
Optical Waveguide Theory, L.048.24019 / L.048.92038, SS 2020 Exercises (e) 10.06.2020

1. Guided 2-D TE / TM modes, orthogonality properties

Reconsider the orthogonality properties of guided modes, as discussed in the lecture, now for a set of non-

degenerate TE- and TM-polarized modes supported by a 2-D waveguide configuration with permittivity

ǫ(x). These are electromagnetic fields of the form

(

Em

Hm

)

(x, z) =

(

Ēm

H̄m

)

(x) e−iβmz (1)

with mode profiles Ēm, H̄m and pairwise different propagation constants βm. We introduce an abbrevi-

ation ψp
m = (Ēm, H̄m) for the mode profile; superscripts p = TE, TM denote the polarization. Similar to

the 3-D case, a product

(E1,H1;E2,H2) :=
1

4

∫

(

E∗

1xH2y − E∗

1yH2x +H∗

1yE2x −H∗

1xE2y

)

dx (2)

of two electromagnetic fields (Ej,H j), j = 1, 2, will be used.

(a) Recall the specific modal properties of the TE / TM modes supported by straight 2-D waveguides.

(b) Show that the time averaged power Pm per lateral (y) unit length carried by mode ψp
m, βm can be

given the form

Pm :=

∫

Sz dx = (ψp
m;ψp

m) =



















βm
2ωµ0

∫

|Em,y|
2 dx, if p = TE,

βm
2ωǫ0

∫

1

ǫ
|Hm,y|

2 dx, if p = TM.

(3)

(c) Starting from the identity

∇ · (E∗

l ×Hm +Em ×H∗

l ) = 0 for all l,m, (4)

and taking into account the vanishing y-derivatives of all fields in the 2-D setting, conclude that

(βl − βm)

∫

(

Ē
∗

l × H̄m + Ēm × H̄
∗

l

)

z
dx = 0 . (5)

(d) Verify that the orthogonality properties of the modal set in question can be stated in the form

(ψTE
l ;ψTM

m ) = 0 , (ψTM
l ;ψTE

m ) = 0 ,

(ψTE
l ;ψTE

m ) =
βm
2ωµ0

∫

E∗

l,y Em,y dx = δlmPm ,

(ψTM
l ;ψTM

m ) =
βm
2ωǫ0

∫

1

ǫ
H∗

l,y Hm,y dx = δlmPm ,

(6)

for pairs of modes with indices l, m, with δlm = 1, if l = m, and δlm = 0, otherwise. Note that the

statements still hold (?) in case of a degeneracy between modes of different polarization.

2. Three layer slab waveguide, transverse resonance condition

Specialize the model of 2-D of dielectric multilayer slab waveguides, as discussed in the lecture, to a

three-layer structure as shown in the figure.

x
nc

nf

ns

d

z

A not necessarily symmetric three layer slab waveguide, with a core thick-

ness d, and refractive indices ns, nf, and nc for the subtrate, film, and cover

layers, described in Cartesian coordinates x and z.

We use the notation as introduced in the lecture. Interest is in guided TE / TM modes with effective

indices neff from the interval ns, nc < neff < nf, and with propagation constants β = kneff.



(a) Verify that the profile of the principal field component φ can be stated in the form

φ(x) =







Bc e−κc x, for d < x,
Af sin(κf x) +Bf cos(κf x), for 0 < x < d,
As eκs x, for x < 0,

(7)

where the local wavenumbers in x-direction are

κs =
√

β2 − k2 n2
s , κf =

√

k2 n2

f − β2 , κc =
√

β2 − k2 n2
c .

(b) Use the conditons of continuity of φ and continuity of η∂xφ at x = 0 and at x = d to establish a sys-

tem of equations for the local coefficients As, Af, Bf, and Bc. Here η distinguishes the polarizations

as η(x) = 1 (TE) and η(x) = 1/n2(x) (TM); introduce quantities ηs, ηf, ηc accordingly.

(c) By eliminating successively first Af and Bf, then Bc, and finally As (requiring a nonzero solution,

i.e. a nonzero As), show that the condition for the existence of guided modes can be written as a

transcendental equation

tan(κfd) =
(ηsκs + ηcκc)ηfκf

η2f κ
2

f − ηsκsηcκc

, (8)

the so-called transverse resonance condition for the waveguide.

(d) Check whether the condition (8) is satisfied for the effective index values as given in the lecture

for the example with waveguide parameters ns = 1.45, nf = 1.99, nc = 1.0, d = 1.5µm, λ =
1.55µm.

3. Functional for guided modes of 3-D dielectric waveguides

Consider a nonmagnetic, lossless, and isotropic 3-D dielectric waveguide with a cross section spanned

by the x- and y-plane, with a real scalar permittivity ǫ(x, y) that is constant along the axis z of the

waveguide. Guided modes supported by that waveguide are electromagnetic fields of the form
(

E

H

)

(x, y, z) =

(

Ē

H̄

)

(x, y) e−iβz, (9)

with a real propagation constant β and with mode profile components Ē, H̄ that vanish for x, y → ±∞.

The Maxwell curl equations in the frequency domain, for a time dependence ∼ eiωt with angular fre-

quency ω, need to be satisfied. For a field in the modal form of Eq. (9), these can be stated as:

(C+ iβR)Ē = −iωµ0H̄ ,

(C+ iβR)H̄ = iωǫ0ǫĒ,
with R =





0 1 0
−1 0 0
0 0 0



 , C =





0 0 ∂y
0 0 −∂x

−∂y ∂x 0



 . (10)

For simplicity we restrict things to a smooth refractive index profile, such that the permittivity and all

fields can be assumed to be continuous, with continuous derivatives. Now consider the functional

B(E,H) =
ωε0〈E, εE〉+ ωµ0〈H ,H〉+ i〈E,CH〉 − i〈H ,CE〉

〈E,RH〉 − 〈H ,RE〉
, (11)

for an inner product 〈F ,G〉 =
∫∫

F ∗ ·G dx dy.

(a) Show that the functional evaluates to the propagation constant, if a valid mode profile is inserted,

i.e. show that B(Ē, H̄) = β for fields Ē, H̄ that satisfy Eq. (10).

(b) Show that the functional becomes stationary at a valid mode profile, i.e. show that

d

ds
B(Ē + s δĒ, H̄ + s δH̄)

∣

∣

∣

∣

s=0

= 0 (12)

for fields Ē, H̄ that satisfy Eq. (10), and for arbitrary variations δĒ, δH̄ (with real s). This

implies: If the functional becomes stationary at some field E,H , i.e. if Eq. (12) is satisfied for

arbitrary δĒ, δH̄ , then E,H satisfy Eq. (10).

Hints: Observe the “cc-bilinearity” of 〈 · , · 〉. You might wish to show first that, for fields F ,G where

this is applicable, 〈F ,RG〉 = −〈RF ,G〉, and 〈F ,CG〉 = 〈CF ,G〉. Try to work, as far as possible, on

the level of the inner products; introduce abbreviations, where appropriate, e.g. for the numerator and the

denominator of B.

Hand in your solutions until Wednesday, June 24, 09:15. Good luck!


