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Maxwell equations

SI, in matter, time domain, differential form:

V-D = p, E(r,1): electric field,
VxE = -B, D(r,t): (di-)electric displacement,
V.B = 0, B(r, t): magnetic induction (field, flux density),
. H(r,t): magnetic field (.. .),
VxH = Ji+D, prr, t;: density of free charges,
J¢(r,1): density of free currents,
D = ¢E+P, P(r,t): polarization,
B = uo(H+M). M(r,1): magnetization,
€o: free space permittivity,
(+ constitutive relations) po: free space permeability.

Valid for more than a century, firm basis for further considerations.



Course overview

Optical waveguide theory
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Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Formalities

Organization of the course: =

® Lectures (= 14x)

Homework (7x)

Tutorials, Exercises (13 x)

® Exam

Related textbooks (examples):

C. Vassallo, Optical Waveguide Concepts, Elsevier, Amsterdam (1991),

K. Okamoto, Fundamentals of Optical Waveguides, Academic Press, San Diego, USA (2000),
R. Mirz, Integrated Optics: Design and Modeling, Artech House, Norwood, USA (1995),
A.W. Snyder, J.D. Love, Optical Waveguide Theory, Chapman and Hall, London, UK (1983);

& general introductory texts on classical electrodynamics.


https://www.computational-photonics.eu/Teaching/OWT/
https://www.computational-photonics.eu/Teaching/OWT/

Optical waveguides: phenomena, examples

Beam propagation in free space

Guided light propagation

Waveguide end facet

Crossing of two waveguides

Modes of 1-D multilayer slab waveguides
Modes of 2-D channel waveguides
Circular step-index optical fibers
Evanescent coupling between waveguides
Bent waveguides

Circular microring-resonator

Microdisk resonator

CROW

Waveguide corner

Photonic crystal waveguide

Exciting TET'!


https://www.siio.eu/Examples/Fsquep/fsquep.html
https://www.siio.eu/Examples/Wgillu/wgillu.html
https://metric.computational-photonics.eu/Illust/facet.html
https://www.siio.eu/Examples/Cross/cross.html
https://www.computational-photonics.eu/oms.html
https://www.computational-photonics.eu/eims.html
https://www.computational-photonics.eu/fims.html
https://www.siio.eu/Examples/Wgillu/wgillu.html
https://www.siio.eu/NaisWP3/Bend/index.html
https://www.siio.eu/Examples/RiRes/rires.html
https://www.siio.eu/Examples/Circ/circ.html
https://www.siio.eu/Examples/Crow3/crow3.html
https://metric.computational-photonics.eu/Illust/corner.html
https://www.siio.eu/Examples/Pcbend/pcbend.html
https://www.siio.eu/Examples/Tet/tet.html

Optical waveguide “‘theory”

Task: solve
V xE = —B,

‘D = Pr, D = €0E+P7
VxH = Ji+D, V-B

In this course:

® gpecialization to problems relevant for integrated optics,
® theoretical basis for the — mostly — numerical solution,
® approximate concepts,

e cxamples.

=0, B=wH+M), (& ..)
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Vector calculus, keywords

(here: Cartesian coordinates)

Ingredients:
x
® Space and time coordinates: r= | y | — (x,y,2), t.
z
Ax
e Scalar and vector fields: ¢(r,1), A(r, 1), A=A
e Inner product: A - B = AB + A,B, + AB.. A:
A,B. — A.B,
® Vector product: A X B = | A.B, —A:B;
A.By — AB,

¢ Time derivatives: ?;f, O, &, Ny,
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Vector calculus, keywords

Ingredients: (here: Cartesian coordinates)

Ox
® Del, nabla: V = [ 0,
0:
Oxp
® Gradient: grad¢ = V¢ = | 0y¢
0:¢
® Divergence: divA = V -A = 0,A, + 0,A, + 0-A;.
A, — DA,
® Curl: curlA =rotA =V xA = | 0,A; — 0,4,
0yAy — O)A,
e Laplacian: A =V .-V = V2, AA

Ap =029+ o+ 020, A= | AA,
AA,



Dirac delta

A linear functional
that extracts the value of a function at one point:

1-D: /f X—XO) _{f(x()), ifa<x0<b7

0 otherwise;

-x_-xo)—O 1fx7éx0


https://en.wikipedia.org/wiki/Dirac_delta_function

Dirac delta

A linear functional
that extracts the value of a function at one point:

o [ st { {00, o <n<s

0 otherwise;

-x_-xo)—O 1fx7éx0

3-D: /Vf(r) 5(r—ro)dV = { f(ro), if.l”() eV,

0 otherwise;

d(r—ro) =0, if r #ro.

Implications: manifold.


https://en.wikipedia.org/wiki/Dirac_delta_function
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Fourier transform, 1-D

1-D: A function f(x) € C of one variable:
Flx) = / T Rk, ) = / ) etk
V2 s ’ Nz

e Arbitrary: positioning of factors 1//2, signs of exponents.

o Oémfz = af + ff.

o f(x) =f(=x) ~=>= f(k) =Ff(—k).

o f(x) = —f(—x) ~=>= f(k) = =f(k).
o fER ~ f(—k)=f*(k).

e I(x) ! / elkr g,

T or



Fourier transform

3-D:  Afield o(r):

1 ~ ik-r = 1 —ik-r
= RGeSO = [ oty ek raor




Fourier transform

3-D:  Afield o(r):
o 1 Ty Wik T3 Ty 1 N o—ikorg,
o) m3/¢(k)e &k, ¢<k>—m3/¢<>e &r.

4-D: Afield ¢(r,¢

ﬁ //¢> ik r—wt) gy gy,
7r

r= W)@ dr.

o(r,1)
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Directionally constant systems

A linear PDE in two unknowns

(AOy + B0y + COxyy+ DO+ EOy+ F)9(x,y) =0,
coefficients A(x,y),...,F(x,y).
If the system is constantinx, O0,A = ... = 0,F =0,

e use an ansatz W(x,y) = () elkx

- (BOyy + (E +1ikC)0y + (F +ikD — k*A)) 1(y) = 0,
. a DE in one unknown, with parameter k.

(& boundary conditions, . . .)



General solution of the wave equation

(8- Fms ) ven =0, vlri0) = alr). 9(r.0) =
c2 0r? rb =5 r,0) = to(r), Oh(r,0) = do(r),



General solution of the wave equation

2
(A Lo )ww):o, B(r,0) = olr). Db(r,0) = do(r).

2o

© o= <z7lr>z [ owwpeiter=en qog
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General solution of the wave equation

2
(A - 18) b0 =0, U(r,0) = olr), A(r,0) = do(r),

c2or?

— wt) 4o &Pk,

G Jkw) = arlk) §(w — wr) + ap®) 6(w + we)s i = c k],

G oy = — / <af(k) el(kor—wi) L) ei(k~r+wkt)> &k,




General solution of the wave equation

c2or?

2
(A - 18) b0 =0, U(r,0) = olr), A(r,0) = do(r),

k r— wt dOJd3k

G Jkw) = arlk) §(w — wr) + ap®) 6(w + we)s i = c k],

00 = s [ (et 6= 0) gyl )

o (r,0) =o(r), Onb(r,0) = go(r) ~= ...~ ap(k), ay(k).



A touch of variational calculus

e Functional: L. U — R,C,
u — L(u),

a map from a space U of functions to real / complex numbers.



A touch of variational calculus

e Functional: L. U — R,C,
u — L(u),

a map from a space U of functions to real / complex numbers.

d
££(M+sv) T 0 forall v,

the variation of £ at u vanishes for arbitrary directions v.

® Stationary functional:



A touch of variational calculus

e Functional: L: U — RC,
u — L(u),

a map from a space U of functions to real / complex numbers.

d
££(M+sv) T 0 forall v,

the variation of £ at u vanishes for arbitrary directions v.

® Stationary functional:

® Restriction of a functional:
... to a parametrized family of functions;

- extremization with respect to these parameters,
- approximations of stationary points of the functional.



A touch of variational calculus

Example:
U={u:[0,7] > R|u(0) =u(r) =0},
L:U—R,



A touch of variational calculus

Example:
== : R = o s ™
U= {u:[0,7] > R | u(0) = u(r) = 0} / (Ouu)dx
L:U— R, Lu)=20
/ u?dx
0
(...)
L stationary at u, u satisfies DE & b.c.,

- qu =—Xu, A= L(u),

d
as ) u(0) = u(x) = 0.

=0 Vv
0

§=



A touch of variational calculus

Example:

U= {u:[0,7] = R[u(0) = u(r) =0}, /W(axu)zdx
L:U—R, £lu) = 0/”Mzdx
(...) 0

u satisfies DE & b.c.,
- Oﬁu =—Xu, A= L(u),
u(0) = u(mr) =0.

L stationary at u,

d
&ﬁ(u—i—sv)

=0 Vv
0

§=

\L Restrict £, L(a) = L(u|q).

Approximate solution

L stationary ata, VgL = 0. - of DE / eigenproblem.



Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



-~

“This concerns time harmonic fields . . . with angular frequency . . .,
for vacuum wavenumber . . . , speed of light . . . , and wavelength ... .”

“The problem is governed by the Maxwell curl equations in the
frequency domain for the electric field . . . and magnetic field . . . , for
(lossless) uncharged dielectric, nonmagnetic linear (isotropic) media
with (piecewise constant) relative permittivity . . . :

()7

[ M. Hammer, A. Hildebrandt, J. Forstner, Journal of Lightwave Technology 34(3), 997 (2016) ]



Maxwell equations, Fourier transform

V-D=p, VXE=-B V-B=0, VxH=J;+D

1 - : - .
& F(r,t) = m/F(r,w) e Yaw, F(r,w) = \/12?/17(,.7 1) e 1Wlgs



Maxwell equations, Fourier transform

V-D=p, VXE=-B V-B=0, VxH=J;+D
1 - ; - 1 .
& F(rt :/Fr,w ! dw, F(r,w :/Fr,t e Wiy
r = [ Fr) rw) = = [ Fir)

- E(r1), D(r,0), B(r,1), H(r,1), pe(r,1), Ji(r, 1)
= E(r,w), D(r,w), Br,w), H(r,w), i), Jirw),

V-D=p, VXE=—iwB, V-B=0, V xH=]J;+iwD

(Caution: arbitrary choice of ~ exp(£iwr)!).



Maxwell equations, frequency domain




Maxwell equations, frequency domain

“at frequency wy”: F(r,w) = \/ZF(r) d(w —wo) + \/ZF* (r) 6(w 4+ wo)



Maxwell equations, frequency domain




Maxwell equations, frequency domain

G B(r), D(r), B(r), HF), pi(r), Te(r), ~ explivor),
V-D =i VxE=—iwB, V-B=0, VxH=Ji+iwoD.

Caution: Decorations ~, —, o are ususally omitted; context determines interpretation of symbols.



Polarization

P: density of electric dipole moment (bound charges).

- - . - ~ A - A%
D = E + P, D] =[P = =5 " E = B
D3 vacuum permittivity ¢y = 8.854187817...- 1072 [m ]
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D = E + P, D] =[P = =5 T OE =T
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D3 vacuum permittivity ¢y = 8.854187817...- 1072 [m ]
e Local dipoles induced by E ~~=  P(E).
e Linear dielectrica:

P = eyX.E, Re: dielectric susceptibility, [Xe] = 1.
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Polarization

P: density of electric dipole moment (bound charges).
. - - - A - v
D = E + P, D] =[P = =5 T OE =T
m

D3 vacuum permittivity ¢y = 8.854187817...- 1072 [m ]
e Local dipoles induced by E ~~=  P(E).
e Linear dielectrica:

P = eyX.E, Re: dielectric susceptibility, [Xe] = 1.
C» = ¢o(1 + R)E = yéE, é: relative permittivity, [¢] = 1.

e Xc(r,w), é(r,w) are determined in the frequency domain.
e Complications: Ime, €(7), é(F), XJ%)E;CE;, X](]?lankElEma e

e Simpler cases: é(#), € = el.


https://physics.nist.gov/cuu/Constants/index.html
https://physics.nist.gov/cuu/Constants/index.html

Magnetization

M: density of magnetic dipole moments (bound currents).

1. - . Am? \Y
= —B-M, H) = M) = =2, >
Ho m
N Vs ]

vacuum permeability o = 4 - 107’ [Az = Am

i =


https://physics.nist.gov/cuu/Constants/index.html
https://physics.nist.gov/cuu/Constants/index.html

Magnetization

M: density of magnetic dipole moments (bound currents).

= —B-M, H =M =",
i [H] = M] m3
N Vs

A2 Am

g =

vacuum permeability s = 47 - 1077 [

e Local dipoles induced by H ~~~ M(H).

1 - _Am2 - Vs

|
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Magnetization

M: density of magnetic dipole moments (bound currents).

