Calculating Spontaneous Emission for Layered
Structures






Contents

1 Introduction
1.1 Background and Motivation . . . . . . ... ... ... .. ..
1.2 Decay of Energy of an Excited Electronic State . . . . . . ..
1.3 Objectives . . . . . . . . .
1.4 Outline of the thesis . . . . . . ... ... ... ... .....

2 2D Problem
2.1 The Problem . .. ... ... ... ... ...
2.2 TE Polarization . . . . . . . . . .. ... ... ... ...
2.2.1 Radiation fields . . . . . . . ... ...
2.2.2 Guided Fields . . . . ... ... ...
2.3 TM polarization . . . . . . . . . ...
2.3.1 Radiation Fields . . . . . ... ... ... ... ....
2.3.2 Guided Fields . . . . ... ... ... ...

3 3D Problem
3.1 TE Polarization . . . . . . . . ... ... ... ... .. ...
3.1.1 Rotation Transform . . . . . . . . . . ... ... ....
3.1.2 Radiation Fields and Radiated Power . . . . . . . . ..
3.1.3 Guided Fields and Guided Power . . . . ... ... ..
3.2 TM Polarization . . . . . . . . . . . . ...
3.2.1 Radiation Fields and Radiated Power . . . . . . . . ..
3.2.2 Guided Fields and Guided Power . . . . .. ... ...

4 Discussion of the Results
4.1 Uniform Space. . . . . . . . . . ... ...
4.2 System closed with metal/manetic walls . . . . .. ... ...
4.3 Slab Wave Guides . . . . . . . .. .. ... ... ... ...



4 CONTENTS

4.4 Conclusion . . . . . . . . ., 46

5 Summary and Conclusion 47



Chapter 1

Introduction

1.1 Background and Motivation
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Figure 1.1: Spontaneous emission in a layered system with a dipole source

The local density of modes plays a dominant role in spontaneous emission
of excited atoms and molecules. Over the years, various papers have been
published on spontaneous emission in planar structures presenting results in-
cluding radiation modes [8] only, or approximate expressions [2, 6]. To best of
our knowledge no full treatment including the emission to the guided modes
has been presented so far. In principle exact analytical expressions could be
obtained by using Greens functions techniques, but these are normally quite
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cumbersome to evaluate and usually not very transparent. Therefore, it is
interesting to look for simple, complete and exact expressions.
According to the correspondence principle [8], expressions for the local den-
sity of modes can obtained by considering the energy flow into radiation and
guided modes from a classical dipole positioned in one of the layers:

p P

pO_FO’

where p is the local density of modes/states of a specific structure and P the
outgoing power for the same structure. py and P, are the local density of
modes/states and the outgoing power for a uniform structure, respectively.
The problem corresponds to a inhomogeneous Helmholtz equation with a
localized source term.

In this MSc thesis the spontaneous emission of a single source embedded
in a layered (planar) structure is treated (see figure (1.1)). As mostly the
electric dipole moments are much stronger than the magnetic dipole moments
we assume radiating electric dipoles only. The approaches for the electric
dipoles and the magnetic dipoles are essentially similar.

1.2 Decay of Energy of an Excited Electronic

State
Before emission After emission
Atom in
excited state >

Photon hr (=E, - E, )

Atom in ground state

Figure 1.2: An energy level diagram illustrating the process of spontaneous
emission
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There are two means in which an atom in the excited state can decay
[5]. In the first one, an atom in an excited state makes a transition to a
lower state, with the emission of a photon. The photon energy is equal to
the energy difference of the two atomic states. This is spontaneous emission
or radiative transition (see figure (1.2)).

In second kind of decay, an atom in an excited state reaches the ground
state without radiative emission, e.g. by giving off all the energy to the
phonon system or by radiationless transfer to another centre. This is a non-
radiatve transition.

The decay of an excited state can be summarized symbolically as

() e~ )
(= + (= ,
T T ) radiative T/ nonradiative

where 7 is the lifetime of the atom.

In this study we are only interested in the radiative transition of light (spon-
taneous emission). The radiative transition probability (%) radiative 1S Pro-
portional to the local density of modes

1 —
— x p(w, 7, structure, ...),
T/ radiative

where p is the local density of modes/states, w is the optical frequency and
7 is the position of the source.

1.3 Objectives

We shall now define the objectives of this MSc thesis work in more detail

e Deriving analytical expressions for the amplitudes of the radiation and
guided fields of the twodimensional problem. Both TE and TM polar-
ization will be considered. This way we treat most of the difficulties
that we might face when solving the full vectorial problem.

e Extending the analytical expressions of the twodimensional problem to
the threedimensional problem.
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e Deriving analytical expressions for the radiated and the guided power
in the case of the threedimensional problem.

e Verifying and investigating the validity of the obtained expressions.
Moreover providing some examples.

All our attention will be paid to obtain expressions for the radiated and for
the guided power. That means we are not treating the evanescent waves, as
they do not contribute to the outgoing power.

According to the proportionately between the transferred power P and the
density of modes p, in this way we can directly predict the relative decay
probability of atoms in a layered system.

1.4 Outline of the thesis

The structure of this MS.c thesis is as follows:

Following the introduction, in the second chapter, we will solve twodimen-
sional inhomogeneous Helmholtz equation with a localized source term in the
Fourier domain in order to find exact analytical expressions for the ampli-
tudes of the radiation and the guided modes.

In the third chapter we will extend the expressions that have been obtained
in the previous chapter to full vectorial equations by following a similar rea-
soning. Moreover, analytical expressions for the radiated and the guided
power will be obtained.

In the fourth chapter, we investigate the validity of the obtained expressions.
In the remaining part of chapter four applications to some interesting struc-
tures are given.

In the final chapter the main conclusions are presented.



Chapter 2

2D Problem

In this chapter we derive analytical expressions for the amplitudes of the
radiation and the guided fields due to a radiating dipole in the core of a
2D dielectric layered structure. One of these layers may contains distributed
sources. Here we consider only one dipole source as shown in figure (2.1).
Both TE and TM polarizations are considered. It is assumed that the refrac-
tive index varies only along z. It should be noted that the time dependence
e™? is implicit through the analysis, where w is the frequency of the point
source.

2.1 The Problem

In this section we formulate the wave equations for the layered slab media as
shown in figure (2.1). Taking into account the fact that we treat a dielectric
optical waveguide, we assume a permittivity and permeability of the form ¢ =
gon®(z) and p = g, where n(z) represent the spatially dependent refractive
index, g9 and g are the free-space permittivity and free-space permeability,
respectively.

