫ0Ė,

• . . . alternatively:
∇ ·E = 0, ∇×E = −µ0Ḣ , ∇ ·H = 0, ∇×H = ǫ0Ė.
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Maxwell equations, integral form

• ∇ ·D = ρf
∫

∂V
D · da = Qf,V , Qf,V =

∫

V
ρf dV .

• ∇ ·B = 0
∫

∂V
B · da = 0.

• ∇×E = −Ḃ
∮

∂S
E · ds = −Φ̇B,S , ΦB,S =

∫

S
B · da (↔ ∂tS . . . ).

• ∇×H = J f + Ḋ
∮

∂S
H · ds = If,S + Φ̇D,S , If,S =

∫

S
J · da, ΦD,S =

∫

S
D · da.

• . . . variants.
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Maxwell equations, Fourier transform

∇ ·D = ρf , ∇×E = −Ḃ, ∇ ·B = 0, ∇×H = J f + Ḋ,
D = ǫ0ǫE, B = µ0µH

& F (r, t) =
1√
2π

∫

F̃ (r, ω) e−iωtdω, F̃ (r, ω) =
1√
2π

∫

F (r, t) eiωtdt

E(r, t), D(r, t), B(r, t), H(r, t), ρf(r, t), J f(r, t)

Ẽ(r, ω), D̃(r, ω), B̃(r, ω), H̃(r, ω), ρ̃f(r, ω), J̃ f(r, ω),

∇ · D̃ = ρ̃f , ∇× Ẽ = iωB̃, ∇ · B̃ = 0, ∇× H̃ = J̃ f − iωD̃,

D̃ = ǫ0ǫẼ, B̃ = µ0µH̃ (Caution !).

• . . . variants.
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Maxwell equations, frequency domain

∇ · D̃ = ρ̃f , ∇× Ẽ = iωB̃, ∇ · B̃ = 0, ∇× H̃ = J̃ f − iωD̃,

D̃ = ǫ0ǫẼ, B̃ = µ0µH̃ .

• F ∈ R F̃ (r,−ω) = (F̃ (r, ω))∗

• “at frequencyω0”: F̃ (r, ω) =

√

π

2
F̄ (r) δ(ω − ω0) +

√

π

2
F̄

∗
(r) δ(ω + ω0)

F (r, t) =
1

2

{

F̄ (r)e−iω0t + F̄
∗
(r)eiω0t

}

,

F (r, t) = Re
{

F̄ (r)e−iω0t
}

,

“F (r, t) =
1

2
F̄ (r)e−iω0t + c.c.”.

Ē(r), D̄(r), B̄(r), H̄(r), ρ̃f(r), J̄ f(r), ∼ exp(−iω0t),

∇ · D̄ = ρ̄f , ∇× Ē = iω0B̄, ∇ · B̄ = 0, ∇× H̄ = J̄ f − iω0D̄,

D̄ = ǫ0ǫω0
Ē, B̄ = µ0µω0

H̄ .
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Maxwell equations, dispersion

∇ · D̃ = ρ̃f , ∇× Ẽ = iωB̃, ∇ · B̃ = 0, ∇× H̃ = J̃ f − iωD̃,

D̃ = ǫ0ǫẼ, B̃ = µ0µH̃ .

• (Material)dispersion: ǫ̃(ω), µ̃(ω),
ǫ̃, µ̃ are usually determined at specific frequencyω.

• D̃(r, ω) = ǫ0ǫ̃(ω)Ẽ(r, ω), B̃(r, ω) = µ0µ̃(ω)H̃(r, ω)

D(r, t) = ǫ0

∫

ǫ(t− t′)E(r, t′)dt′,

B(r, t) = µ0

∫

µ(t− t′)H(r, t′)dt′.
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Interface conditions

∇ ·D = ρf

∫

∂V
D · da = Qf,V

• interface between two media 1, 2, surface normaln,
• surface charge densityσf ,
• “Gaussian pillbox”, flatten first, then shrink to a point:

(Griffiths, page 331, Fig. 7.46)
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Interface conditions

∇ ·D = ρf

∫

∂V
D · da = Qf,V

• interface between two media 1, 2, surface normaln,
• surface charge densityσf ,
• “Gaussian pillbox”, flatten first, then shrink to a point

n · (D1 −D2) = σf .

∇ ·B = 0

∫

∂V
B · da = 0

n · (B1 −B2) = 0.
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Interface conditions

∇×H = J f + Ḋ

∮

∂S
H · ds = If,S +

d
dt

∫

S
D · da

• interface between two media 1, 2, surface normaln,
• surface current densityKf ,
• “Amperian loop”, surface tangentl, flatten first, then shrink to a point:

(Griffiths, page 332, Fig. 7.47)
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Interface conditions

∇×H = J f + Ḋ

∮

∂S
H · ds = If,S +

d
dt

∫

S
D · da

• interface between two media 1, 2, surface normaln,
• surface current densityKf ,
• “Amperian loop”, surface tangentl, flatten first, then shrink to a point,
• flux of D vanishes with “S → 0”

l · (H1 −H2) = Kf · (n× l) = l · (Kf × n), ∀l, |l| = 1, l ‖ surface.

∇×E = −Ḃ

∮

∂S
E · ds = − d

dt

∫

S
B · da

l · (E1 −E2) = 0 ∀l, |l| = 1, l ‖ surface.
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Interface conditions, summary

• Surface between media 1 and 2, surface normaln, surface tangentsl,
surface charge densityσf , surface current densityK f :

n · (D1 −D2) = σf , l · (E1 −E2) = 0,

n · (B1 −B2) = 0, l · (H1 −H2) = l · (K f × n).

