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Course overview

Electrodynamics

A

B
C

I

Introduction, Maxwell equations, brush up on vector calsuDirac delta, potentials, Taylor expansion,
Fourier transform,

Maxwell equations, brush up on electro- and magnetostatnciltipole expansion

Maxwell equations, microscopic and macroscopic, timel-famquency domain,
differential and integral form, interface conditions, tanity equation,
energy and momentum of electromagnetic fields

Wave equation, plane waves, plane harmonic electromaqnaties, refractive index, polarization,
energy transport, spherical waves

Reflection and transmission at interfaces, lossy masemalve packets, dispersion,
phase and group velocity

Maxwell equations, vectorial and scalar Helmholtz equmat2D configurations (intermezzo),
mode problems, metallic and dielectric waveguides

Scalar and vector potentials, gauge conditions, retgosdezhtials, electric and magnetic dipole radiation
Special relativity; transmission lines



Wave equation

e Homogeneous macroscopic Maxwell equations: (pr = 0, Jg = 0)

V- D=0, VXE=-B, V-B=0, VxH=D

e Linear isotropic homogeneous media: (e{r), pie)y )
D = €0€E, B = ,LLOILLH

C» V-E=0, VxE=—uwuH, V-H=0, V xH =¢yE,

C> AE = EO/ULOEILLE, AH = GOMOG,LLI:I-



Wave equation

c2 Ot? c2 Ot?
L 1
e speed of light in vacuum C = ,
V€010
1 C

. . C
e phase velocityn the medium: g, o

B v €OHoEH B V EH

e refractive indexof the medium: n = /ep.

1 2
Shorter: OE =0, OH =0, 0O= (A — _8_) “Quabla”,
(d’Alembert operator)


http://en.wikipedia.org/w/index.php?title=Quabla&redirect=no

Plane waves

1 O?

(A — C_Zﬁ) Y(r,t) = 0. (%)

m

Y(r,t) = f(k-r—wt)+b(k-r+ wt)

solves ) for w? = k*c?, (f, b arbitrary (smooth)w > 0, k = |k|)

Features off appear on planes witlk: - » — wt = g const.,
l.e. move with velocity ¢ = w/k indirection k/k. T % — 0 %t

Features ob appear on planes witlk - » + wt = ¢ const.,
i.e. move with velocity g, = w/k in direction —k/k. r- % =2 %t

PlanesL k: wave fronts phase fronts



Plane harmonic waves

1 92

. 1~ i
e frequency domain: ¢(r,t) = §¢(r) e W4,
w?\ - -
C» (A + %) Y(r) =0, (Helmholtz equation)
* spatial oscillations: 1(r, ) = St e ka dhyy glkzz g—lwl | ¢ o
C, 5 B Yo € C, onlyg # 0is of interest,k = (kz, ky, k)
(—k + 0—2) Yo =0,

b(r, 1) = Reqy & (BT —wt)



Plane harmonic waves

(r,t) = Reyy e (kT —wt)

e Periodicity intime: angular frequency W,
. 2
period T = —7T,
w
e Spatial periodicity: wave vector k, k= |k
wavenumber =2
Cm
w
vacuum wavenumber ko = .
refractive index n = /€l
2
vacuum wavelength A= —
ko
. . 2T
wavelength in the medium A\, = =

e Electromagnetic spectrum

w
= — :]{j .
Cn on
2mC
w b)
2w A
- kon 0n


http://en.wikipedia.org/wiki/Electromagnetic_spectrum

Plane harmonic electromagnetic waves

or

V-E=0, VXE=—uuH, V-H=0, V xH =e¢yE,

E(r,t)=Eod* "= H(r )= Hy ek T
(skip1/2, Re, c.c.)

v.BE=0, VXE=iwupuH, v -H=0, V xH =—iweeE,

~

E(r)=Eye*®' ", H@r)=H kT

(exercise)

k-Eo=0, kXxFEj=wuyupHgy, k-Hy=0 kx Hy= —weyek),

C» Eylk Hylk, Eygl Hgy transverse waves

wepeEg = Hy x k. ~—= orthogonal right-hand syste§iq, Hy, k}.