From Maxwell’s curl equations we obtain

V X E = —iu)ﬂoﬁ
VxH = iwen’E +iwP (2.2)

where E is the electric field, H is the magnetic field and P is the polarization
of the source (radiating dipole).
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Figure 2.1: Layered system with a dipole source.

Now if we take the curl of Egs (2.1) and (2.2) we find

VxVxE = kn*z)E +wuP, (2.3)
P

n?(2)V x ——V x H = kn?(z)H + iwn?(2)V x ()

1
n?(z)

(2.4)

Since we will treat the Eq. (2.3) and (2.4) locally (for each layer) the second
term in the right hand side of (2.4) can be written as

iwV x P.
We consider a dipole source, therefore, the polarization can be written as
P = po(r — 7o) (2.5)
where p' is so-called electric dipole moment.
It should be noted that the polarization is different in 2D formulation (9, =
0) from the 3D formulation. In the following we denote the polarization

regarding the 2D problem by ﬁw, where Py = po(x — x0)0(z — z0), and the
one regarding the 3D problem by P (see chapter 3).
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2.2 TE Polarization

For the TE polarization only the polarization along y contributes. From
Egs. (2.3) and (2.4), using 0, = 0, the considered 2D wave equation for TE
polarization reads

[0z + 0. + kin?(2)]|E, (7, 2) = —w?uopap 40 (F — 73) (2.6)

where pap , is the electric dipole along y and 7 is the position of the source,

f:<j).

I —10) = 0(x — x0)d(2 — 20). (2.7)

Below we will derive expressions for the outgoing fields which may be in the
form of the radiation and guided fields.

We can write

2.2.1 Radiation fields

First we determine the amplitudes of the radiation fields. Physically we
expect waves to propagate a way from the source generating them and not
towards it. As we are interested in the outgoing radiation we solve Eq.(2.6)
considering the radiation running to the cover (layer 1) and the substrate
(layer p).

We assume that there is a horizontal (artificial) layer, say layer m, within
the source layer containing the source as shown in figure (2.2). This layer
has a very thin width d,,. We choose a local coordinate within each layer
(except for the top layer), x = 0 — d,,, where d,, is the width of layer m.
Considering the thin layer within the source layer, layer m, the x-dependent
of delta function, §(z — x¢), can be written as

1
d(x —xp) = dlirEO d—h(x — ), (2.8)

where

1 ifo0 dm
NOEE S (2.9)
0 otherwise
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Figure 2.2: Layered system with a horizontal layer m containing the source.

By taking the Fourier transform of Eq.(2.6) with respect to z and by using
d(z — xo) = ih(m — x9) (before taking the limit: lim,, o) we obtain for
each frequency k.

2
Oue — k2 + k2n2(2)]G) (ks 7)) = = d“o Goh(z — o), (2.10)

m

where

1T A
Gr(k,,x) = E/Ey(x,z)e’kzzdz,

1 ik zo

Epw,ye .

Eq. (2.10) can be solved for all k, corresponding to plane waves running into
the substrate and the cover.

Ansatz (1): The field solution in the source layer, layer m, is written as the
sum of the homogeneous and inhomogeneous solutions as

Gy =

Grm(kz, @) = Q1 €7 + Ay —e” ™" + b, (2.11)

where b is a constant and «,,, = \/k2 — k2n2,, with Re(a,,,) > 0if Re(a,,) # 0,
and Im(ay,) > 0 otherwise for real or imaginary values, respectively.

In this subsection we are only interested in the radiation fields. Thus we
will only determine the field solutions for the imaginary values of «,, in the
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outermost layer ( for m =1 and p).

By substituting Eq. (2.11) into Eq.(2.10) we obtain the inhomogeneous so-
lution

. WQNO Go

 dy a2

b

To determine the homogeneous solutions we solve Eq.(2.10) with ansatz
(2.11) for outgoing waves in the substrate and cladding with the require-
ment that G, and 0,G, are continuous along z. Using this fact expressions
for the amplitudes of the outgoing plane waves in the cladding and substrate
can be found for all relevant k, values. The regions of the relevant propaga-
tion constant k., of the cladding and the substrate is given by |k.| < K; and
|k.| < K, respectively, where K, = kon,, ¢ = 1, p and k¢ is the wave number
in the free space.

The field solution (for given k,) in layers 1 to m — 1 should be identical
to that corresponding to an incoming plane wave in layer m, leading also to
an outgoing wave in layer 1. A similar reasoning holds for layers m + 1 to
p. Based on that, the ratio of the field and its derivative (with respect to x)
should be equal to that of the corresponding (same k) field solution with
outgoing fields in the outermost layers. Then we obtain [3]

am Gr,l

(1 =7 1)

=0 = — 2.12
Gr,l | 0 1 + T'm,1 ( )
axGrm am(_1+rmp)
— | o= = =, 2.13
ol - (2.13)

In the above r denote the Fresnel reflection coefficients, which correspond to
the outgoing or evanescent waves in layer 1 and layer p, respectively.

The subscripts indicate the considered layer system, for example: 1, , is am-
plitude reflection for layers p — m.

Eqgs.(2.12) and (2.13) can be solved for the two unknowns (a,, +) (using
Eq. (2.11) and before taking the limit limg, _.o):

U+ = [Tm@e’amd’” (rm1—1) = (L —=1rmp)], (2.14)

U, — = [eo"”dm (rma1—1) = rma (1 — 1wy, (2.15)

Sl =Tl =
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where
D = 2(eomdm — rmvlrm@e_amdm).

The outgoing fields in layer 1 can be determined using the standard re-
flection and transmission laws to relate the field in layer m to the outgoing
field amplitude. Similar remark holds for the amplitudes of the outgoing field
in layer p.

tm,l Gr,m |:c:0

= 7Y 2.16

allv“l‘ 1 +Tm7p Y ( )
tmpGrm|:c:d

an 1 _|_T,17p ’ ( )

where t are the Fresnel transmission coefficients.
Substitute Eqgs.(2.16) and (2.17) into Egs. (2.14) and (2.15), and taking the
limit d — 0 we obtain

1

alf = Wzﬂogf1,+(kz)G0, (2.18)
1

a,” = W2M0Efp,—(kz)Go- (2.19)

where

fra (k) = Fma L+ 7o) (2.20)

(1= rmarmy)’

tm (1 —+ T'm 1)
(k) = A T Tml) 2.21
fp7 ( ) (1 _ Tm,lrm,p) ( )
The field solutions of the radiation are found to be
Eyk.,x <z) = a{ﬁeo‘l(l’_“), (2.22)
E,k,, x>z, = ai?e_af’(_”x"). (2.23)

where the sign of a; and «,, is chosen similar to a,, (see Eq. (2.11)).