1. - . Am? \Y

= —B-M, H) = M) = =2, >
Ho m

B =

N \Y%
vacuum permeability s = 47 - 1077 [ =0 ]

A2 Am
e Local dipoles induced by H ~~~ M(H).

e Linear magnetic media:

-

—_

M = {nH, Xm: Mmagnetic susceptibility, [Xm] =
B = juo(1 + Xm)H = pofiH, ji: relative permeability, [i] = 1.


https://physics.nist.gov/cuu/Constants/index.html
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Magnetization

M: density of magnetic dipole moments (bound currents).
- —B-M, H =M= —,
. ) = ] = T
N_ Vs
A2 Am

B =

vacuum permeability s = 47 - 1077 [

e Local dipoles induced by H ~~~ M(H).
e Linear magnetic media:

M
-y
® Xm(r,w), fi(r,w) are determined in the frequency domain.

e Complications: manifold.
e Traditional integrated optics (frequencies, media): [i(¥) = 1.

LmH, Xm: Mmagnetic susceptibility, [Xm] =
0

po(1 + Xm)H = pojiH, ji: relative permeability, [fi] =

1 - _Am2 - Vs

|

—_

1.


https://physics.nist.gov/cuu/Constants/index.html
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Maxwell equations, dispersion

(Material) dispersion: é(r,w), fi(r,w) are frequency dependent.

D(r,w) = ¢é(r,w)E(r,w), B(r,w) = poi(r,w)H(r,w)



Maxwell equations, dispersion

(Material) dispersion: é(r,w), fi(r,w) are frequency dependent.

D(r,w) = ¢é(r,w)E(r,w), B(r,w) = poi(r,w)H(r,w)

G D(r o) =« / en(r,t — E(r, 1) dr,

B(r,t) = Mo/,&TD(r,t— {)H(r,t)dt.



Helmholtz equations

Linear dielectric media without free charges or currents,
time dependence ~ exp(iwt), fields E(r), D(r), B(r), H(r),
material properties €(r), fi(r):
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DZE()@E, B:uoﬂH.
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Helmholtz equations

Linear dielectric media without free charges or currents,
time dependence ~ exp(iwt), fields E(r), D(r), B(r), H(r),
material properties €(r), fi(r):

V-D=0, VXE=—-iwB, V-B=0, V xH=iwD,
DZE()@E, B:uoﬂH.

C» V X E = —iwuopt H, V x H =iweyeE, V-¢éE=0, V- -iH=0.
G VX (im'V X E) = 2euoéE or 'V x (6-'V x H) = weopuofiH.

Where é =¢l, Ve=0, fi=pul, Vu=0: "

- AE+w2 E=0 or AH+w2 H=0, c !
—€ = —€ =0, = .
c? H c? H v/ €00




Plane harmonic waves

Where ¢ =el, Ve=0, i = ul,
Components of E, H satisfy

o e~ i(km - r— wi)

P(r,1) =

)

(Mixture of TD and FD expressions;

e Medium: refractive index:

e Periodicity in time:  angular frequency:
frequency:

period:

e Spatial periodicity: ~ wave vector:
wavenumber:
vacuum wavenumber:

vacuum wavelength:

wavelength in the medium:

e Phase velocity: speed of light in vacuum:

in the medium:

Electromagnetic spectrum 3 K3

Vu=0: P O]

AY+ ey = 0.
C

2
w
—k2 + aH= 0.

% 7 Re, 1/2, c.c. omitted; sloppy, but common.)

n= /e

w,

f=w/(2m),
T=1/f =27r/w,
km, km = ‘km‘,

km = w/cm = (w/c)n =kn,
k=w/ec,
A =27/k =2mc/w,
Am = 27 /km = 27/ (kn) = \/n.
¢ = 1/\/&fip = M.
Cm=c¢/n=Anf.

(Use of symbols depends highly on context.)


https://en.wikipedia.org/wiki/Electromagnetic_spectrum
https://en.wikipedia.org/wiki/Electromagnetic_spectrum
https://www.computational-photonics.eu/wafe.html

Interface conditions

Surface between media (1) and (2), surface normal n, tangents [,
surface charge density oy, surface current density K :

n‘(Dl—Dz):O'f, l-(El—EQ):O,
n‘(Bl—Bz):O, l'(Hl—Hz):l-(Kan).



Interface conditions

Surface between media (1) and (2), surface normal n, tangents [,
surface without free charges or currents:

n‘(Dl—Dz):
n‘(Bl—Bz):

l-(E, —E)) =0,

0,
0, I-(H —Hy)=0.



Interface conditions

B

(1) €1, [y
(2) €, fi2

Surface between media (1) and (2), surface normal n, tangents [,
linear media with permittivities €;, é;, and permeabilities (i1, fi;:

n‘(€1E1—€2E2):0, l‘(El_EZ)ZO’
n-(fuH — i) =0, 1 (H —H)=0.



Reflection and transmission of plane waves at dielectric interfaces

z (FD)
€1, i (1 (2) €9, fi2
Ay
-~
e VXE=—iwuyitH,
V x H = iweye E
® ¢(r) and fi(r)

are constant along y, 7



Reflection and transmission of plane waves at dielectric interfaces

z (FD)
€1, i (1 (2) €9, fi2
Ay
-~
e VXE=—iwuiH,
V x H = iwege E
® ¢(r) and fi(r)

are constant along y, z
G B = (v etk k3 pi(r) = B (x) e (ko +Ke2)

1-D problem for E’, H'.



Reflection and transmission of plane waves at dielectric interfaces

z (FD)
€1, fn (1) (2) €9, fio
Ay
L.
9 .- T
. e VXE=—iwuiH,
‘&/ V x H = iwege E
2%
& ® ¢(r) and fi(r)

are constant along y, z

G B =Ewe iy k2 p) = B (x)ei(ky +k2)

1-D problem for E’, H'.

(incoming plane wave at angle 6)

(orient coordinates (ky = 0), plane of incidence, distinguish polarizations)
(write ansatz functions for incoming, reflected, and transmitted waves)
(interface conditions determine the amplitudes)

C» Fresnel equations.



Dielectric multilayer structures

(FD)
2)
él’ ﬂl (1) é?a /lQ
1
= g o
1 V X E = —iwpuoft H,
“‘ V x H = iwege E
\‘
2 é(r) and fi(r)
are constant along y, z
C» E ) —1(kyy + kZZ) H(r) _ H/(X) e—i (kyy + kZZ)

1-D problem for E’, H'.

C» Reflectance and transmittance properties. K

~—~—~—~

- - — —


https://www.siio.eu/muls.html

Energy of electromagnetic fields

(TD)
® Force on a particle with charge ¢, velocity v, in a field E, B :
F =g(E +v xB),
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e work for shifting the particle by dr = v dz:
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F =g(E +v xB),

e work for shifting the particle by dr = v dz:
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® respective power: P gE - v.



Energy of electromagnetic fields

(TD)
® Force on a particle with charge ¢, velocity v, in a field E, B :
F =g(E +v xB),

e work for shifting the particle by dr = v dz:
dW =F -dr=q(E+v xB) -vdr=qE -vdt,

. dw
® respective power: Fre gE - v.

For a charge density p¢(r,1):
force density f = ps(E +v x B),
C» power density f-v = piE -v=J; - E,
total work per time unit done in V' : % = /v Je-EdV.



Power & energy density, Poynting theorem

, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
dr v % v
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VxH=J;+D, VxxE=-B
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® Poyntlng vector: S == E X H, (energy flux density, power density)



Power & energy density, Poynting theorem

, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
dr v % v

® Poyntlng vector: S == E X H, (energy flux density, power density)

1 i
e cnergy density: w = E(ED +H-B), Wild — / wdV,
v



Power & energy density, Poynting theorem

, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
dr v % v

® Poyntlng vector: S == E X H, (energy flux density, power density)
e energy density: _! field —
gy density:  w = 2(E-D+H-B), Wy = [ wdV,

v
o =t tfo) D=ciE il =i ko) B=ponH ()
~~> yw=(E-D+H-B)



Power & energy density, Poynting theorem

, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
dr v % v

® Poyntlng vector: S == E X H, (energy flux density, power density)
e energy density: _! field —
gy density:  w = 2(E-D+H-B), Wy wdV,
1%

o & =¢ éw) D=efE, il =, i{=), B=poiH ("
~~ yw=(E-D+H-B)

V arbitrary

C, w+V.S=-J; E, C(ll(Wmech Wheld) _% S - da.
v



Electromagnetic energy, frequency domain

Lossless uncharged nondispersive (. . .) linear media:

1
w:i(eoE-éE—i—uoH-ﬂH), S=ExH, w+V-S=0,

E(r,t) =Re E(r) el W H(r,1) =Re H(r) elw!

C» S, w oscillate in time.



Electromagnetic energy, frequency domain

Lossless uncharged nondispersive (. . .) linear media:

1
w:i(eoE-éE—i—uoH-[LH), S=ExH, w+V-S=0,

E(r,t) =Re E(r) el W H(r,1) =Re H(r) elw!

C» S, w oscillate in time.

~ | [T (FD)
Consider time-averaged quantities:  f (1) = T / f(&)dr
1 ! l (exercise)
G W= Re (k" ¢E+pofl ll), 5= Re (B xH).
Ww=w=0, V-§=V-§ ~» V.5§=0, jfs-da—o;
1%

“power balance”, conservation of energy.



Wave propagation in attenuating media

Specifically: homogeneous isotropic conductors, linear media.

Electric field drives the free currents:
Ohm’s law Jf = oE, o: conductivity of the material.
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Electric field drives the free currents:

Ohm’s law Jf = oE, o: conductivity of the material.
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Wave propagation in attenuating media

Specifically: homogeneous isotropic conductors, linear media.

Electric field drives the free currents:

Ohm’s law Jf = oE, o: conductivity of the material.
V- D=p, VxE=-B, V-B=0, VxH=0E+D.

o2 o
C» of = ———pf, r.t) = pg(r, 1 ——(t—19) |,
Pt ol pe(r,t) = pr(r, to) exp ( 606( o))

assume pp(r.tg) =0 ~=  pe(r,1) =0 V.

V-E=0, VxE=—pouH, V-H=0, VxH=0E+eyE.



Telegrapher equation

V-E=0, VXE=—puoulH, V-H=0, VxH=0cE+eyeE
C» AE — equoepE — popcE =0,  AH — egpoepH — piopoH = 0,

Telegrapher equation.



Telegrapher equation

VE=0, VXE=—pyuH, V-H=0, VxH=0cE+eyeE
C» AE — equoepE — popcE =0,  AH — egpoepH — piopoH = 0,

Telegrapher equation.

Frequency domain: E(r, ) = E(r) el%!,

C» AE + ( eu—lwuo,ua>E:O.

w
Nonconducting media o = 0, AE + (—eu) E=o.



Telegrapher equation

V-E=0, VXE=—puoulH, V-H=0, VxH=0cE+eyeE
C» AE — equoepE — popcE =0,  AH — egpoepH — piopoH = 0,

Telegrapher equation.

Frequency domain: E(r, ) = E(r) el%!,

C» AE + ( €N — 1wu0,ua> E=0.

Nonconducting media o = 0, AE + (w—zeu> E=o.
_ w? o w? o .o

Define € suchthat —éu = —eu —iwpopo, ie. €=e—i—

C C EQw

C» AE + k*&uE = 0, Helmholtz equation, € € C, k=

o.\E

For given o, the choice of the FD time dependence ~ eii @I determines the sign of Im €. (!)



Wave attenuation

AE + kZEHE — 0, € c C (FD, exp(iwt), w > 0)



Wave attenuation

AE + kZEHE = 0, € € C (FD, exp(iwt), w > 0)
C» solutions ~ el (Wf — knz) and ~ o (W1 + k1)
with refractive index 7 =n' —in"” = +\/eu € C, M

o—i(knz —wt) _ o—i(kn'z — wr) e—kn”z’

damped plane wave solutions forn’ >0, n’ > 0.

. ’
o' >0 e~z — wi) 4 forward traveling wave.)



Wave attenuation

AE + kzg'UJE = 0, € € C (FD, exp(iwt), w > 0)
C» solutions ~ el (Wf — knz) and ~ ol (@1 + K1)
with refractive index 7 =n' —in"” = +\/eu € C, M

o—i(knz —wt) _ o—i(kn'z — wr) e—kn”z’

damped plane wave solutions forn’ >0, n’ > 0.

o > 0 e (k' = W) i 4 forward traveling wave.)
Issues:
® penetration depth,
S and w decay with z,
still transverse waves,
E. H no longer in phase,
notions of wavenumber, wavelength, phase velocity € C.

(ep = 2= (n/)z _ (n”)z _ i2n/n//)
(Modelling of gain: reverse the signs of n'’, Imé.)
(Choice of ei' Wl signs of n’/, Im € indicate loss/gain.)



Simulations in integrated optics

A typical setting:
® “uncharged dielectric medium”: -g¢, J+-
® “linear medium”™: D = e¢o¢E, B = poiH.

® “isotropic medium”: €

I
@)}
—_
M
—> >
I
=

® “pnonmagnetic medium™: i =

o “lossless medium™: € =¢ af =, (e, u € R).

® “piecewise constant” — “dependent on position”.

® “electric and magnetic field”: eliminate D and B, retain E and H.
® “governed by the curl equations”: divergence eqns. are satisfied.