Plane harmonic electromagnetic waves

E(rt)=E k- m=w)  pe )= Hydkr—wl)

Example

1
k=ke, Fog=Fye,, Hy= kx FEqy= iE@By (Eo € R)
whtoh V rop

- E(r,t) = Eye, cos(kz —wt), H(r,t)= ¢ Ey ey cos(kz — wt).
V wop
(6 = efr}1, i = pfry1))

Griffiths, Fig. 9.10, page 379 B = popH, B(r,t) = C—O ey cos(kz — wt).
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http://en.wikipedia.org/wiki/File:Electromagneticwave3D.gif

Polarization

E(rt)=E k- m=w)  pu )= Hydk-r—wl)

e Polarization - orientation of theeslectricpart of the wave.

e Complex notationE,, H, € C?3 in general.
o k,Ej given,k: 1 Eyg ~» Hy= w,ug,uk: X Fy.

Assumek = ke., oo = |Bo.l, Eoy = |Foy|€°

(common phase iy , andEg_ , omitted)

G E(r,t) = |Eo x| eg cos(kz —wt) + |Epy| €y cos(kz —wt +9)
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Polarization

k — kez’ anx — ‘anx ! any — ‘any‘ el5
G E(r,t) = |Eo x| ey cos(kz —wt) + |Epy| €y cos(kz —wt +9) (%)

o 0=0, 0 =+
E(rt) = (|Eo.| ex + | Eoyle,) cos(kz — wt),
linear polarized wave E oscillates in the pland| {|Ey.|es + |Eoyl ey, k}

® 0 = :|:7T/2, E()’a;‘ = ‘EO,y‘ = Fy:
E(r,t) = Eo (cos(kz — wt) e, £sin(kz — wt) ey)
circularly polarized wavez fixed: E(t) describes a circle in time.

e otherwise:elliptical polarization

e (x)Iisthe sum of two linearly polarized waves.
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Energy transport

1
:§(E.D+H-B), S=F x H,

E(r,t) = ReE(r)e'“t (D, B, H analogously)

C» S, u oscillate in time.

Consider time-averaged quantities;f (t) = % /t A f(t") dt’ (exercise)

G u=Re(E" - D+H B), S=_Re(E xH)

Specifically: (exercise)
E(r,t) = E, dk-r —wt)’ H(r,t) = H, dk-r —wt)

G = coe|Bol? =  pou | HoP, S = o \EO\Z §:cmﬂ%,

Intensity|S|: average power per unit area transported by the wave.



Spherical waves

2
(A — ciz%) Y(r,t) =0. (*)

Spherical coordinates v, :
10 (,0 1 1 0 (. .0 1 02
A=y, (T E) T {sim? Y (Smﬁa_ao T sin? v 89@2}'

(exercise)

Spherically symmetric solutions of)
1 1
w('r', t) = ; fout(k'r — CL)t) + ; fin(kr —+ CL)t)

with  w? = k?c?, (fout, fin arbitrary (smooth)w > 0).
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Spherical waves

1 1
Y(r,t) = " fout (kr — wt) + . fin (kT + wt).
e Wave fronts: spheresround the origin.
e Features off,,+ move with velocity ¢, = w/k outward, dampeéd- %

e Features off;, move with velocity ¢, = w/k inward, growing~ 1.

Harmonic spherical electromagnetic waves,

E(r,t) = Eo(r) % d (br=wt)  F(r ) = Ho(r) % d (hr = wt),
. as for the plane waves:

e period, wavenumber, wavelength, phase velocity,

e transverse waves,Ey(r), Hy(r),r} form aright-hand system,

e polarization.
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General solution of the wave equation

(2)?
G (—k2 + (:—2> V(k,w) =0
G ik, w) = as(k) 6(w — w) + an (k) 5(w + wy) W = Cok
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Upcoming

Next lecture:

e Reflection and transmission at interfaces, lossy matemnalge packets,

phase and group velocity, dispersion

‘In what we trust...
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