In the above we solve Eq. (2.6)for all k. that lay in the regions |k,| < K;
and |k,| < K, to determine the radiation fields. In the following we solve the
same equation, Eq.(2.6) to determine the guided fields. Thus, we consider
the field solutions corresponding to the real values of «,, in the outer most
layer.
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Figure 2.3: Layered system with a vertical slide containing the source.

2.2.2 Guided Fields

In this section we solve Eq.(2.6) to determine the amplitudes of the guided
fields. Therefore, we only consider the fields solutions that are oscillating in
the core layers and exponentially decaying in the outermost layers.

As shown in figure (2.3), this time we assume that the source is contained
in a thin vertical slide of width d, so the z-dependent delta function can be
expressed as

0z —2) = (liim él(z — 2p), (2.24)

—0

where

1 if
l(z):{ if 0<z<d

0 otherwise

The z-dependent delta function term, d(x — xp), can be written as

Sz —x0) = Y amem(x) + f(2). (2.25)

m

where e,,(x) are the mode profiles. f(z) represents the remaining part of the
optical field and is orthogonal to e, (x) [7].
Assuming for the moment that the waveguide structure support only a single
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guided mode, so we can find ag as

—00

Higher order guided modes can be treated similarly.

We are looking for a solution with an z-dependence according to the zero-
order mode. Thus, the field solution in term of the guided Field in the thin
vertical slide z = [0, d] is of the form

Ey(x,2) = [a—eo(x)e™ + areq(x)e'™ + qeo(2)] + g(z, 2), (2.26)

where (3 is the propagation constant of the guided modes and ¢ is a constant.
And withg(z, z) L eg(x) for the all values of z, because of the zero overlap
between eg(z) and g(z)..

I In this subsection we are interested to determine the outgoing fields in
the term of the guided fields. That means we will pay all our attention to
determine the first part of the field.

The guided field for z < 0 is of the form a, ep(x)e?* and for z > d is of the
form a_eqy(z)e %=,

Substituting Eq. (2.26) into Eq.(2.6) and multiplying both sides by e(z) it
follows after integrating through with respect to x (z runs from —oo to —o0)

w2

q= d—ﬁQIU’OPZD,yaO-

To determine the 4 other amplitudes, we apply the continuity conditions of
the guided fields ,E, and 0.F),, at the interfaces z = 0 and z = d. The
continuity conditions read [1]

Eylimo- = Eylszor, (2.27)
:Eylimo- = 0:Ey|.=0+, (2.28)
E)l.ca- = Eyl.—a+, (2.29)
O.Byl.—q- = 0.By|.—q+. (2.30)

We interested only in the amplitudes a+. By applying Eqs. (2.27)-(2.30) we
find

2
Ay = G_ = S7W HoP2D ydo-

—1
20
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Now the guided field can be written as
_ —1 2 —iB|z—20]
E,(z,z) = %w HoGoP2p y€o(T)e : (2.31)
Other guided modes (if they are present) can be treated similarly. Then

we will obtain similar expression as Eq. (2.31) with a superposition of the
amplitudes of all present guided modes.

2.3 TM polarization

From Eq. (2.4) and by choosing the y component of the magnetic field, H,,
we can write the 2D wave equation for the TM polarization for the same
structure, see figure (2.1), as

1
[nz(w)é‘xnz—@)ax + 0. + k2n2(2)]| H, (z, 2) =
—1wV X (ﬁgDJCS(l' — {EQ)(S(Z — ZQ))ly (232)
where the subscript j = x, z. The polarization of the radiating dipole a long
y direction, pap ,, doesn’t contribute to the TM polarization.
By taking into account the fact that

V x6(x — 20)0(2 — 20) = =V X §(z — 30)0(2 — 20),

Eq.(2.32) can be written as

[n2(x)0x%81, + 0., + kgn?(2)|Hy (v, 2) =
iwVo X (Pap ;0(x — 20)d(2 — 20))|y (2.33)

Now defining a potential A such that H, =V, ></Y|y, then Eq. (2.33) becomes

1 .
[nQ(x)é‘an—(:C)ax + 0. + K202 (2)] A, (2, 2) =

iwpap ;0(x — x0)0(2 — 20) (2.34)

where the subscript x/z indicate that the potential A lays on the x — 2z plane.
We are interested to calculate also the radiation and the guided fields for the
TM polarization. To achieve this, we follow a similar reasoning as before for
the TE polarization.
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2.3.1 Radiation Fields

As before, first we consider the radiation fields. Considering to Eq. (2.34),
in the following we calculate the radiation that is caused by a source that
has a dipole along both x and z.

Similarly as in the previous section, the source term §(z—z) can be expressed
by Eq. (2.8). Applying this, and taking the Fourier transform of Eq. (2.34)
with respect to z it follows for each spatial frequency k,

[n2(x)0x%0x — k2 4 k2% ()]G, (k. x) = %éo(k/‘z)h(z — 1), (2.35)

where

17 |
Gr(k,,z) = E/Ax/z(x,z)elkzzdz,

Gy =

ik zo

1 —
_— e .
\/%pQD,]

As we mentioned in the previous section (from ansatz(1)), the solution in
the source layer, layer m, can be written as the sum of the homogeneous and
inhomogeneous solution as:

G (ks ) = g €77 + Gy e~ 4D, (2.36)

The inhomogeneous solution can be determined directly by substituting Eq.
(2.36) into Eq. (2.6) )
~ 1w Go
b= ——

dy 02,

Since the G, and 0, G, are continuous within the source layer Eqs. (2.12)
and (2.13) are also hold in this case. Then applying the standard expressions
for reflection and transmission , Eq.(2.16) and (2.17), the amplitudes of the
outgoing fields in the outermost layers for Eq. (2.34) read

tm 1 m ~
Gy = iw 1L+ Vi) G, (2.37)

2a(1 = riparmyp)

tm ]- m ~
iy = iw p(1+ Tm.t) Go, (2.38)

2a(1 = riparmyp)

(2.39)
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But
™™ ~
a4+ = Vo x a1,+|ya
TM ~
CLZL* = Vo X ap7,|y.