® “frequency domain, time harmonic fields, frequency, wavelength”:
. as discussed.



Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Guided wave scattering problems, schematically




Guided wave scattering problems, schematically

Given €(r), fi(r) & external excitation (incoming guided mode),
determine E, H within the computational domain
& determine the optical power carried by outgoing waves.



Scattering problems, time domain

(TD)

E(r,t), H(r,1), _
V XE = —,U,Q[j,H,
V x H = ¢y¢E.



Scattering problems, time domain

(TD) =
E(r,t), H(r,1), i 7%

V XE = —,UQ[LH, %#
V x H = ¢¢E. & %
3-D ﬁ

° 2-D | computational domain X time interval.
1-D
® Initial & boundary conditions <— incident waves.

® “Local” time-explicit iterative schemes possible (e.g. FDTD).

¢ Time evolution available; direct modeling of pulse propagation.
® Dispersion (... ?).

® Guided wave excitation (... ?).

® Fourier transform — spectral information.



Scattering problems, frequency domain

(FD)

E(r), H(r), ~ exp(iwt),
V X E = —iwupfiH,
V x H = iwegéE.



Scattering problems, frequency domain

(FD) =
E(r), H(r), ~ exp(iwt), 7/? %

V X E = —iwpofH, %#
V x H = iweyéE. & %

3-D
° 2-D | computational domain.
1-D
o “M(fﬁl) = (excitation)”;
matrix needs to be determined, stored; system needs to be solved.
® Spectral information directly available.
® Dispersion — straightforward.
® Guided wave excitation — straightforward.

e Fourier transform — time evolution / pulse propagation.



Open problems

(TD & FD) %
I

“Open” spatial computational domain % % %

~~ boundary conditions need to

® permit outgoing radiated fields
& outgoing (reflected) guided modes to exit the domain,

® Jaunch the incoming external excitation.

- simulate a nonexisting boundary, an unlimited domain.


https://metric.computational-photonics.eu/Illust/facet.html

Open problems

(TD & FD) %
I

“Open” spatial computational domain % ﬁ %

~~ boundary conditions need to

® permit outgoing radiated fields
& outgoing (reflected) guided modes to exit the domain,

® Jaunch the incoming external excitation.

- simulate a nonexisting boundary, an unlimited domain.

Keywords: e transparent-influx boundary conditions, > |
® absorbing boundary conditions,

e perfectly matched layers (PMLs).


https://metric.computational-photonics.eu/Illust/facet.html

2-D problems

é=el, i =pl, ~ exp(iw?)

O,E. — 0.E, H,
O0.Ex — OE; | = —iwpop | Hy
OcEy — O,E, H,

2

&,H, — O.H,
asz - 8XHZ
O,Hy, — O,H,

(FD)



2-D problems

é=el, i =pl, ~ exp(iw?) (FD)

Assume dye = 0, Oyp = 0; consider solutions O\E =0, O,H = 0:
- OzEy Hx - azHy Ex
O.E, — OE; | = —iwpop | Hy |, O.H, — 0H; | =iwepe | Ey
OE, H, B, H, E.



2-D problems

é=el, i =pl, ~ exp(iw?) (FD)

Assume dye = 0, Oyp = 0; consider solutions O\E =0, O,H = 0:

— O.E, H, — O.H, E,
O.E, — OE; | = —iwpop | Hy |, O.H, — 0H; | =iwepe | Ey
8xEy HZ 8)CI_Iy EZ

C» Two decoupled sets of equations:
o {E, ,H H.}: transverse electric (TE) fields, E L x-z-plane.
e {H,,E E.}: transverse magnetic (TM) fields, H L x-z-plane.

(Different conventions on the use of TE, TM.)

(Applies also to the TD.)



2-D TE waves

K= w?/c? = wlepuo (FD)
® Principal component Ey,

—1
H = ——209E, H =

—— OkE,, iweoeE, = 0. H, — O H;
whiop wWhiopL



2-D TE waves

K= w?/c? = wlepuo (FD)
® Principal component Ey,

—1
Hx:fazEy, HZ: -
fopt wto

1
- ax,taxEy + 0 O:Ey + KPeEy = 0. ()
I

OE,, iwegeE, = 0.H, — O H;



2-D TE waves

K= w?/c? = wlepuo (FD)
® Principal component Ey,

Hy=——0.E, H =——0&E, iwecE, =0.H— OH.
whioft witop
1 |
G Oy —OhEy + 0.—0.Ey + k*¢E, = 0. (%)
m u

1
¢ Continuity of E,, —J,E, required at interfaces with normal n.
I



2-D TE waves
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® Principal component Ey,

Hy=——0.E, H =——0&E, iwecE, =0.H— OH.
whioft witop
1 |
G Oy —OhEy + 0.—0.Ey + k*¢E, = 0. (%)
m u

1
¢ Continuity of E,, —J,E, required at interfaces with normal n.
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o [fu=1: e(x,z) ()
C» 8§Ey + 822Ey + kzeEy =0, (%)
scalar 2-D (TE) Helmholtz equation  (E,, 0,E, continuous).



2-D TE waves

K= w?/c? = wlepuo (FD)
® Principal component Ey,

Hy=——0.E, H =——0&E, iwecE, =0.H— OH.
whioft witop
1 |
G Oy —OhEy + 0.—0.Ey + k*¢E, = 0. (%)
m u

1
¢ Continuity of E,, —J,E, required at interfaces with normal n.
I

o [fu=1: e(x,z) ()
C» 8§Ey + 822Ey + kzeEy =0, (%)
scalar 2-D (TE) Helmholtz equation  (E,, 0,E, continuous).

(Reflection / transmission problems: s-polarized waves satisfy (x), (x%).)



2-D TM waves

K= w?/c? = wlepuo (FD)
® Principal component Hy,
i —i .
E,=—0H,, E,=—0H, —iwupuH, = 0E;— OF;
wepe wepe



2-D TM waves

K= w?/c? = wlepuo (FD)
® Principal component Hy,
i —i .
E,=—0H,, E,=—0H, —iwupuH, = 0E;— OF;
wepe wepe

1 1
G o o+ 0.—0.Hy + 2yt = 0. )
€



2-D TM waves

) . K= w?/c? = wlepuo (FD)
® Principal component Hy,
i —i .
Ex = Foe aZHy, EZ = Ioe 8xHy, —lw,u,(),u,Hy = 3ZEX - axEZ

1 1
G 0-0uH, + 0. 0.H, + KuH, = 0. )
€ €

o 1 . . :
¢ Continuity of H,, —0,H, required at interfaces with normal n.
€



2-D TM waves

K= w?/c? = wlepuo (FD)
® Principal component Hy,
i —i .
E,=—0H,, E,=—0H, —iwupuH, = 0E;— OF;
wepe wepe

1 1
G 0-0uH, + 0. 0.H, + KuH, = 0. )
€ €
1
¢ Continuity of H,, —0,H, required at interfaces with normal n.
€

o [fu=1: e(x,z) (1)
1 1
- Ou-OHy + 0.—0:H,y + K*H, = 0, (%)

1
scalar 2-D (TM) Helmholtz equation (H,, —d,H, continuous).
€



2-D TM waves

) . K= w?/c? = wlepuo (FD)
® Principal component Hy,
i —i .
Ex = Foe aZHy, EZ = Ioe 8xHy, —lw,u,(),u,Hy = 3ZEX - axEZ

1 1
G 0-0uH, + 0. 0.H, + KuH, = 0. )
€ €
1
¢ Continuity of H,, —0,H, required at interfaces with normal n.
€

o [fu=1: e(x,z) (D
1
- Ou-O:Hy + 8%81Hy + K*H, = 0, (%)

1
scalar 2-D (TM) Helmholtz equation (H,, —d,H, continuous).
€

(Reflection / transmission problems: p-polarized waves satisfy (), (x%).)



Rib waveguide

... variant of an integrated optical waveguide with 2-D confinement

xT

—




Waveguides: Mode problems

V X E = —iwuouH, V x H =iwepeE. ~exp(iwr) (FD)

® Waveguide: a system that is homogeneous along its axis z,
0,6=0, O,u=0, dn=0.



Waveguides: Mode problems

V X E = —iwuouH, V x H =iwepeE. ~exp(iwr) (FD)
® Waveguide: a system that is homogeneous along its axis z,

0,6=0, O,u=0, dn=0.

® ook for solutions (modes) that vary harmonically with z:
E(x.y,2) = E(x.y)e 7%, H(x.y,2) = H(x.y)e /%,
mode profile E, H, propagation constant 3. (drop -



Waveguides: Mode problems

V X E = —iwuouH, V x H =iwepeE. ~exp(iwr) (FD)

® Waveguide: a system that is homogeneous along its axis z,
0,6=0, O,u=0, dn=0.

® ook for solutions (modes) that vary harmonically with z:

E(x,y,2) = E(x,y)e 7% H(x,y,2) = H(x,y)e %,

- mode profile E, H, propagation constant 3. (drop -
O,E. + i BE, H, OyH. + i BH,
—ifE; — OE; | = —iwpop | Hy |, —i8H, — 0,H, | = iwepe
O.Ey — O\E, H, O.H, — O,H,

-

vectorial mode equations, variants. (O

SHSNS



Waveguides: Mode equations

® Where e{r), puir): ~ expliwr) (FD)
AE + kK?euE =0, AH+kKepH =0
- OE + O;E + (Kep — B*)E = 0,
OiH + OJH + (Kep — B*)H = 0,
scalar mode equation, valid for all components of E, H,
to be supplemented by suitable boundary and interface conditions.
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® Where e{r), puir): ~ expliwr) (FD)
AE + kK?euE =0, AH+kKepH =0
- OE + O;E + (Kep — B*)E = 0,
OiH + OJH + (Kep — B*)H = 0,
scalar mode equation, valid for all components of E, H,
to be supplemented by suitable boundary and interface conditions.

- Eigenvalue problem with eigenvalue 3, eigenfunction E, H,
—
“M() (profile) = 0”.



Waveguides: Mode equations

® Where e{r), puir): ~ expliwr) (FD)
AE + kK?euE =0, AH+kKepH =0
- OE + O;E + (Kep — B*)E = 0,
OiH + OJH + (Kep — B*)H = 0,
scalar mode equation, valid for all components of E, H,
to be supplemented by suitable boundary and interface conditions.

- Eigenvalue problem with eigenvalue 3, eigenfunction E, H,
—
“M() (profile) = 0”.

® Guided modes: discrete 3 € R, / / S, dxdz < oo. (e, € R)



Waveguides: Mode equations

® Where e{r), puir): ~ expliwr) (FD)
AE + kK?euE =0, AH+kKepH =0
- OE + O;E + (Kep — B*)E = 0,
OiH + OJH + (Kep — B*)H = 0,
scalar mode equation, valid for all components of E, H,
to be supplemented by suitable boundary and interface conditions.

- Eigenvalue problem with eigenvalue 3, eigenfunction E, H,
—
“M() (profile) = 0”.

® Guided modes: discrete 3 € R, / / S, dxdz < oo. (e, € R)

(Radiation modes: continuum of 62 € R, oscillating external fields.)
(Leaky modes: discrete 3 € C, outgoing wave boundary conditions.)

(..



Guided wave scattering problems

(FD)

Given external excitation ~ exp(iwt), w € R.



Resonance problems

(FD...)

Omit excitation, look for nonzero solutions that decay in time.



Resonance problems

(FD..))

E(r), H(r), ~ exp(iwt), w ="7?
V X E = —iwupiH,
V x H = iweyéE,

& outgoing wave boundary conditions.



Resonance problems

(FD..))

E(r), H(r), ~ exp(iwt), w ="7? %Zé
V x E = —iwpgfiH,
V x H = iweyéE, &

& outgoing wave boundary conditions.

® Look for nonzero solutions with w € C
that oscillate and decay (slowly .. .) in time.

—
® “M(w) (field) = 07, eigenvalue problem.

e Solutions: discrete eigenfrequencies w, resonant mode profiles.

Keyword: “Quasi-Normal-Modes”, QNMs.



Scalar approximation

Linear, isotropic, nonmagnetic media, € = n” ;

a structure with “small” variations in € :

A scalar approximation may be adequate,

V . (eE)= eV -E
G M;_Cizqz:o, (TD)
A+ ke =0, (FD)

satisfied by all components 1) of E, H.

(Applicable to basically all types of problems.)



Beam propagation method

e Starting point: A1) + k*ep = 0, ~ exp(iwr) (FD)
“small” changes in € = n? along a propagation coordinate z.



Beam propagation method

e Starting point: A1) + k*ep = 0, ~ exp(iwr) (FD)
“small” changes in € = n” along a propagation coordinate z.

® Ansatz: Y(x,y,2) = to(x,y,2) e AT,
reference effective index n,,
assume that g varies “slowly” along z - neglect 83%.

G idkmdti + (9% + O2)udo + K(e — )b = O,

PDE of first order in z, solved as an initial value problem.



Beam propagation method

e Starting point: A1) + k*ep = 0, ~ exp(iw) (FD)
“small” changes in € = n” along a propagation coordinate z.