• Surface without free charges:

n · (D1 −D2) = 0, l · (E1 −E2) = 0,

n · (B1 −B2) = 0, l · (H1 −H2) = 0.

• . . . variants.
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Continuity equation, charges

Macroscopic:

∇×H = J f + Ḋ, ∇ ·D = ρf

ρ̇f +∇ · J f = 0, Q̇f,V +

∫

∂V
J f · da = 0.

Microscopic:

∇×B = µ0J + µ0ǫ0Ė, ǫ0∇ ·E = ρ

ρ̇+∇ · J = 0, Q̇V +

∫

∂V
J · da = 0.
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Energy of electromagnetic fields

• Force on a particle with chargeq, velocityv, in a field E, B :

F = q(E + v ×B),

• work for shifting the particle by dr = v dt :

dW = F · dr = q(E + v ×B) · v dt = qE · v dt,

• respective power:
dW
dt

= qE · v.

For a charge densityρf(r, t) :

force density f = ρf(E + v ×B),

power densityf · v = ρfE · v = J f ·E,

total work per time unit done inV :
dWV

dt
=

∫

V
J f ·E dV .
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Poynting theorem

∇×H = J f + Ḋ, ∇×E = −Ḃ

d
dt
Wmech

V =

∫

V
J f ·E dV = −

∫

V
(E ·Ḋ+H ·Ḃ)dV −

∫

V
∇ · (E×H)dV ,

• Poynting vector: S = E ×H , (energy flux density, power density)

• energy density: u =
1

2
(E ·D +H ·B), W field

V =

∫

V
udV ,

• D = ǫ0ǫE, B = µ0µH u̇ = (E · Ḋ +H · Ḃ) (!)

V arbitrary

u̇+∇ · S = −J f ·E,
d
dt

(

Wmech
V +W field

V

)

= −
∮

∂V
S · da.
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Momentum of electromagnetic fields

• Density of forces on a charge densityρf , velocityv, in a field E, B :

f = ρf(E + v ×B) = ρfE + J f ×B,

• change of mechanical momentum inV with time:

F V =
d
dt
pmech
V =

∫

V
(ρfE + J f ×B)dV .

∇ ·D = ρf , ∇×H = J f + Ḋ, ∇ ·B = 0

f = (E∇ ·D −D ×∇×E +H∇ ·B −B ×∇×H)− ∂

∂t
(D ×B).
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Momentum of electromagnetic fields

f = ρfE + J f ×B

= (E∇ ·D −D ×∇×E +H∇ ·B −B ×∇×H)− ∂

∂t
(D ×B).

. . . D = ǫ0ǫE, B = µ0µH, . . . (!)

(E∇ ·D −D ×∇×E)i = ǫ0ǫ

3
∑

j=1

∂

∂rj

(

EiEj −
1

2
E2δij

)

,

(H ∇ ·B −B ×∇×H)i =
1

µ0µ

3
∑

j=1

∂

∂rj

(

BiBj −
1

2
B2δij

)

.

• Maxwell stress tensor: (momentum flux density)

Tij = ǫ0ǫEiEj +
1

µ0µ
BiBj −

1

2
δij

(

ǫ0ǫE
2 +

1

µ0µ
B2

)

.

T = (Tij), Tij = Tji, (a · T)i =
3

∑

j=1

ajTij , (∇ · T)i =
3

∑

j=1

∂

∂rj
Tij .
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Momentum of electromagnetic fields

f = ρfE + J f ×B

= (E∇ ·D −D ×∇×E +H∇ ·B −B ×∇×H)− ∂

∂t
(D ×B).

• Maxwell stress tensor: (momentum flux density)

Tij = ǫ0ǫEiEj +
1

µ0µ
BiBj −

1

2
δij

(

ǫ0ǫE
2 +

1

µ0µ
B2

)

.

• density of momentum: D×B = ǫ0ǫµ0µS, pfield
V = ǫ0µ0

∫

V
ǫµS dV

ǫ0ǫµ0µṠ−∇ ·T = −(ρfE+J f ×B),
d
dt

(

pmech
V + pfield

V

)

=

∮

∂V
T ·da.

T · da : force per unit area acting on the surface element da,
Tij = Tji : componenti of the force per unit area acting on a surface element in direction j,

d

dt
pmech

V = FV

Tii : pressures,Ti 6=j : shear forces.
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Energy and momentum, microscopic

(ǫ = 1, µ = 1, ρf → ρ, J f → J )

Energy:

S =
1

µ0
E ×B, u =

1

2

(

ǫ0E
2 +

1

µ0
B2

)

,

u̇+∇ · S = −J ·E,
d
dt

(

Wmech
V +W field

V

)

= −
∮

∂V
S · da.

Momentum:

Tij = ǫ0EiEj +
1

µ0
BiBj −

1

2
δij

(

ǫ0E
2 +

1

µ0
B2

)

, ǫ0E ×B = ǫ0µ0 S,

ǫ0µ0Ṡ −∇ · T = −(ρE + J ×B),
d
dt

(

pmech
V + pfield

V

)

=

∮

∂V
T · da.

• . . . variants.
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Upcoming

Next lecture:

• Wave equation, plane waves, refractive index, polarization, energy transport,
spherical waves
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