Then the amplitudes for the radiation fields are given by

w . ikyz
alTﬂ\f = (Zkzp2D,:ch1,+(kz) + apZD,zgl,Jr(kz)) e’ ’, (2-40)

2f

az;’]l/[ - (Zkzp2D:pr ( )_O‘p2D,zgp,7<kz>)eikzzo7 (241)

Q\f

where f 1 (k.) and f, (k) are defined by Eqgs. (2.20) and (2.21), respec-
tively, and

tm 1(_1 ‘|’ T'm p)
k) = ™ iy 2.42
tm -1 m
gp_(ks) = (14 ") (2.43)

(1= rmarmyp)
Now the field solutions of the radiation can be expressed as

Hy(k,, o <z1) = ailpﬂ‘feal(x z1), (2.44)
Hy(k.,x <x) = alMer= Hm"*l). (2.45)

p*

2.3.2 Guided Fields

In this section we solve Eq.(2.34) to find the amplitudes of the guided fields
for the TM polarization. We follow a similar treatment as for the amplitudes
of the guided fields of the TE polarization but in this case we treat twodi-
mensional electric dipole source.

The z-dependent term of delta function, §(z — 2p), can be represented by Eq.
(2.24) and the z-dependence term can be written as

d(z — x9) Z m——— + f(z), (2.46)
(2.47)

where h,,(x) are the guided mode profiles. f(z) represents the remaining
part of the optical field and is orthogonal to hy,(x)/n(x) [7].
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Consider, for the moment, the zero-order guided mode. Using Eq. (2.46),
multiplying through by ho(z)/n?(x) and integrating with respect to x, we
determine by as
h m
by = o(%0)/n , (2.48)

o0

J [ho(a)/n(2)]* da

— 00

(2.49)

Following the same reasoning for the guided fields as in the previous section,
the field solution in the vertical slide z = [0,d] (see figure (2.3)) can be
written as

Auye(,2) = [a_ho(@)e ™ + ayho(x)e™ + gho(@)] + glw,2).  (2.50)

where [ is the propagation constant of the guided modes, ¢ is a constant
and the subscript x/z indicates that A lays in the z — z plane. And with
g(z,z) L h(x)/n(z) for all values of z.

As we mentioned before we are only interested to determine the guided field
solutions. So we only need to determine the first part of the field.

The field solution of the guided mode for z < 0 is of the form a_hg(z)e?*
and for z > d is of the form a, ho(x)e "=

We can find the constant ¢ by substituting Eqs. (2.50)and (2.24)(before
taking the limit) into Eq. (2.34), then multiplying through by ho(x)/n?(z)
it and integrating with respect to z (z runs from —oo to co):

w bo_,

q= d—ﬁzapw’j' (2.51)

We apply the continuity conditions of H, along z to determine the other 4
amplitudes. The continuity conditions read [1]

Hyl.co- = Hyl.—o+, (2.52)
O:Hyl.co- = 0.Hylsmor, (2.53)
Hyloeq- = Hylo—gs, (2.54)
O.Hyl.og- = 0-Hyl.—q+. (2.55)

We also aim to determine only ax. Applying the interface conditions (2.52)-
(2.55) we obtain after taking the limit limg_

—w by
a = = — ..
+ T 25]921:),]
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The potential field solution can be written as

—W b g —i3|z—z
Ax/z(x,z) = %n_OPZD,j}m(l’)e Blz=zol

Now the magnetic field can be found by using H,(x,y) = V X fr|y as

w

20N,

Hy(z,y) = ho(x) | £iBpap .bo +p2D,zbé] o~ iBlz—zol

where bé] stands for db&ifo). And with the + sign for z > 0 and the — sign

for 2 <0
A similar expressions for the higher guided modes can be obtained.
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Chapter 3

3D Problem

In the present chapter we extend the analytical expressions that have been
derived for the radiation and the guided fields due to the radiating dipole in
the core of a 2D dielectric layered structure to the 3D structure. We derive
expressions for the radiated and the guided power. Here also both the TE
and the TM polarizations are considered.

3.1 TE Polarization

The 3D wave equation for TE polarization is given by
(A2 + kgn® ()] E(F) = —w®puopé (7 — 7)), (3.1)

with electric field and dipole moment in the y — z plane.

In this section we derive expressions for the power transferred to the radiation
and the guided modes. First we solve Eq. (3.1) to determine the amplitudes
of the radiation and the guided fields. To simplify the problem we use a
rotation transform.

3.1.1 Rotation Transform

In order to cope with the complexity of the full vectorial equations (3D
equations) we use a rotation transformation to reduce the 3D equations to
the 2D form.

Then, by considering the analytical expressions of the radiation fields for
the 2D formulation (see figure (2.1)), we can directly write the analytical

23
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expression for the radiation fields for the 3D problem.
The polarization term for the 3D problem reads

—

P =pé(r —ro) (3.2)

where 7 is the position of the source,

=y
Il
<

and
ﬁ = Dy
is the electric dipole momentum. Here the delta function is given by

O(7"—10) = 6(x — 10)d(y — Y0)d(2 — 20). (3.3)

The source term, Eq. (3.2), can be written in the two dimensional Fourier
domain for given frequencies £, and k, as

P(x,ky, k.) = po(x — x0) = e~k ly=vo)th(z=20)) g1k, 3.4
o

—00 —0O0

In the uniform plane y — z, let the frequencies k,, k. be rotated anticlockwise
by an angle 6. The rotated frequencies, which are denoted by k; and ks, are

given by
[ kz\ [ cos —sinf k,
k_<kz>_(sin0 cos )(k‘z> (3.5)
Similarly we can define r| and p| in the same plane.
In the rotated coordinates the polarization term can be written as

Pla,y2) = 5 //j“dk:dk (3.6)

—0o0 —0O0

<
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k, k,
> A
E k.
. 0 '
= > k.

A 4

Figure 3.1: Rotation Transformation

The key point is that the polarization term f’(x, k,, k) corresponds to a field
with z and y dependence according to

eiky(y—yo) + eikz(z—zo) _ eikg(i—éo)’
where Z|| k| (= k).
So, there is no y dependence which means 95 = 0.

In this way the 3D equations for both the TE and TM polarizations can be
reduced to the same form as the 2D equations.

3.1.2 Radiation Fields and Radiated Power

In this section we will derive expressions for the radiation Fields and the
radiated power.