® Ansatz: Y(x,y,2) = to(x,y,2) e AT,
reference effective index n,,
assume that g varies “slowly” along z - neglect 83%.

G idkmdti + (9% + O2)udo + K(e — )b = O,
PDE of first order in z, solved as an initial value problem.

® Restriction to unidirectional propagation, reflections are neglected.

e Paraxial propagation, errors for waves with effective indices # n;,.

(Many variants (vectorial, wide-angle, bi-directional, ...) have been proposed.)
(Other ways of motivating the approximation exist.)
(Term “BPM” in use also for other types of methods.)

e Keywords: Paraxial approximation,
Slowly-varying-envelope approximation (SVEA),
Beam propagation method (BPM).



Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Context: Relevance of guided modes

(2-D, TE)

X [um]

X [um]

z [um]

Butt-coupling to a waveguide facet.



Waveguides: Mode problems

xX %} u=1e=n% ~ exp(iwt) (FD)
z
) 7?/@ & V x E = —iwpoH,
U V x H = iwepeE.

® Waveguide: a system that is homogeneous along its axis z,
0,e =0, 0,n=0.



Waveguides: Mode problems

xX %} w=1e=n% ~ exp(iwt) (FD)
z
) 7?/@ & V x E = —iwpoH,
U V x H = iwepeE.

® Waveguide: a system that is homogeneous along its axis z,
0,e =0, 0,n=0.

® [.ook for solutions (modes) that vary harmonically with z:
mode profile E, H,

E E —j
(H) (x,y,2) = (I_{) (x,y) e 1Bz’ propagation constant (3,
effective index ner = S/k.



Waveguides: Mode problems

xX %} w=1e=n% ~ exp(iwt) (FD)
z
) 7?/@ & V x E = —iwpoH,
U V x H = iwepeE.

® Waveguide: a system that is homogeneous along its axis z,
0,e =0, 0,n=0.

® [.ook for solutions (modes) that vary harmonically with z:
mode profile E, H,

E E —j
(H) (x,y,2) = (I_{) (x,y) e 1Bz’ propagation constant (3,
effective index ner = S/k.

61 — —16, (& boundary conditions)
- Eigenvalue problem with eigenvalue 3, eigenfunction E, H,

“M(B) (profile) = 0.



Mode equations

(drop ™)

- OE, +iBE, H, OyH, + i BH, E
—iBEx — OxE; | = —iwpo | Hy |, —iBHy — OxH; | =iwepe | Ey | .
OEy — OyEx H, OcHy, — O,H, E.

4 4



Mode equations

(drop 7)

- O\E. + iBE, Hy OyH: +iBHy E;
—iBEx — OxE; | = —iwpo | Hy |, —iBHy — OxH; | =iwepe | Ey | .
OEy — OyEx H, OcHy — OyHy E

e Express E,, E,, E,, H, through principal components H,, Hy :
1

o O+ Oy -0uH, + OyHy — By Lo, + (ke — )H, 0,
€

1 1
Eax*axHy + ayzHy + 6ny €0y a H, + ( €— 62) y=0,
€ €

B\ g [ 8- Ou )\ (H 2
E)’ = —BH: + B8~ ( vay + 82Hx) B H)' = H\'
E, weoe —i(OxHy — OyHx) H, ~i87"(OxHx + OyHy)

(Hy, Hy are continuous for all x, y.)

)_



Mode equations

(drop *)
C. O\E, +iBE, H OyH. + i BH, E,
—iBEx — OxE; | = —iwpo | Hy |, —iBHx — OxH; | =iwepe | Ey
OEy — OyEx H, OcHy, — O,H, E.

e Express H,, Hy, H,, E, through principal components E,, Ey:

SO

(Ey, Ey are discontinuous at specific interfaces.)



Mode equations

(drop *)
C, O\E, +iBE, H OyH. + i BH, E,
—iBEx — OxE; | = —iwpo | Hy |, —iBHy — OxH; | =iwepe | Ey | .
OEy — OyEx H, OcHy, — O,H, E.

e Express E,, E,, Hy, H, through principal components E,, H,:

SO

(E;, H; are usually small components.)



Plane mode profiles

® Modes are eigenfunctions
- profiles are determined up to a complex constant only.



Plane mode profiles

® Modes are eigenfunctions
- profiles are determined up to a complex constant only.

® Propagating modes, 3 € R, lossless structures, € € R:

E.:=iEl, H, :=iH, ~~» real PDE for E,, E,, E., H,, H,, H.

OVE! + BE, H, O H! + BH, E,
—BEx — O:E. | = —wpo H, s —BH: — 0:H! | = wepe E, ;
O Ey — OyEx —H] OxHy — OyH, —E]

it is possible to choose a phase such that
Ey, Ey, Hy, Hy are real,

E,, H, are imaginary

- plane mode profiles.

(It makes sense to prepare real plots of mode profile components.)
(That requires a suitable adjustment of the global phase.)



Guided modes

® Guided modes: profiles located “around” the waveguide core

- discrete § € R, //Szdxdy < 00.

® In general: Hybrid modes, all six field components present.
Planar-like waveguides ~~ adapt 2-D naming scheme;
“TE-like” / “TM-like” modes.

(> 5-component semivectorial approximations, plane _L x-axis:
quasi-TE: tiny Ey, dominant Ey, small E; major Hy, small Hy, minor H_,
quasi-TM: tiny Hy, dominant Hy, small H;; major Ey, small Ey, minor E;.)

® Mode indices mostly relate to numbers of nodal lines in the
dominant electric or magnetic field component.

(Naming schemes are highly context dependent.)



A rectangular strip waveguide, fundamental mode profiles

n, A = 1.55 pm, X € [=2,2] um,
n, = 1.45, y € [—2,2] pm;
N h ng = 1.99,

%m y w w = 1.0 pm, negr = 1.63554
h = 0.4 pm; (q') TEgg [ICMwavel.




A rectangular strip waveguide, fundamental mode profiles

n, A = 1.55 pm, X € [=2,2] um,
ny = 1.45, y € [—2,2] pm;
N h ng = 1.99,

%m Y w w = 1.0 pm, Ner = 1.56809
h = 0.4 um; (@) TMpo  [ICMwave].




X [um]

X [um]

X [um]

A rectangular strip waveguide, guided modes of higher order

n, A = 1.55 um, (wMMs] I3
n, = 1.45, nete | QTE | QTM
Ty h ng = 1.99, (0,0) [ 1.724 | 1.628
%z T w = 3.0 um, (0,1) | 1.676 | 1.585
h= 0.4 um; (0,2) | 1.595 | 1.516

X [um]

X [um]

X [um]



https://www.siio.eu/wmms.html

Symmetric waveguides

be
I::‘ Y Waveguide with mirror symmetry y — —y:
- modes have a definite parity.



Symmetric waveguides

be
I::‘ Y Waveguide with mirror symmetry y — —y:
- modes have a definite parity.
OyE; +1PE, H, OyH, +1ipH, E,
—ifBE, — OE; | = —iwuo | Hy |, —ifH, — 0,H; | =iwepe | E,

OE, — O\E; H, O,Hy, — O,H, E,



Symmetric waveguides

be
I::‘ Y Waveguide with mirror symmetry y — —y:
- modes have a definite parity.
OyE; +1PE, H, OyH, +1ipH, E,
—ifBE, — OE; | = —iwuo | Hy |, —ifH, — 0,H; | =iwepe | E,
OcE, — O\Ex H, OcH, — 0,H, E,

C» Equal parity of H,, E,, H;, reversed parity of E\, Hy, E;.



Directional modes

x ) %} & (FD) ~ exp(iwr)
! 7

Longitudinally homogeneous waveguide: mirror symmetry z — —z.




Directional modes

T (FD) ~ exp(iwr)
%} exp

= /

Longitudinally homogeneous waveguide: mirror symmetry z — —z.

O,E. + i BE, H, O,H. +ijH, E,
—ifE, — OE; | = —iwpo | Hy |, —ifH, — 0,H; | =iwepe | E,
O Ey — O,E, H, O.H, — 0,H, E.



Directional modes

T (FD) ~ exp(iwr)
%} exp

= /

Longitudinally homogeneous waveguide: mirror symmetry z — —z.

O,E. + i BE, H, O,H. +iBH, E,
—ifE, — OE; | = —iwpo | Hy |, —ifH, — 0,H; | =iwepe | E, |,
O Ey — O,E, H, O.H, — 0,H, E.

E E'
forward: ¥2) =1\ & xy)e > H
v <H> &%2) <Hf> ) H' = (Hx,Hy, H),
-
4 —b
E E +ifz E = (Ex,Ey, —E),
b k d: ' Y = I} ) ’ H
ackwar <H> (x,y,2) ( b> (x,y) e H® — (—Hy,—H,,H,)



Modal power

(FD) ~ exp(iwt)

1
® E.m. power density: S = ERe (E* x H).



Modal power

(FD) ~ exp(iwt)

1
® E.m. power density: S = ERe (E* x H).

acC, Ex,...,HéeR,
a guided mode, 8 € R.



Modal power

(FD) ~ exp(iwt)

1
® E.m. power density: S = ERe (E* x H).

E E —ifz E = (7 iV E)

° =1 7 7 T iH
<H> (xyyvz) <H> <x’y) ¢ > H:a(H H H ),
aecC, Ex,...,HQGR,
C ¢ laf? 8 a guided mode, 8 € R.

Re (E;Hy — E}H,) . (5:(x,2)



Modal power

(FD) ~ exp(iwt)

1
® E.m. power density: S = ERe (E* x H).

E E —ifz E = a(Ey Ey iE; )
° =1 7 7 T iH
<H> (xyyvz) <H> <x’y)e > H:a(H H H ),
0 aecC, Ex,...,HQGR,
2 a guided mode, 8 € R.
C, S = ﬂ 0 ) ¢ ’
E Hy, — E,H,
1
o S=0. 5,20, 5= MRe(EH B w

® Power carried by the mode :

1
— //Szdxdy: 4// (EfHy — E;H, + E.Hy — E,H;) dxdy.

(backward mode, Ey — Ex, Ey — Ey, Hy — —Hy, H, — —Hy: P — —P)



Mode orthogonality

® A set of guided modes of the same waveguide (¢): per

= i V X E,, = —iwpoH,,,
<£m> (x,y,2) = <I§m> (x,y) e 162, V x H,, = iweyeE,,
" " Bi # Bm, if I # m.



Mode orthogonality

® A set of guided modes of the same waveguide (¢): per

= , V X E,, = —iwpoH,,,
(ff) (x,y,2) = <I§m> (x,y) e 162, V x H,, = iweyeE,,
" " Bi # Bm, if I # m.

1 * * * *
* Pu= Z // (meHmy - Emyme + E””Hmy o Emyme) dxdy.



Mode orthogonality

® A set of guided modes of the same waveguide (¢): per

= , V X E,, = —iwpoH,,,
(ff) (x,y,2) = <I§m> (x,y) e 162, V x H,, = iweyeE,,
" " Bi # Bm, if I # m.

1 * * * *
* Pu= Z // (meHmy - Emyme + E””Hmy o Emyme) dxdy.

e FE,H,—0 for x,y— +o0.



Mode orthogonality

® A set of guided modes of the same waveguide (¢): per

= ) V x E,, = —iwuoH,,,
(flm) (x,y,2) = <g’"> (x,y) e 162, V x H,, = iweyeE,,
" m B1 % By, if 1 # m.

1 * * * *
* Pu= Z // (meHmy - Emyme + E””Hmy o Emyme) dxdy.
e E,H,—0 for x,y— *oo.

e V.-(EfxH,+E,xH;)=0 forall I,m



Mode orthogonality

® A set of guided modes of the same waveguide (¢): per

= ) V x E,, = —iwuoH,,,
(flm) (x,y,2) = <g’"> (x,y) e 162, V x H,, = iweyeE,,
" m B1 % By, if 1 # m.

1 * * * *
* Pu= Z // (meHmy - Emyme + E””Hmy o Emyme) dxdy.
e E,H,—0 for x,y— *oo.

e V.-(EfxH,+E,xH;)=0 forall I,m

G 0=i(8—fn) {// (E} % Hy+ Ep x H?‘)dedy} el (P = Bz,



Mode orthogonality

® A set of guided modes of the same waveguide (¢): per

= i V X E,, = —iwpoH,,,
<£m> (x,y,2) = <I§m> (x,y) e 162, V x H,, = iweyeE,,
" " Bi # Bm, if I # m.

1 * * * *
* Pu= Z // (meHmy - Emyme + E””Hmy o Emyme) dxdy.
e E,H,—0 for x,y— *oo.

e V.(E/xH,+E,xH;)=0 forall [,m
G o=t { [ (B x B By ) axay b 00— 0%

1 * * * *
(El,Hl;Ez,Hz) = 4//( lezy _ElyH2x+H1yE2x —Hlezy) dxdy




Mode orthogonality

® A set of guided modes of the same waveguide (¢): per

= i V X E,, = —iwpoH,,,
<£m> (x,y,2) = <I§m> (x,y) e 162, V x H,, = iweyeE,,
" " Bi # Bm, if I # m.