By applying the Fourier transform to Eq.(3.1) with respect to y and z we
obtain for each frequencies £, and £,

= 2 _
(O — (K2 + k2) + k2n2(2)| B, by ko) = —E2Goh(x), (3.7)

m
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where d,, is the width of layer m as shown in figure (2.1), h is defined by Eq.
(2.9) and

= 1 by
E(:L’ ky,k) = 2—/ x Y, Z Zky(y Yo)+ikz(2—z0) dydz

8\,8

Gy, = iﬁei(kyy()‘f‘k‘zz()) )
2

In the y—z plane E ||]3 Considering Eq. (3.6) and following similar reasoning
for Eq. (2.10) the radiation modes in the outermost layers (layer 1 and layer
p), respectively, read

fi(ky)

~g<:1; <z, ky, kz) _ wzuo72TG0€&1(9£7:101)7 (38)
_ k
Ey(z > 1y, ky, k) = wu fpgof “)Goea”(fﬁm"*l)- (3.9)
where )
GO = %pgeikzzoa

z corresponds to kj. fi4(kj) and f, (k) are defined by Egs. (2.20) and
(2.21), respectively, oy, = \/(kg + k2) — k2n2,, with Re(ay,,) > 0 if Re(ay,) #
0, and Im(a,,) > 0 otherwise for real or imaginary values, respectively. As
we mentioned in the previous chapter, for the radiation field we only consider
the field solutions in the outermost layers that correspond to the imaginary
values of a.

Using the Inverse Fourier transform the electric field in the outermost layer
1 and layer p, respectively, is given by

Ey(x < 21,9, 2 / / i(ky, by v < 1) dkydk., (3.10)
*Kl

Ey(x > 2,9, 2 / / i(ky, by > 1) dkydk., (3.11)
—Kp —

where the integration runs over the relevant k, and k, regions (K, = kong, q
1, p) which correspond to the fields radiated into layerl and layer p.
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In order to find the transmitted power we use the Poynting vector which
reads

— ]_ — —

S = §R6(E x H"). (3.12)
where the subscript indicates the complex conjugate.

From Eq. (3.12) the radiated power along x into the outermost layers is
given by

) 0o 0o o o
P, = §Re/ /(EyHZ — E.H)dydz. (3.13)

Thus, we further need to determine the corresponding magnetic fields. In
this case it is only required to find the corresponding magnetic fields along
Z which follow from Maxwell’s curl equations

~ al

Sr<a,y,2) = —E(x<x1,v,2), 3.14
<o) = LB <o) (3.14)
Hi(z > 1p,y,2) = Z_;(;];Ey(x > Tp, Y, 2). (3.15)

Then, the radiated power into layer 1 can be determined by substituting Egs.
(3.10) and (3.14) into Eq. (3.13) as

) oo 0o
P%l = 8?/ /dde

—00 —O0

K1 Ki
/ /Ey(k‘y,k‘z,x<xl)e_i(ky(y_yO)Hfz(z_ZO))dk:ydkz

—-K1 —K1
K1 K

/ / B (K K, 2 < o) -KCogr! a’ (3.16)

yr vz

-Ki1 —-Ki

where the prime indicate that the involved parameter correspond to H*.
Integrating over y, z and changing to the cylindrical coordinate system leads
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to
w3 o f1+
P,y = ~ 35 2/| 1 5 kdk
/( cos ) + p? sin® § — 2p,, cos §2p, sin )d6, (3.17)
P, = “O P2 fit par 3.18
zl — +pz |CY1|| m|2 ( : )
where
ks = k,cos@,
ky = ky,sind,
k
0 = tan | 2
arc an(kz>,
k= |ky+ k.|

To simplify the integration, Eq. (3.17), we have used that

o0

/ 6(—’iky+ik;)(2_20)dky = 277'5(]{:; - ky)a
/6(—ikz+ik;)(z—20)dkz — 27r5(k;,z—l<:z).

Similarly an expression for the power radiated into layer p can be obtained

asS
/|p|

3.1.3 Guided Fields and Guided Power

Now we solve Eq. (3.1) to determine the guided fields and to derive expression
for the transmitted power along the z direction. As in the previous chapter we

Pznp:_

) ek (3.19)
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will also assume that the waveguide structure supports only a single guided
mode which has an amplitude a,.

Since we are looking for a solution with an z-dependence according to the
zero-order mode, so we can define the electric field E (r,y,2) as

E(x, y,2) = eo(x)ﬁh(y, 2) + gz, y, 2). (3.20)

with g(z,y,2) L eg(x) for all values of y and z, because of the zero overlap
between eg(z) and g(z). [7].

Here we aim to find outgoing fields in the term of the guided fields. Thus,
we will pay all our attention to determine the first part of the field.

By substituting Eqgs.(3.20), (2.24) and (2.25) into Eq. (3.1) we remove the
xz-dependence in both side of the equation after integrating through with
respect to « (z runs from —oo to 0o) and obtain

(Oyy + 0= + ) En(y, 2) = —wpoaopid(y — yo)d(z — 20) (3.21)
where (3 is the propagation constant of the guided mode eq(x).

As Ey(y, z) lies in the y — z plane (which is a uniform domain) the cor-
responding problem, Eq. (3.21) corresponds to a 2D problem in a system
with refractive index Ny = (3/kq, so corresponding equation using Maxwell
equations may be written as

Oy + Ozz + B Han(y, 2) = —w? 0oV x [B0(y — 90)d(z — z0)]le  (3.22)

The solution of Eq. (3.22) according to Egs. (2.40) and (2.41) is given by

g QJZ,U()CLO . .
Hop(ky, 2z < 2 =00 ik k, + ik,p, ) eFvvotikz(z=20) (3 93
7h( y 0) 2\/%17%( y py) ( )
2
Honlly 2> 20) = —0%0 (kp, —ik,p,) ehumo—ik=(z20) (3.94)

24/ 2mik,

From Eqgs. (3.23) and (3.20) and curl Maxwell equations we can now express
the corresponding electric field as

~ enlx ~
E(ky, x,z) = M‘;f) ]\%V X Hyp(ky, 2), (3.25)
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It follows from Eq. (3.25)

_ 1 L
E,(ky, x, 2) = eV eo(x)ik, Hy p(ky, 2),
0
. 1 o
E.(ky,x,z2) = oz N? eo(x)iky Hy p(ky, 2).
z A
o0Q
i /
source domain Q3
c >
X Yy

Figure 3.2: The integration domain of the transmitted power along z direction

The total power that transmitted along z direction is given by

P, = / S.(7) - fi(7)dA

o0
%0 00 0
= //gz(:c,y,zo)- 0 | dedy
o o 1
% o 0
+ //gz(x,y,zo)- 0 | dxdy (3.26)
o o —1

where S(7) is the Poynting vector, 7(7) is the normal vector and 9 is the
boundary of the domain 2 as show in figure (3.2).
According to the Eq(3.26) the guided power along z is given by

1 o TT i
Pz:§//<Ez BB drdy|. (3.27)
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Therefore, for the power transmitted into, say the negative z direction, we
only need to calculate the x-component of the magnetic field. Using Maxwell
equations and Eq. (3.25) we readily find

H’m(ky,x, z) = ! (k§+k§)eo(x)H;,h(ky,z) = eo(x)H;,h(ky, z). (3.28)

2
“ﬂEONoA%

We have used the facts that

1

EE = EoMo,
2

Bo= 2
C

3 = K2NZ.

where c is the speed of light in the free space.

The guided power in the —z direction follows from Eq. (3.27)

o0

wa? 1
P = 860J(\]70R6/eg($)dx/k_z(kypz+kzpy>2dky’ (3.29)
oo -3
2k2 i
LRy o ) / e2(x)dz, (3.30)
1660
where we have used
B
/k—‘gdk = W—ﬁz
k., Y 4
0

kokydk, = "

OL“‘sE
3
el N
[\

hydk, = S

St~
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A similar expression can be obtained for the guided power along positive z
direction as

wagky 2 i 2
P,. = 6o, (ﬂpy + 7mp; — 4pyp.) | eg(z)de, (3.31)

Now we can write the total power that is transmitted along z as

walkim T
Potot = Jgo, st P2) / e(w)dz, (3.32)

where the subscript indicate the total guided power.

3.2 TM Polarization

In this section we follow a similar reasoning as for the TE polarization to
find analytical expressions for the radiated and the guided power.
The 3D wave equation for TM polarization is given by

[nz(x)a@@&t 4y + 0. + K202 (@) H () = —iwV x [p3(F — 7)), (3.33)

Using the fact that V x 6(7—1r)) = =V x 6(7"—170) Eq.(3.33) can be written
as

[n*(z)0 L

wnz(z)&p + Oy + 0. + kgn®(2)|H (F) = —iwV Xq [pO(7 — 75)]4(3.34)
where V indicates that the first order derivatives are taken with respect to
X0, Yo and 2.

It should be noted that for the TM polarization all components of the dipole
moment contribute.

3.2.1 Radiation Fields and Radiated Power

In this subsection we will derive expressions for the radiation Fields and the
radiated power in the case of the TM polarization.
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First we get rid of the curl that is present in the right hand side of Eq. (3.34)
by introducing a potential A(7) such that

H(7) = Vo x A(7). (3.35)
By substituting Eq.(3.35) into Eq. (3.34) we obtain
1 S
1 (@) s 50 Oy O i (@) A = (7= 70, (3.36)
n?(x
Now taking the Fourier transform of Eq (3.36) with respect to y and z it
follows

0 ()0, —

- 7 W =
T (K +82) + K (e)) A, by, be) = 5= Goh(e), - (3:37)

where

e 1 ra N . .
A(f]j, ]{jy’ kz> = % / / A(f‘)ezky‘i’lkzdydz’

_ 1 . .
GO _ _ﬁezkyyo +ik.zo )
2T

By considering the rotation transform in the Fourier domain, Eq. (3.6), and
following the same steps as for Eq. (3.1) we obtain

= —w
Am/Z(x < 7, ky7 kz) = ?061.]('174,(]{7“)G06am($7m1), (338)
= —w itz 1
Agz(® > 3, by k) = ?apfpﬁ(k\OGOeam( o) (3.39)
where
L ks =
Go = %pjekz =,z

From Eq. (3.35) the radiation fields in the outermost layers (layer 1 and
layer p) can be obtained as

= w .
Hg(l’ < 7y, kyv kz) = oron (Zkzpmfl,Jr(kH) + amp291,+(k||))
Goeom (@), (3.40)
= 1w .
Hy(x > xp, ky k) = 5o (thzpe fo—(ky) — cmpzgp,—(Ky))
P

Goeom(Zoter—1), (3.41)
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In order to express the power radiated into layer 1 we further need to find
the corresponding electric field which follows from Maxwell curl equations as

1 ~

Y

Eg(x < Zq, ky’ ]{:Z) = WQng(Jf < I, ky, kz), (342)
1

2 1 ~

Eg(l’ > Tp, ky, kz) = WQPHQ(x < 7, ky, kz) (343)
p

Then from Eq. (3.13) the radiated power into layer 1 in the cylindrical
coordinate system can be expressed as

k1 2w
W fra(ky) )
Py = kzp, = =914 (k) |*kdodk 3.44
ol 327m2egn? //|a1| b + pzg1,+ (k)| (3.44)
00
v f (k]
ad LAY 2,2 | 2
P, = 2 pa(k2 + K2 k
! 327r60n%/a1 [ ( (y + k) o ) + 1914 (ky)| (py+pz)(}3k%@
0
A similar expression can be obtained for the power radiated into layer p as
o | o B\
w _
Fop= 2 ( pa (K + K2) = (k) P2+ p?) | kdB.46
i 32mong/%[ ( Uy + k) == == )+ lgp- (k) (P}, + p2) | KdB.A6)
0

3.2.2 Guided Fields and Guided Power

In this section we solve Eq. (3.36) to find the expressions for the guided fields
and the guided power for the TM polarization. We also assume that only a
single guided mode is present with amplitude by. As we mentioned before
the dipole moment is present in all directions, x, y and z.

Instead of solving Eq. (3.34) we solve Eq. (3.36) to avoid the complexity
that is caused by the curl term that is present in the former equation.
We are looking for a solution with an = dependence according to the zero-
order mode, so we can define the potential A(7) as

with g(x,y, z) L ho(x)/n(z) for the all values of y and z [7].
In the present subsection we are interested to find the outgoing fields in the
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term of the guided fields. Thus, we will pay all out attention to determine
the first part of the field.
From Eq.(3.35) it follows that

ho(x)Hy(y, 2) = ho(x)Vo X Ap(y, 2). (3.48)

Substituting Eq. (3.47) into Eq. (3.36) and writing d(x — z¢) = boho(x)
(before taking the limit limy o) then, multiplying through by ho(z)/n?(x) it
follows after integrating through with respect to  (x runs from —oo to co)

[0y + Ozz + BHAL(y, 2) = iwpbod (y — y0)d(2 — 20) (3.49)

where § = \/m is the propagation constant of the zero-order guided
mode hg(x).