1 * * * *
* Pu= Z // (meHmy - Emyme + E””Hmy o Emyme) dxdy.
e E,H,—0 for x,y— *oo.

e V.(E/xH,+E,xH;)=0 forall [,m
G o=t { [ (B x B By ) axay b 00— 0%

1 k k * *
(Ev,Hi; By, Hp) = // (Ef Hay — Ef Hoy + Hi\Eax — Hi Eay) dxdy

0, if I # m,
(The modes are “power orthogonal”.)

P msy otherwise. (Statements hold for propagating guided modes.)
((., 3., ) is frequently used for mode normalization.)

(El,Hl;EmaHm) = {



Power transport by a mode superposition

® A set of guided modes of the same waveguide (¢): per

E E y
<Hm) ) = <Hm> (6,3) €02, Py = (B, Hyi By, i)
m m

® Superposition with amplitudes a,, € C:

(E)xy, z()y Z() ) o

Power flow along the waveguide :

//Szdxdy — (E,H;E,H)
= > " a} aw (E,H;Ey, Hy,)

[ m
— E 2
- |am| Pm . (Forward / backward modes: P 2 0.)



Mode interference

® Twomodesm =1,2:

() e = (o ) () €18,

® Superposition with amplitudes ay, a; :
E _ E, —ipiz E, —ifz
<H> (x,y,Z)—a1 (H])(xjy)e + a; HZ (X,y)e .

® Fix a position x, y and component F: Omit (x, y).

F(z) = a| F 1812 +a F, e—iﬁzz, re 10 .— a'aFiFs,

G IFPR) = lanPIF P + laal? Faf? + 2r cos(81 — Ba)e + o).

Periodic beating pattern with half-beat-length L. = ﬁ
1— P2

(Supermodes ER) (Evanescent coupling KEN) (“Coupling length” L.)


https://www.siio.eu/oms.html
https://www.siio.eu/Examples/Wgillu/wgillu.html

Polarization of a guided wave field

’ A
- Gy /
v
Unidirectional guided waves in a “long” dielectric channel that
supports fundamental TE- and TM-like modes only:

E . Er —if%z Eqy —1Bmz
(H> (x,y,2) = are (flm> (x,y) e + A H., (x,y) e ,

o Ey.#0, Eng, #0. amplitudes arg, apy € C.
° ETE(x7y) #ETM(xvy)'

e At (x,y): adjust E/|E| via arg, any.

® ay, apy fixed: (E/|E|)(x,y) varies.

“Polarization” frequently indicates the presence of only one mode.



What about non-guided fields?

(2-D, TE)

[um]
LbdbLloanoes

[um]
Lo dbLloanos

z [um]



Normal modes: real mode problems
g A
7

lossless waveguide, € € R,

<

“real” boundary conditions at x, y “far away” from the core,

e ‘“real” vectorial mode equations:

1 1

8)%Hx + angany + OywHy — €0 68 H, + ( € — /82) =0,
1 1

€Ox—OuHy + 02Hy + OyHy — €0,~0yH, + (ke — f*)Hy =0,
€ €

C» real principal components H,(x,y), Hy(x,y), 8% € R.



2-D slab waveguide, normal mode spectrum

¢ 7, ns = ne = 1.0, ng = 2.0,
d=13um, A =1.55pum,
s Ey,=0,H, =0 at x = £2 um.

T 4+ m————————+—+—++—tH—t—1>

™ +—+—+—t++—+—++—+HH—t—>
X € [-2, 2]um 0 1 4
o n?< B?/k? : no modal solutions.

n2 < B%/k* < n?: guided modes.

0 < 3?/k* < n?: propagating radiation modes.

B2/k* < 0 : evanescent radiation modes.



2-D slab waveguide, normal mode spectrum

¢ 7, ns = ne = 1.0, ng = 2.0,
d=13um, A =1.55pum,
n, E,=0,H, =0 at x = &5 um.

TE +—+—+++++++++HHHHHHHHHHH—

TM A— = —H— =R R A ————— >
X € [-5, 5]um 0 1 4
o n?< B?/k? : no modal solutions.

n2 < B%/k* < n?: guided modes.

0 < 3?/k* < n?: propagating radiation modes.

B2/k* < 0 : evanescent radiation modes.



2-D slab waveguide, normal mode spectrum

* o ne = ne = 1.0, ng = 2.0,
d=13um, A =1.55pum,

n, Ey,=0,H, =0 at x = £10 um.

TE HHHHHHHHHHHHHHHHHHHHHHH T ——————

TM A== =R H R R R A ————— >
x € [-10, 10Jum 0 1 4
o n?< B?/k? : no modal solutions.

n2 < B%/k* < n?: guided modes.
0 < 3?/k* < n?: propagating radiation modes.
B2/k* < 0 : evanescent radiation modes.



2-D slab waveguide, normal mode spectrum

te - ng =ne = 1.0, ny = 2.0,
=, T d d=13um, A =1.55pum,
n, E,=0,H, =0 at x = £20 um.

T A, ———————>

TM HHHHHH T HHH T ——— ———>
x € [-20, 20]um 0 1 4
o n?< B?/k? : no modal solutions.

n2 < B%/k* < n?: guided modes.
0 < 3?/k* < n?: propagating radiation modes.
. 3?/k* < 0 : evanescent radiation modes.



2-D slab waveguide, normal mode spectrum

A
* , ne = ne = 1.0, ng = 2.0,
= n d d=13um, A =1.55pum,
n, E,=0,H, =0 at x = *oo.

T E e ————— >

T\ >
X e [—oo, OO]Mm 0 1 4
o n?< B?/k? : no modal solutions.

® n2 < B%/k?> <n?: guided modes (discrete spectrum).
® 0 < B%/k* < n?: propagating radiation modes (continuous spec.).
o 32 / k* < 0 : evanescent radiation modes (continuous spec.).



Propagating & evanescent modes

~fb ) ~ exp(iwt) (FD)
<I§> (x,y,2) = (Ef,b> (x,5) e:FIBZ-

H

° 37>0 == B=1/3 BeR, >0,
~ e:Flﬁ <, aforward/backward propagating mode.

(Physical relevance of individual modes.)



Propagating & evanescent modes

=f,b : ~ exp(iwr) (FD)
<IE1> (X,y, Z) = (flf,b> (X,y) e:FIBZ'

° 37>0 == B=1/3 BeR, >0,
~ e:Flﬁ <, aforward/backward propagating mode.

(Physical relevance of individual modes.)

¢ <0 = B=—i/|f=—ia, a=+/|B €R, a>0,

Faz

~ e , aforward/backward traveling evanescent mode.

“forward”: ~ e~ X, field decays with z,
“backward”: ~ eTZ field grows with z.

(Relevant for purposes of field expansions.)



Propagating & evanescent modes

=f,b : ~ exp(iwr) (FD)
<IE1> (X,y, Z) = (flf,b> (X,y) e:FIBZ'

° 37>0 == B=1/3 BeR, >0,
~ e:Flﬁ <, aforward/backward propagating mode.

(Physical relevance of individual modes.)

¢ <0 = B=—i/|f=—ia, a=+/|B €R, a>0,
~ T aforward/backward traveling evanescent mode.

“forward”: ~ e~ X, field decays with z,
“backward”: ~ eTZ field grows with z.

(Relevant for purposes of field expansions.)

° {forward & backward, propagating & evanescent modes}
= the set of normal modes.



Evanescent modes

OyE, +ipE,
—iBE; — OcE; | = —iwpng
O,E, — O,E,

H,

H,y

H,

)

OyH, +iBH,
_iBHx - atz
O H, — O,H,

eeR
E,
= iwepe | E|
E;



Evanescent modes

b =—ia, a € R

OE; + aE,
—aFE, — OE,
O:Ey — O,Ex

= —lwpo

)

OyH, + aH,
—aH, — 0:H,
O0:H, — 0,H,



Evanescent modes

b =—ia, a € R ecR
O\E, + aE, H, OH, + aH, E,
—aE, — OE; | = —iwpg | Hy |, —aH, — OH; | =iwepe | E,
O.Ey — O,E, H, O.H, — O,H, E,

® Plane mode profiles: real PDE for E,, E\, E,, iH\, iHy, iH,;
common phase with real E, E,, E;, imaginary H,, Hy, H,.



Evanescent modes

b =—ia, a € R ecR
O\E, + aE, H, OH, + aH, E,
—aE, — OE; | = —iwpg | Hy |, —aH, — OH; | =iwepe | E,
O.Ey — O,E, H, O.H, — O,H, E,

® Plane mode profiles: real PDE for E,, E\, E,, iH\, iHy, iH,;
common phase with real E, E,, E;, imaginary H,, Hy, H,.

® Directional evanescent modes:
{ExaEyaEZa Hx>HyaHz; a}f - {EmEya —-E,, —H,, _Hysz; _a}b-



Evanescent modes

b =—ia, a € R ecR
O\E, + aE, H, OH, + aH, E,
—aE, — OE; | = —iwpg | Hy |, —aH, — OH; | =iwepe | E,
O.Ey — O,E, H, O.H, — O,H, E,

® Plane mode profiles: real PDE for E,, E\, E,, iH\, iHy, iH,;
common phase with real E, E,, E;, imaginary H,, Hy, H,.

® Directional evanescent modes:
{ExaEyaEZa Hx>HyaHz; a}f - {EmEya —-E,, —H,, _HyaHz; _a}b-

® Modal power: E=alE.E,E)

B ~ X0 Sy =z
E _(E 0z H=ia(H,HH),
(H) (%,3,2) = (H) (,y) e, E,. .. H€ER, acC

- SZ:%RG (EYHy — EyHy) =0, //Sdedy_O'



Completeness of normal modes

e € R, ~exp(iwt) (FD)

A B

z
—

A lossless, z-homogeneous waveguide configuration; general solution
of the Maxwell equations between cross sectional planes A and B:

¢ _
(f]) (x,y,2) = Z F <§’i> (x,) o~ 10mz

meN

Eb
sy (5
meN m

) (x,y) et1n )

N : the set of forward normal modes supported by the waveguide.

(“Solution”: obvious; “general”: without proof.)



Completeness of normal modes

Stronger statement:

“any” transverse 2-component field on a cross sectional plane can be expanded into alternatively
the transverse electric components of forward normal modes,

the transverse magnetic components of forward normal modes,

the transverse electric components of backward normal modes,

L]
L]
L]
e the transverse magnetic components of backward normal modes.



Orthogonality of normal modes

E E i ~ exp(iwt) (FD)
<H> (X,y,z) = <H> (xay) € IBZ'
| E |H | 8
[prop., f] | (E}, EY,iE}) (H., H’,iH;) B >0
[prop., b] | ( ;,E;, —iE}) | (—Hy, —H},iH]) | <0
[evan.,f] | (E}, E), EL) (iH, 1H’ 1H’) f=—ia, a>0
, .
[evan.,b] | (E}, E}, —E;) | (—iH,, 1H’ JAHL) | f=ia, >0
individual E,...H, € R.
<Ea7Ha7Eb7Hb // Hby be + H;ybe - HZbey) d-Xdy

)

E » _ (Ei» —iB12z VX Eip=—iwpoH, >,
<H1’2> (X7y’Z) o <H1 2> ('x’y) € ’ V X H1’2 = iw€0€E172,
Vv (

Ef xHy +Ey xH}) =0 ~ 0= (3 — () (E1,Hy; E2, Hy).

-




Orthogonality of normal modes

Nondegenerate directional normal modes of the same waveguide (¢€):

Efb EP _ighh; VX Ey = —iwpoHm,
(Hfr,lb>(x7yaz)_ (ﬂf,;b (x,y)e m=, VXHm:iWG()GEm,
. By # By if 1 £ m.
® A propagating mode m :
Sf of =f mf b b b mby
(E,.H,;E, H,) =Py, (E,H,;E, H,) =—Py, P, € R,
—f =f =b b b 75b =f Hf
(Emva;Emva) = (Emva;Emva) =0,
(ES HS:E) H)) = (E},H};ES HS) =0 forall [ #m, dr=fb.
® An evanescent mode m :
—f =f =f of —b #b =b b
(Emva;Em’Hm) = (Emva;Emva) =0,
=f =f =b & b Hb =f Hf
(E. H :E° H)=:P,, (Eo.H:E H)=-P, P,¢R,
(ES HS:E) H)) = (E},H};ES HS) =0 forall [ #m, dr=fb.

(This implies orthogonality of propagating and evanescent modes.)
(1/+/|Pm| is frequently used for mode normalization.)



Power flow associated with a normal mode expansion

|y
|y
=3

f .
m ) (x,y) e 1Pm3 4 B,
m

(f}) (x,v,2) = Z Fy,

meN

Power carried along z:
P= //Szdxdy = (E,H;E,H)

= > (IFul* = Bul) P + D> (F3Bum— BjyFn) Pu.

m propag. m evanesc.

® Pisindepedent of z.

e Individual contributions from forward and backward propagating modes.

e Contributions from evanescent modes require forward and backward fields to be present.
o Unidirectional field (forward: B,, = 0 for all m): Only propagating modes carry power.



Projection onto normal modes

A B E, H: a solution of the Maxwell

; equations for the z-homogeneous

waveguide between two cross sectional
planes A and B.

z
—

C» Extract local mode amplitudes by projection onto normal modes:
® A propagating mode m, (3, > 0:
(E' H'.E H)=F,P, ¢ 152, pu it LI
(E® H";E,H) = —B,, P, elPz.
® An evanescent mode m, 3, = —iqy,, o, > 0:

(E' H.:E H) =B, Py %, (E° H:;E H)=—F,Pye %

m»

- Ports of a photonic integrated circuit.



Waveguide facet: Port definition

(2-D, TE)

[um]
LbdbLloanoes

[um]
Lo dbLloanos

z [um]



Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



2-D waveguide configurations

e €R, p =1, ~ exp(iwt) (FD)

e 2-D waveguide, 1-D cross section.

® Permittivity e = n?,

refractive index n(x). (I-D waveguide)
® e=0 = OFE=0, O,H =0, 2-D TE/TM setting.
® 0.c =0 -—» Modal solutions that vary harmonically with z:
mode profile E, H,

(Z) (x,2) = (f]) (x) e 15 o propagation constant /3,
effective index nege = B/k.




2-D waveguide configurations

e €R, p =1, ~ exp(iwt) (FD)

e 2-D waveguide, 1-D cross section.

® Permittivity € = n?,
refractive index n(x). (1-D waveguide)
® Oye=0 == OE =0, d,H =0, 2-D TE/TM setting.

® J.e =0 --» Modal solutions that vary harmonically with z :

E B _ mode profile E, H,
< ) (x,2) = ( - ) (x) e 152, propagation constant /3,

effective index nege = B/k.

(TE): principal component E,, 92E, + (k*c — $*)E, = 0,

E.,=0, E, =0, H_—BEy, H, =0, H_—8Ey,
Wl Wity
Ey & 8xEy continuous at dielectric interfaces.



2-D waveguide configurations

e €R, p =1, ~ exp(iwt) (FD)

e 2-D waveguide, 1-D cross section.

® Permittivity e = n?,

refractive index n(x). (I-D waveguide)
® e=0 = OFE=0, O,H =0, 2-D TE/TM setting.
® J.e =0 --» Modal solutions that vary harmonically with z :

E B _ mode profile E, H,
< ) (x,2) = ( H) (x) e 15 o propagation constant /3,

effective index nege = B/k.

(TM): principal component H,, €0, 8H + (ke — B*)H, =

E, = iHy, Ey_O E_—8Hy, H. =0, H =0,
- weoe WEQE
Hy, & ¢ ) Hy continuous at dielectric interfaces.



Guided 2-D TE/TM modes, orthogonality properties

(— Exercise.)

® A set (index m) of guided modes of a 2-D waveguide (¢),
'(b?n = (EmaHm)» p=TE,TM & 5111’ Bm 7é /319 if [ 7é m.
1 k k * *
[ ] (EI’HI,EZ’HZ) = 4/( leZy_ ]szx—‘_H]ysz—Hlezy)dx.
® Power P, per lateral (y) unit length carried by mode P, /3,

Pi= [ Scdx= (i) = {7
anéo /6 |Hpny*dx, if p = TM.
B [
(i) =0, (%5 eb) = 500 [ By By dx = Py

(WYMpiE) =0, (M) = 2w60/ H Hyy dx = 6Py -



Dielectric multilayer slab waveguide

x e €R, p =1 ~ exp(iwt) (2-D,FD)
hy
hy_1 ® N interior layers,
piecewise constant € = n’:
2 nyt if hy < x,
hy nx) =< mn %f h_1 <x<h,
ho o no if x < hg.
e Principal component ¢(x) (TE: ¢ =E,, TM: ¢ = H,).

o 020+ (Kn?—pB¢=0, xclayer , [=0,...,N+1

(Half-infinte substrate (/ = 0) and cover (! = N + 1) layers.)

® ¢ & nO.¢ continuousat x =h;, (TE: n=1, TM: n=n"2).

o =, 9ac

86



Dielectric multilayer slab waveguide

x

hy

® [nterior layer /,
hy_

i <x<h,
local refractive index n;y,

° Qo= (B —knj)o.

e Consider a trial value (% € R.

° 52<k2n12 A qub:—nlzd), K1 ::”kanZ_Bz’

¢(x) = Aysin(k;x) + By cos(kyx).

° B2>knd ~w p=r7¢, K i=/B%—kn,

qS(x) = A el X + By e X,

z

hy
ho e

L4 UnknOWnS A 1y B l S C. (Local coordinate offsets required to cope with the exponentials.)

=} = DA 87



Dielectric multilayer slab waveguide, guided modes

x

hy

® Substrate region,
hy_

x < hy,
local refractive index ny,
z

® 929 = (B2 —Kk*n})¢.
e Consider a trial value (% € R.

° 62<k2n% e 8)%¢:—K%d), Ko ::\/kzn(z)—ﬁz,

oy =-Agsin{ro+Breost—rox).

o B>kPn} ~> 02p=r3¢, ko= /B>—k*nd,

B(x) = Agef0X 4 Bge—HoX

hy
ho e

e Unknown Aj ¢ C. Guided modes: ner = 3/k > ny.

o =, 9ac

88



Dielectric multilayer slab waveguide, guided modes

x

hy

e Cover region,
hy_

hN <X,
local refractive index ny 41,
z

° 0l =(B—k ”12\/+1)¢-
e Consider a trial value (% € R.

2 _ 12,2 2 2 =/
o B <Rny ~ 0= kR 6 kg =Ky — B

Po=Anrrsinltyrro—tByrreos{—ryrr)

* B> kPny e 02 =Ky ¢ kgl = /B2 — KNk,
B(x) = Ayer eBELE 4 By, eV,

® Unknown By € C. Guided modes: nesr = B/k > ny41.

hy
ho e

o =, 9ac

89



Dielectric multilayer slab waveguide

x

z  Trial value ° € R,

/B/k > no,nN+1,
s ki 1=0,.. . N+1.

- Byyie N+1Y for hy < x,
Aysin(k; x) + By cos(ky x), if B2 < k*n?,
= for h;_ h
$(x) { ApeFi¥ 4 BreRIX, if 32 > k22, [ Tt S S
AgeloX, for x < hy.

® 2N + 2 unknowns Ag,A,B1,...,An,Bn,BNy1.

® Continuity of ¢, n0x¢ at N + 1 interfaces ~~ 2N + 2 equations.

o = DA

90



Dielectric multilayer slab waveguide

x

hy
hy_

z  Trial value ° € R,

h Bk > no,nyyy.

ho o

® 2N + 2 unknowns Ag,A1,B1,..., AN, BN, Byn+1.

e Continuity of ¢, ndy¢ at N + 1 interfaces ~~ 2N + 2 equations.
e Arrange as linear system of equations M(53%) (Ao, ..., By4+1)" = 0.

e Identify propagation constants where M(/3?) becomes singular.

(Equations relate to the series of interfaces <> A transfer-matrix technique can be applied.)
® Choosee.g. Ag =1, fill Aq,...,Byyq, normalize. (i)
Guided modes {8, (Epn, Hy)}.




A nonsymmetric 3-layer slab waveguide

[ > ]

ns = 1.45, ng = 1.99, n. = 1.0,

d=1.5um, A = 1.55um.

TEot Neff = 1.944, TM01 Neff = 1.933,

TE: ne = 1.804, TMy: ne = 1.759,

TE>: negr = 1.562, TMj: neg = 1.490.
0.12
0.08 7
0.04 =

- 0 ]
-0.04 =
-0.08 ]
-0.12 1

-1 -0.5 0 0.5 1 1.5 2 25 2 25

X [um]

u]

ut
N)
yel
Q


https://www.siio.eu/oms.html

Dielectric multilayer slab waveguide, nodal properties

(Fixed polarization, TE/TM.)

0:(0x9) = —(K* n* — %)

4 05 0 05 1 15 2 25
X [um]

k*n®> — 3% determines the rate of change of the slope of ¢.

Imagine a numerical ODE algorithm of “shooting-type”.

® Guided modes with a growing number of nodes (x with ¢(x) = 0)
with decreasing effective indices
-+ mode indices = number of nodes in ¢. =

“Quantum numbers”.
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Dielectric multilayer slab waveguide, nodal properties

(Fixed polarization, TE/TM.)

0:(0x0) = —(kK n* — 5%)0.

4 05 0 05 1 15 2 25
X [um]

k*n®> — 3% determines the rate of change of the slope of ¢.

Imagine a numerical ODE algorithm of “shooting-type”.

® Guided modes with a growing number of nodes (x with ¢(x) = 0)
with decreasing effective indices
-+ mode indices = number of nodes in ¢. =

“Quantum numbers”.

e A fundamental mode with zero nodes and highest effective index.
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Dielectric multilayer slab waveguide, nodal properties

(Fixed polarization, TE/TM.)

0:(0x0) = —(kK n* — 5%)0.

4 05 0 05 1 15 2 25
X [um]

k*n®> — 3% determines the rate of change of the slope of ¢.

Imagine a numerical ODE algorithm of “shooting-type”.

® Guided modes with a growing number of nodes (x with ¢(x) = 0)
with decreasing effective indices
-+—» mode indices = number of nodes in ¢. =

“Quantum numbers”.

e A fundamental mode with zero nodes and highest effective index.

® Modes of the same polarization are non-degenerate.
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Dielectric multilayer slab waveguide, nodal properties

(Fixed polarization, TE/TM.)

4 05 0 05 1 15 2 25 6x(8x¢):_(k2n2_62)¢'

X [um]

k*n®> — 3% determines the rate of change of the slope of ¢.

Imagine a numerical ODE algorithm of “shooting-type”.

® A sign change of 0,¢ is required to form a guided mode
~~ There must be some region (layer) with k*n*> — 3> > 0.

Interval for effective indices nes of guided modes:

max{ng, nn+1} < ner < max;{n;}.



3-layer slab waveguide, dispersion curves

>
X . .

ne Symmetric waveguide,

- ne d moderate refractive index contrast,
n, ng = 1.45, ny =1.99, n. = 1.45.

T T T T
TE—— TM--- A =1.55um
2r 3 n

(Caution: 9y € = 0 assumed !)
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3-layer slab waveguide, dispersion curves

[ > ]
%x ne Nonsymmetric waveguide,
ne d moderate refractive index contrast,
Z N, ng =145, ng =199, n. = 1.0.

(Caution: 9y € = 0 assumed !)
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3-layer slab waveguide, dispersion curves

> |
‘ e Symmetric waveguide,
= . d high refractive index contrast,
n ng = 1.45, nf = 3.45, n. = 1.45.

(Caution: 9y € = 0 assumed !)
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3-layer slab waveguide, dispersion curves

>
%I e Nonsymmetric waveguide,
n d high refractive index contrast,
“ T, ns = 1.45, ny = 3.45, n. = 1.0.

(Caution: 9y € = 0 assumed !)
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3-layer slab waveguide, dispersion curves

Remarks / observations:

At large core thicknesses, or short wavelengths, for all modes:
negr approaches the level ns of bulk waves in the core material.

Modes of higher order at the same . supported by waveguides
with thickness increased by specific distances.
Guided mode, layer / with n,2 = (K¥n® — B%) > 0, field ¢(x) ~ cos(rx + x) forx € layer ;

increase layer thickness by Ax = 7 /Ky, such that k;(x + Ax) = Kix + 7
— the thicker waveguide supports a mode of order 41 with the same propagation constant.

Cutoff thicknesses at fixed wavelength.
Nonsymmetric 3-layer waveguide ng 7 nc : There exist cutoff thicknesses for all modes.
Symmetric 3-layer waveguide ng = n : Cutoff thicknesses exist for all modes of order > 1,
no cutoff thickness for the fundamental TE/TM modes.
A is the “length-defining” quantity; wavelength scaling, factor a:

negr(aX, ad) = nee(N,d), Bla),ad) = a=' (), d).

Cutoff wavelengths for waveguides with fixed thickness.

For all modes; exception: no cutoff wavelength for the fundamental TE/TM modes in a symmetric 3-layer waveguide.



3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ny = 1.45, nf = 1.99, nc = 1.45, A = 1.55 um,

d =1.50um, TEgy: neg = 1.946.

-1.2 -0.8 -0.4 0 0.4 0.8 1.2

96
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3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ny = 1.45, nf = 1.99, nc = 1.45, A = 1.55 um,

d=125um, TEg: ner = 1.932.

o =» Ao 96
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3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ny = 1.45, nf = 1.99, nc = 1.45, A = 1.55 um,

d =1.00um, TEg: ner = 1.908.
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3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ny = 1.45, nf = 1.99, nc = 1.45, A = 1.55 um,

d=0.75um, TEg: ner = 1.868.

96



https://www.siio.eu/oms.html

3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ns = 1.45, np = 1.99, ne = 1.45, A\ = 1.55 um,

d =0.50um, TEg: ner = 1.791.