Eq. (3.49) corresponds to 2D problem in a uniform system with refractive
index Ny = 3/ko with E along z. First we solve Eq. (3.49) to find A, (y, 2)
then using Eq. (3.48) we determine all components of H,. Once the H, are
found we apply the Maxwell curl equations to determine Eh;c-

From Eq.(2.22) in the previous chapter, the solution of Eq. (3.49) is found
as

Ap(ky, 2z < 20) = p;bo, (3.50)

where
w

T 9 ank.

The components of ﬁh(k‘y, z) are determined by taking the curly of Eq. (3.50)

oi(kyyotkzz0(2—20)) (3.51)

lflh@(k:y, 2z <zy) = by (—ikyp, +ik.p,) (3.52)

I:Ih,y<ky7 2 < ZO) = - (Zkzb(]p:r + bé]pz> (353)

[flh7z(ky, z2<z) = 7 (bz)py — il{;ybopz) (3.54)
dby

where bé] stands ford—.
Lo

Using the curl Maxwell equation we can now express the electric field E;w
as

Balky, 2 < 2) = [52b0p1, + ik, byp, — ikzb’opz] . (3.55)

’iu)goNg
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From the Maxwell curl equations and Eq.(3.48) the resulting magnetic fields
read

- k. ~
Hy(x, ky, 2z < z9) = ! ho(x)Ep . (ky, 2 < 20), (3.56)
Wwo
= ik N
Ho(w, k2 < 2) = ——2ho(w)Epulky, 2 < 2). (3.57)
iwjto

A similar expressions can be obtained for the magnetic fields in the positive
y direction.

Now we apply Eq. (3.26) to calculate the total power. As we mentioned in
the previous section it is sufficient to calculate the power either along y or
along z direction. For the power transmitted say into negative z direction
we only need to determine the x-component of the electric field. Thus, by
using the Maxwell curl equations we readily find

2 g

EI(..'L', ]’Cy, z < ZQ) = mﬁ2Eh7x(ky,Z < ZO). (358)

From Eq. (3.27) the total power guided along the negative z direction is
given by
. oo oo -8B -
P, = %Re/ /d:cdz/Ex(:c, ky, 2z < zo)de/H;(x, ki, 2 < 20)dk(3.59)
B

—00 —00 B

where the subscript ~ indicates that the involved component corresponds to
H.

Performing the integration and using the fact that along positive z the same
amount of power is running, it follows

w /
Pyt = —— 28R + B )R+ D) (3.60)
1602, [ 242

n2(z)



Chapter 4

Discussion of the Results

Although our method is different for that of Lukosz [8] (see also [4]) our result
expressions for the power form a radiating dipole going to the radiation modes
agrees with those of [8]. In the present chapter we will focus mainly on layered
structures supporting also a guided modes in order to illustrate our theory
and also to show that the obtained results make sense, thus supporting the
correctness of the presented theory for application for structures with guided
modes.

4.1 Uniform Space

As we present in the following the radiated power (by a dipole in a layered
system with refractive index n(x)) relative to that for a uniform space (with
refractive index n) we will first give expressions for the later case.

We assume a uniform space with refractive index n.The total radiated power
in the uniform space for the TE polarization is given by, according to Egs.
(3.18) and (3.19)

K
3 3
TE _ W HO, 9 2 k W o 2 2
_ N 41
By 16m (p, +pz)/adk 16m K(p, +p3), (4.1)
0

where K = kon and o = o5, j = 1, p, m.
The total radiated power in the case of the TM polarization follows from

37
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Eqs. (3.45) and (3.46)

k3 T
prv — Y 2/2—dk 2 2/k;dk;
0 Tomear |72 | % +(p, +17) | @

0 0
wK?® 2 2 2
= W(4px+]9y+ﬁz)7
WK
M= Tﬂo(‘lp%rpfﬂ-z?i)- (4.2)
We have used that
2 w?
kO:C_Z’
EI
Eolto

4.2 System closed with metal/manetic walls

Here we calculate the total power in a system closed with a metal walls and
magnetic walls for the TE and the TM polarization, respectively.

Metal/magnetic walls

d r=-1
r. . %

Py ld

r=-1

Figure 4.1:  Radiating dipole at the origin of a system closed with
metal/magnetic walls

For the TE polarization, we consider a source at the origin of a system
closed with metal walls at 4+d, where 2d is the width of the waveguide, as
shown in figure (4.1). In such case the eignfunctions (guided modes) are
given by [1]

em(x) = sin{k,m(x —d)}, (4.3)
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Thus,

€2m71(0) = 1, (44)
eom(0) = 0. (4.5)

where ky, , = mm/2d and the subscript m indicates the order of the consid-
ered mode.

From Egs. (4.4) and (4.5) it can be seen that only the power that is trans-
ferred to the odd guided modes contributes. Applying Eq. (3.32) it follows
that the power that is transmitted to each odd mode

2
TE wky

— 2 2

o0

where d = [ €2 (z)dz.

m

The spacing between the odd modes is Ak, = 7/d, with k, in the region
(0, kgn). For large d-values the summation over all modes leads to

PtOt - 16de (py +pz) X T
w*K po

And so for TM polarization, we consider a source at the origin of a system
closed with magnetic walls at +d as shown in figure 4.1, where 2d is the
width of the waveguide.

The eigenfuntions of the system are given by Eqs (4.3)-(4.5). For the
sake of simplicity we will treat the contribution of the polarization along x
direction, p?, and the contribution of the polarization on the y — z plane,
pi(= pj, + p2) separately.