28

=16 [

24

20

N N T Y N S U Y Y N S o |
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3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ny = 1.45, nf = 1.99, nc = 1.45, A = 1.55 um,

d =0.25um, TEg: ner = 1.630.

rrrrrrrrrrrrrrora
) N N TN N N N N O N N N I |
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3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ns = 1.45, ng = 1.99, nc = 1.45, A\ = 1.55 um,

d=0.10um, TEg: ner = 1.494.
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3-layer slab waveguide, mode confinement

Symmetric waveguide,
moderate refractive index contrast,
ns = 1.45, ng = 1.99, nc = 1.45, A\ = 1.55 um,

d =0.05um, TEg: ner = 1.462.
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3-layer slab waveguide, mode confinement

bz

n. Symmetric waveguide,
moderate refractive index contrast,
T "z L d ns = 1.45, ng = 1.99, n. = 1.45, A = 1.55 um,
n, d =0.02um, TEgy: neg = 1.452.
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3-layer slab waveguide, mode confinement

bz

n. Symmetric waveguide,
moderate refractive index contrast,
T "z L [d ns = 1.45, ng = 1.99, n. = 1.45, A = 1.55 um,
n, d = 0.01 um, TEgy: neg = 1.450.
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3-layer slab waveguide, ray model

Field in the core:
~ ay e—i(rx+5z) | aq o—i(—rx + fz) Kn? = 3+ K2

’

- propagation angle § with [ = kngcosf, k = kngsin6.
> |

Guided mode formation:

® Repleated total internal reflection of waves in the core at upper and lower interfaces

o Calculate optical phase gain, including phase jumps for reflection at interfaces (polarization dependent).

® Phase gain of 27 for one “round trip”, “transverse resonance condition” <— constructive interference of waves.

(A frequently encountered intuitive model . . . of very limited applicability.)

o =, 9ac

97
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3-layer slab waveguide, ray model

Field in the core:
~ ay e—i(rx+5z) | aq o—i(—rx + fz) Kn? = 3+ K2

’

- propagation angle § with [ = kngcosf, k = kngsin6.
> |

Guided mode formation:

® Repleated total internal reflection of waves in the core at upper and lower interfaces

o Calculate optical phase gain, including phase jumps for reflection at interfaces (polarization dependent).

® Phase gain of 27 for one “round trip”, “transverse resonance condition” <— constructive interference of waves.

(A frequently encountered intuitive model . . . of very limited applicability.)

o =, 9ac
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3-D waveguides

n(z,y)

Cross sections (2-D) of typical integrated-optical waveguides.



3-D rectangular waveguides

x No analytical solutions :
n(z,y)

Y

® numerical mode solvers.

® approximations.

o E A

99



Effective index method

m] = DA 100



Effective index method

II

Yy ny(x) n(x)

I1I

—

nm(x )

Outline: O]

® Divide into slices p = L ILIIT:  n(x,y) = n,(x), if y € slice p.

® Compute polarized modes X, (x), 85, X} + (K*n% — 82)X, =0, Ny = B,/k.

® Consider a scalar mode equation for the principal component W of the 3-D waveguide
R+ 07U + (K n* — )T =0, W =E,(TE), ¥ = H, (TM).

® Ansatz: W(x,y) = X,(x) Y(y), ify € slice p; require continuity of ¥ and Y”.

® Effective index profile: N(y) := N, if y € slice p.

G yry (N> — B2y =0,

a 1-D mode equation for Y, 8 with the effective index profile N in place of the refractive indices.



Effective index method, schematically

Remarks / issues:

A popular, quite intuitive method.

Frequently an (often informal) basis for discussion of waveguide properties.
<> Relevance of the slab waveguide model.

Manifold variants / ways of improvements exist.

What if a slice does not support a guided slab mode?

What about higher order modes?

How to evaluate modal fields? What about other than principal components?

DA

101



Variational effective index method

m] = DA 102



Variational effective index method

y n.(x)

Outline: O]
® Identify a reference slice, refractive index profile n;(x).

® Compute polarized guided slab modes (E, H);, B; for the reference slice.

® For each each reference slab mode :

Choose an ansatz: (VEIM)

E., Ey, E; _ 0, Ery()YE(y),  Ery(x)Y5(y)
He, Hy H, )“’”)* ( BV (),  Hee() Y (), Fre()Y() (e

Ex,Ey, E; _ Er,X(X)yEx(y)v Er,Z(x)YEy(Y)v Er,Z(x)YEZ )
Hy, Hy H. ) (2,2 = ( 0, Hoy(Yh (), Hoy(oyi(y ) ™

/N N

'

Y'(y) =2



A functional for guided modes of 3-D dielectric waveguides

(— Exercise.)

o ()= (g) et feR,
E.H

— 0 for x,y — Fo0.

e (C+ifR)E = —iwuH, (C+iBR)H = iweeE,

0 1 0 0o 0 &
R=| -1t 0o o), c=[ o o -a |.
0 0 0 -8, 8 0

o B(E.H) = weg(E, €E) + wpuo(H,H) +i(E,CH) —i(H, CE>’

(E,RH) — (H,RE)
(F,G) = //F -G dxdy.

_ d _ _ _
B(E,H) = 3, d—B(E+s5E,H+s5H)
s
at valid mode fields E, H, for arbitrary 6E, 6H.

s=0



Variational effective index method

e

Y

Outline, continued: O]
® Restrict B to the VEIM ansatz, require stationarity with respect to the {¥"} .

- 1-D mode (“-like”) equations for principal unknowns Y*x (TE) and YZx (TM)

with effective quantities in place of refractive indices, all other Y can be computed.

DA

104
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Optical fibers

[ Optical Communication A-D ]

«o»r «=)r VAR 105



Circular step index optical fibers

hy
r

a

&

ncladding

—
T

(FD)

Circular symmetry
- cylindrical coordinates r, 6, z.

n r<a
€ = 7’12, n(r) — cores — I
Ncladding; 7' > 4.

Circular and axial symmetry:

- (g) (r,0,2) = (fl) (e -8 ez gen

Where 0e = 0:

(Er,Eq, E;, Hy, Hy, Hy)

Ay +Kn*p =0, o €{E,...H}.

2
G a§¢+%ar¢>+(k2n2—62— %m:o, ¢ € {Ey,...H}

(An ODE of Bessel type.)

& vectorial interface conditions at r = a. (Alternatively: Scalar theory, LP modes.)

(...)


https://www.siio.eu/fims.html

“Complex” waveguides

. . . ~ exp(iwr) (FD)
Attenuating / gain media, leakage

~~ Mode amplitudes change along propagation distance.

0.€ =0, 0;n = 0, mode ansatz with complex propagation constant:

<,€> (x,3,2) = <f,> (x,y)e 13,

E,H: mode profile,

v = —ia € C: propagation constant, nest = v/k € C,
B € R: phase constant,

a € R: attenuation constant,

W) ~ T = TR P TR,
L,= 7 propagation length, if o> 0.
o

Applies to all former examples.
~ € C: Entire theory needs to be reconsidered, in principle.
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-30

“Complex” waveguides, loss

2-D,

d=0.5um, A= 1.55pum.

Bound modes:

TEO

ReE |
y
| ——mE |

X [um]

-3 -2 -1 0 1 2 3
X [um]
(Mode attenuation, essentially complex non-plane profiles, curved wavefronts, Sy 7 0.)
(Analysis: as before (...); boundary conditions: bound fields, integrability.)

ns = 1.45, nf =1.99 —i0.1, n. = 1.0,

TEo: nesr = 1.767 —10.093, L, = 1.32 um.

TEO, Re Ey



https://www.siio.eu/plass.html

“Complex” waveguides, loss

2-D,

d=0.5um, A= 1.55pum.

Bound modes:

T T T T T T
i ™O )
- ReH |-
y
——mH
L aE _
€
E
x
_l 1 1 1 1 1 i
3 2 A 0 1 2 3

X [um]

(Mode attenuation, essentially complex non-plane profiles, curved wavefronts, Sy 7 0.)
(Analysis: as before (...); boundary conditions: bound fields, integrability.)

ns = 1.45, nf =1.99 —i0.1, n. = 1.0,

TMy: nege = 1.640 —10.074, L, = 1.66 um.

TMO, Re Hy



https://www.siio.eu/plass.html
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-30

“Complex” waveguides, gain

2-D,

d=0.5um, A = 1.55um.

Bound modes:
TEy: negg = 1.767 +10.093,

£T T T T T -
TEO
B ReE_ |7
y
L —=mE_|
Y —_
€
=
x
C 1 1 1 1 1 .
-3 2 1 2 3

X [um]

(Modal gain, essentially complex non-plane profiles, curved wavefronts, Sy 7 0.)
(Analysis: as before (...); boundary conditions: bound fields, integrability.)

1

2]a]

ns = 1.45, nf =1.99 410.1, nc = 1.0,

= 1.32 um.

TEO, Re Ey



https://www.siio.eu/plass.html

“Complex” waveguides, gain

T T T T T T
i ™O
- ReH
y
——mH
- y
—
B 1 1 1 1 1 1
3 ] 0 1 2 3
X [um]

2-D,

ns = 1.45, ng = 1.99 +1i0.1, nc = 1.0,
d=0.5um, A = 1.55um.

Bound modes:

TMy: nes = 1.640410.074, ﬁ = 1.66 pm.

TMO, Re Hy

X [um]

(Modal gain, essentially complex non-plane profiles, curved wavefronts, Sy 7 0.)
(Analysis: as before (...); boundary conditions: bound fields, integrability.)


https://www.siio.eu/plass.html

“Complex” waveguides, leakage

2-D,
ns = 3.45, n, = 1.45, ny = 3.45, nc = 1.0,
d=022um, g =05pum, A= 1.55um.

Leaky modes:
TEq: ner = 2.805—12.432-1079, L, = 5073 um.

- TE(Ib), Re E
TE(Ib) y
ReE |
y
—=ImE Il EEEEEEE N
v | _o
€ ¥ ¥F F ¥F ¥F F F F 3
=
x
1 2 3
X [um] z [um]

(Radiative loss, essentially complex non-plane profiles, curved wavefronts, Sy 7 0, field growth for x — —o0.)
(Analysis: as before (...); boundary conditions: outgoing wave for x — — oo, bound field at x — co.)


https://www.siio.eu/plass.html

“Complex” waveguides, leakage

2-D,

ns = 3.45, ny = 1.45, ny = 3.45, nc = 1.0,
d=022um, g =05pum, A= 1.55um.

Leaky modes:

TMy: negr = 1.878—13.203-1073, L, = 38.51 um.

TM(lb), Re H
TM(lb) e . y
ReH |
y 2 B S S B & = 3
== ImH 3 = = = = = 2
y | _o
€
=
x
1 2 3
X [um] z [um]

(Radiative loss, essentially complex non-plane profiles, curved wavefronts, Sy 7 0, field growth for x — —o0.)
(Analysis: as before (...); boundary conditions: outgoing wave for x — — oo, bound field at x — co.)


https://www.siio.eu/plass.html

Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



PICs, OICs, scattering matrices




Scattering matrices, prerequisites

~ exp(iwt) (FD)

(i)

® Passive, linear circuit.



Scattering matrices, prerequisites

~ exp(iwt) (FD)

e (Computational) domain of interest €2, its boundary Of2.



Scattering matrices, prerequisites

~ exp(iwt) (FD)

e Connecting channels: lossless waveguides (or “half-spaces”).



Scattering matrices, prerequisites

~ exp(iwt) (FD)

® Physical ports p =1i,ii,...: waveguide cross-section planes,
local coordinates x,,y,,z,; local axis z, oriented outwards of ().



Scattering matrices, prerequisites

~ exp(iwt) (FD)

e Establish sets N, of propagating directional normal modes
{d’g,m = (Eg,m,H[‘f,m), Bpm; d = f,b} on each port p.

(Restriction to propagating fields: a condition on port positioning / a model assumption.)



Scattering matrices, prerequisites

~ exp(iwt) (FD)

® Ports & modes are such that all mode fields vanish
e on all “other” port planes, and
e on Jf) outside the ports.



Scattering matrices, prerequisites

~ exp(iwt) (FD)

C» Field on port plane p and “outside’:

E £ —i b i
<H) (Xps Yps 2p) = Z Fpmd’p,m(xpvy/n) € 1Bpm2p + Bp,m"»bp,m(xp’)’p) elﬁp,ng
meN,



Scattering matrices, prerequisites

~ exp(iwt) (FD)

Passive, linear circuit.

(Computational) domain of interest 2, its boundary Of2.

Connecting channels: lossless waveguides (or “half-spaces™).

Physical ports p =1i,ii,...: waveguide cross-section planes,
local coordinates x,,y,,z,; local axis z, oriented outwards of ().

Establish sets N, of propagating directional normal modes
{%l,m = (El‘f,m,Hg,m), Bpm: d = f,b} on each port p.

(Restriction to propagating fields: a condition on port positioning / a model assumption.)

Ports & modes are such that all mode fields vanish
on all “other” port planes, and on 92 outside the ports.