First we treat the contribution of a dipole oscillating along = direction. From
Eq. (3.60) the guided power that is transferred by an odd guided mode m is
given by

TM v 2,2
P2m—1,px - 8d€0n4 mPz> (48)

where 37, = \/kin — k2 .
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The total power can be written as

ko

T™ ) é
Ptot7px - Z_ 8d50 ﬁmpx X ﬂ_Akx,
ko kon?
_ W 2 2
B Z 87r50n4pm / Fndke,
m=0 0
3
M w Ko b9 5
Ptot,pz = Wﬁmpx‘ (4.9)

Similarly we can calculate the contribution of a dipole oscillating in the y — 2
plane. From Eq. (3.60) it follows

41.2
k(]km,m

™ 2
2m—1,p = 16dw350u0n4p”’ (4.10)
then it follows for the total power
kon
kK> d
pRM = et — [ K2dk
tot.p 16dw350u0n4p” x T =05,
0
3
v WK, o 2
PR, = TR ), (111)

From Egs. (4.9) and (4.11) the total power for the TM polarization is given
by
w? K 1o
gl = g (40 4} + p2). (4.12)

For both the TE and the TM polarization, Eqgs. (4.1), (4.2), (4.7) and (4.12)
show that the total power that radiated into a uniform space is exactly equal
to the total power that is transmitted to the guided modes in a system closed
with metallic/magnetic walls as it should.

In the following we discuss the obtained result for the total power that
is transmitted in a uniform space (or a system closed with metal /magnetic
walls).
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RTE 0 3/4
Rry | 1| 1/4
Biog | 1] 1

Table 4.1: Relative power, R = P/P; uniform: for a single radiating dipole

In the following we use the radiative power relative to that in a uniform
space with refractive index equal to the material surrounding the dipole
Rrg = PTE/Ptot,uniform and Rry = Prg/ Ptot,unifrom for testing and
analyzing the obtained expressions.

As we can see in the last row of table (4.1), the total relative power for both
the TE and the TM is equal to 1. This means that the total radiated power
of a dipole in a uniform space does not depend on the orientation of the
radiating dipole as expected.

Pa D YR
Rop |1x0|2x3/4] 15

RTM 1x1 2X1/4 1.5

Table 4.2:  Summation of relative power in a wuniform space, R =
P/ Py, uniform’ due to a single radiating dipole

In the last column of table (4.2) we can see that , the summation of the
relative power in a uniform space over p,,p, and p, for both the TE and
TM polarization are equivalent. Which means that for a large number of
radiating oriented dipoles the power going into the TE polarization is equal
to that going into the TM polarization, as expected.

4.3 Slab Wave Guides

In this section is to apply the obtained result to simple layered structures. In
the following we use a relative power summed over the TE the TM polariza-



42 CHAPTER 4. DISCUSSION OF THE RESULTS

tion, Rguided =P, guided/ P tot,uniform and Rpa diated = radiated/ P tot,uniform-
Matlab simulation environment version 6.5 is used for the programming. The

required input for the main program are the wavelength A, the thicknesses
t and refractive indexes n of the all layers. Using these input values we can
determine the profile for the relative radiated power and the relative guided
power for the TE and the TM polarization and for all dipole orientations.

e Example 1
As a first example we calculate (simulate) the total relative power in
a three layered symmetric system with a radiating dipole positioned
at the center of the core layer as show in figure(4.2). We present the

n;=1

z
’ x”I
n2:2 O—» 2 t=2-4.5pum

X

ns=1

Figure 4.2: Radiating dipole at the origin of a three layered system.

result for the relative power as a function of the thickness ¢ of the core
layer as shown in figure(4.3). We observe from the figure that the total
relative power oscillates around 1 with an amplitude that gets smaller
for large values of . This simple example support the validity of the
obtained expressions.

e Example 2

Here we calculate the relative total power as a function of the position
xo. We apply the expressions of the total power to a three layered
planar structures that support different number of modes.

In the first case we take a structure that supports a single guided mode.
Then we increase the number of modes one by one, for both polariza-
tions, by increasing the refractive index of the core layer, see figure
(4.4).

In the first case we consider a structure with a fundamental mode. We
find that, as shown in figure (4.5), the guided power monotonically
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Ryiaea ! R e ' ' ' ' ‘ ' ' = Ryidea + Reagioes
12+ 1 Ranidea
/\M/\/\/\/\/\U -
1_
0BF N e e e e T T
0Bt
0'4_1
(I A T
A N A A N Al
s S o
] 1
05 1 1.5 2 25 3 35 4 4.5
f[pm]

Figure 4.3: Relative power summed over the TE and TM polarization form
a radiating dipole in the core of symmetric slab waveguide.

111:1 Casel: g=1.1
z Casel: g=1.4
on t=1pm Casel: q=1.7
n,=q b Casel: g=2
X

Figure 4.4: Symmetric slab waveguide

increasing towards the center of the core layer. That is reasonable
because the highest value of the fundamental modes positioned at the
center of the core layer.

As shown in figures (4.6)-(4.8) for the other cases it found that the
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total guided power oscillating periodically according to the number of
the guided modes that are found in each structure. These results also
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support the derived expressions.
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4.4 Conclusion

A few examples and applications of the obtained expressions have been pre-
sented. It has been shown that the radiative power in a uniform space is
equal to the guided power in a system closes with metal/magnetic walls in
the limit of infinite separation as it should. The numerical examples (namely
examplel) showed that the relative power oscillates around 1 with an am-
plitude that gets smaller for large values of the thickness of the core layer
as expected. These results give us confidence that the obtained expressions
make sense.



Chapter 5

Summary and Conclusion

The power coming from a radiating dipole in a planar structure is considered.
Analytical exact expressions for the radiated and for the guided power for
both TE and TM polarization are obtained. In summary the following has
been presented.

Chapter 1

In chapter 1 we stated the goal of this M.Sc thesis. We also gave an
overview of the work that have been done so far on the same topic.
Finally, the outline of the thesis is presented.

Chapter 2

In the very beginning of chapter 2 we defined the problem. Then we
treated the twodimensional problem for both TE and TM polarization
in the Fourier domain. We derived expressions for the amplitudes of
the radiated and the guided Fields.

Chapter 3

In chapter 3 we extended the result of chapter 2 to a threedimensional
formulation. To achieve this a rotation transform is used to reduce the
spatial dimensionality for the threedimensional problem to twodimen-
sional problem in rotated system. Then we derived expressions for the
radiated and for the guided power.

Chapter 4
In chapter 4 we tested and investigated (theoretically) the validity of
the obtained expressions for the radiated and the guided power. We
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also gave numerical examples that have been calculated in Matlb envi-
ronment.

From the obtained expressions and the numerical tests we can see that
the transmitted power is strongly influence by the position of the radiating
source. The tests have been done so far support the validity and the read-
ability of the derived formulae. In general the obtained expression for the
radiated power , though they are in integral form, and for the guided power
they are simple, transparent and easy to evaluate (assuming that there is
already a mode solver available).
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