C» Field on port plane p and “outside’:

E ¢ o .
<H) (xpa)’mzp) = Z FP,M¢p,m(xpayp) € lﬁp,mZp + Bp,m’lp]t)),m(xp’yp) elﬁp,mZp.
menN,



Scattering matrices

~ exp(iwt) (FD)

® Merge all mode indices {m} and port IDs {p}
into one set of mode identifiers {v}, N = UpN,,.



Scattering matrices

~ exp(iwt) (FD)

* Assert that v, (r) =0 forall r € 99, r ¢ port p.



Scattering matrices

~ exp(iwt) (FD)

¢ Field on 0%: <Il§) = Z {F,ﬂ,blf, +Bl,1,bg}.
veN

(Position arguments omitted.)



Scattering matrices

~ exp(iwt) (FD)

® B, : ~ incident modes, traveling towards the interior of ).
F, : ~ outgoing modes, traveling towards the exterior of ().
Combine into amplitude vectors B, F.



Scattering matrices

~ exp(iwt) (FD)

Linear circuit <+ linear dependence of F on B,
Scattering matrix S of the circuit: F = SB, S=(Su)-



Scattering matrices

~ exp(iwt) (FD)

e S,: ~(v,b) = (v,f), reflection coefficient for mode v.

® Syu: ~(u,b) = (v,f), transmission coefficient for modes u, v.



Scattering matrices

e Merge all mode indices {m} and port IDs {p} ~ exp(iwr) (FD)
into one set of mode identifiers {v}, N = U,N,,.

* Assert that v, (r) =0 forall r € 99, r ¢ port p.

. E :
e Field on 00 : <H> = Z {F.4Y, + B0}
VGN (Position arguments omitted.)
® B, : ~ incident modes, traveling towards the interior of ).
F, : ~ outgoing modes, traveling towards the exterior of 2.
Combine into amplitude vectors B, F.

Linear circuit < linear dependence of F on B,
Scattering matrix S of the circuit: F = SB, S=(Su)

® S,: ~(v,b) = (vf), reflection coefficient for mode v.

® Syu: ~(p,b) = (v,f), transmission coefficient for modes s, v.



PICs, OICs, scattering matrices, scenarios

~ exp(iwt) (FD)

e Scenario: Full matrix S, including guided and radiation modes,
large dimS < theoretical results.



PICs, OICs, scattering matrices, scenarios

~ exp(iwt) (FD)

® Scenario: Restrict to a specific set of (guided) modes, or:
Only a small set of guided modes are relevant:
small dimS =N X N < an N-port circuit, a 2-N-pole.

(N: the total number of relevant modes, not the number of ports.)



Scattering matrices, port plane positions

Ziy ‘ ~ exp(iwt) (FD)
(i%

e Shift port plane of mode v by Az,: F, — F, =F, e—iﬁvAZu,
Shift port plane of mode 1 by Az,,: B, — B, =B, elﬁuAZu,
- F,=S5,,B, S, =Su e~ 1(BvAzy + BuAzy)

(Moving port planes <+ Phase change in reflection/ transmission coefficients.)
(Moving port planes <+ No effect on reflectances / transmittances.)



Scattering matrices, port mode orthogonality

Ziy . ~ exp(iwt) (FD)
(i%

@ Q

o0/

® Orthogonality relations on port plane p:
1
(E, H,;Ep, Hp) = 1 // (EZbey — Ey Hpy + Hy Epy — HZXEby) dx, dy,
P

d
( D l, ’l,b‘; m) - :l:(Sdr(S[mPp7m . (Things restricted to propagating modes.)
9 b}



Scattering matrices, port mode orthogonality

Ziy ;
(i%

~ exp(iwt) (FD)

@ Q

¢ Extend to the full boundary 0f):

1

(Ea,Ha;Eh,Hb) ::4/ (EZ x Hy, + E;, xHZ)da
o0

C’ ( D, b ¢q m) :t(sdréquslmppm or ( zli; ¢L) = :l:6dr5uupy-

(Modes belonging to different ports are mutually orthogonal.)



Scattering matrices, power balance

~ exp(iwt) (FD)

® Net power outflow across the border of the circuit:

P=[ S da=EHER= 3 (Fonl = Bunf’) Pro
o0

p méeN,



Scattering matrices, power balance

~ exp(iwt) (FD)

Net power outflow across the border of the circuit:

p:/ S-da=(E,H;E.H)= Y > (|Fpml* = Bpul’) Py
1)9)

p mE/\/;)

= > (FRP =B P

veN



Scattering matrices, power balance

~ exp(iwt) (FD)

® Net power outflow across the border of the circuit:

p:/ S-da=(E,H;E.H)= Y > (|Fpml* = Bpul’) Py
1)9)

p mE-/\/;)
- Z (IFu)* = |B,*) Py
veN

. . (Be =0 V& # )
|B,|>P, : incident power carried by mode 4, ¢ Srn

|F,|?P, : outgoing power carried by mode v, F, =S, Byu.



Scattering matrices, power balance

~ exp(iwt) (FD)

® Net power outflow across the border of the circuit:

P:/ms.da:(EHEH SN (1Fpml® = 1Boml®) Poom

p mE/\/;)
- Z (IFu)* = |B,*) Py
veN

. . (Be =0 V& # )
|B,|>P, : incident power carried by mode 4, ¢ Srn
|F,|?P, : outgoing power carried by mode v, F, =S, Byu.

s ’2& _ |F,|?P,  p+#v: power transmittance p — v,

“Mp, |Bu*P,’ w=wv: power reflectance for mode v.

(Uniform normalized modes, P,, = P, : transmittances are directly given by elements of the scattering matrix).



Scattering matrices, power balance

~ exp(iwt) (FD)

® Net power outflow across the border of the circuit:
p— / S-da = (E,H;E,H) = P, (B* -(sfs - 1)B> :
o0

uniform normalization, P, = Py for all v.



Scattering matrices, power balance

~ exp(iwt) (FD)

® Net power outflow across the border of the circuit:
P= / S-da = (E,H;E,H) = Py (B* - (S'S — 1)B),
o0
uniform normalization, P, = Py for all v.
e [ ossless circuit - S-da=0 =» SfS=1,

o0
the scattering matrix of a lossless circuit is unitary.



Scattering matrices, power balance

~ exp(iwt) (FD)

® Net power outflow across the border of the circuit:
p— / S-da = (E,H;E,H) = P, (B* -(sfs - 1)B> :
o0

uniform normalization, P, = Py for all v.

e [ossless circuit -~ S-da=0 == SiS=1,
o0
the scattering matrix of a lossless circuit is unitary.
® Lossy circuit - S-da<0 ~— B*.-S'SB<B*B,
o0

§ : 2
‘Sl/,u‘ S 1 for all /-*L (The sum of transmittances mode  to all other modes v is less than one.)

v (Interior lossy media, or radiative losses: outgoing propagating modes not taken into account.)



Scattering matrices, symmetry

Circuit with specific spatial symmetry
& symmetrical setting of the port planes

C» respective symmetry in related coefficients of S,
symmetric power transmission properties.



Scattering matrices, reciprocity

~ exp(iwt) (FD)

Circuit properties
for reversed
wave propagation ?

SV/J, - SUV?



Scattering matrices, reciprocity

~ exp(iwt) (FD)

Circuit properties
for reversed
wave propagation ?

Sy === 8,7
e E1,H| and E,,H, solve V X E = —iwuouH, V x H = iwepeE.

C» V- (Ey xH,+H; x E;) =0, if ¢ and i are symmetric.
Geif &' =& aT = p)
(Note: order of factors, no complex conjugates.)



Scattering matrices, reciprocity

e E,,H, and E,,H, solve V X E = —iwuoﬂH, V x H = iweyeE

C» V- (Ey xH,+H; x E;) =0, if ¢ and /i are symmetric,



Scattering matrices, reciprocity

e E,,H, and E,,H, solve V X E = —iwuoﬂH, V x H = iweyeE

C» V- (Ey xH,+H; x E;) =0, if ¢ and /i are symmetric,

G 0:/V-(E1><H2+H1><E2)d3r:/ (E, x Hy + H, x E,) - da.
Q o0



Scattering matrices, reciprocity

e E,,H, and E,,H, solve V X E = —iwuoﬂH, V x H = iweyeE

C» V- (Ey xH,+H; x E;) =0, if ¢ and /i are symmetric,

G oz/v-(Ele2+H1xE2)d3r:/ (E, x Hy + H| X E>) - da.
Q o0

. E f b ;
® Fields on 092: (H>j = Z.N—{Fj,llwy +Bj,u¢u}, Jj=12,
ve

(Y43 %p) = /(‘m (E, xHp +H, x Eyp) - da,

G 0= Rl vl + FruBl )
voR By Fa W] 4 BruBa b ) ).



Scattering matrices, reciprocity

Ziv ~ exp(iwt) (FD)
w—N

o0’

o) i= [ (Bux Hy+ H, X Ey)-da
a0

° [¢,; ¢u] =0, if v and p relate to different ports.

e [f v and p relate to the same port plane p:

d d d d d
[ 1r/; ’lP#] = // (Ezr/xHuy - Ezr/yH,ux - HICyE,ux + Hzr/xEuy) d‘xp dyp'
p



Scattering matrices, reciprocity

e [f v and p relate to the same port plane p:
¢1/7 wd // E;xHZy ELyHZx HZyEZx + ngEzy) d‘xI’ dy]"



Scattering matrices, reciprocity

e [f v and p relate to the same port plane p:
d r pyd r pyd r opd r pd
¢1/7 ‘P // EVXHMy EuyHux HVyEux + HVxEuy) d‘xP dy]"

® Compare with the modal orthogonality relations on port plane p,

1 ro\* T\ * * *
= [ @~ e L ) EL - ) EL) gy
p



Scattering matrices, reciprocity

e [f v and p relate to the same port plane p:
d r pyd r pyd r opd r pd
¢1/7 ‘P // EVXHMy EuyHux HVyEux + HVxEuy) d‘xP dy]"

® Compare with the modal orthogonality relations on port plane p,
for propagating modes with real transverse components:

1

d d d d d

( {/;d)u) = Z // (ELXHM} EICyH +H1’;yEux Hzr/xEuy) d‘xp dyp,
p

(Yh;p) = SupPur (P05 90) = . (Whin) = (Ypie,) =



Scattering matrices, reciprocity

e [f v and p relate to the same port plane p:
r.andl r pyd r pyd r opd r pd
[¢y7 ‘Pu] - //p (EVxHuy - EVyHux - HuyEux + HVxEuy) d‘xI’ dy]"

® Compare with the modal orthogonality relations on port plane p,
for propagating modes with real transverse components:

1
caldN d d d d
(Y vy) = 1 // (E;.Hy, — E, Hy\, + H, ES — H) Ef, ) dx, dy),
p

(Wi l) = 6Py, (Y5 90) = =6, Py, (Phihh) = (¥0i9),) = 0.

i 'lnbf = (Exa Eya iEZ; Hxa Hya iHZ)T
Q)bb = (EX7 Ey7 _iEZ; _Hx; _Hy, le)T (Real components).



Scattering matrices, reciprocity

e [f v and p relate to the same port plane p:
d r pyd r pyd r opd r pd
¢1/7 ‘P // EVXHMy EuyHux HVyEux + HVxEuy) d‘xP dy]"

® Compare with the modal orthogonality relations on port plane p,
for propagating modes with real transverse components:

1
( ;;¢Z):4//(E’ HY — E, HY + H), E¢ — H} E¢ ) dx, dy,,

vxtpy vy vy~ ux Xy
p
f
(WL %) = duPu. (W)9)) = (i) = (WD) =
. P' = (E, iE., H,, H,iH.)T
Vo 29 X9 ¥ Z
e ’lpb—(E Ey7 iE27 _HX7 —Hy,iHZ)T. (Real components).

[ £7¢Z] = [ Bﬂpm =0, [ ¢b] 6VM4PV’ [ Bu"pu = 5V}L4PV'



Scattering matrices, reciprocity

G 0= 4P, (BiuFoy — FiuB2),
v uniform normalization P, = Py,
C> 0= Z (BI,VFZ,V - Fl,I/BZ,I/)$
14
G 0=B,.-F,—F B,
G 0-B,-SB,—(SB))- By,
- 0=B,-SB,—B,-S"B,,
G o0=B- (S—S")B, forall By,B,.

F; =SB,

S=ST, S,,=S5, foralv, .

The scattering matrix of a reciprocal circuit is symmetric.

Reciprocal circuit: made of reciprocal media, with € = éT, L= ﬂTA



Nonreciprocal devices

Isolator:
e unidirectional transmission,
A B Sga =1, Sap =0.

Circulator:
transmission cycle,

Sepa=1, Sce =1, Spc=1, Sap =1,
S.. = 0 otherwise.

Required: nonreciprocal media with & # &',
- magnetooptic media, Faraday effect.



Nonreciprocal devices

What about, for example,

® along, “adiabatic” Y-junction ?

® a junction between a single mode core and a wider multimode
waveguide ?


https://dx.doi.org/10.1126/science.1206038
https://dx.doi.org/10.1126/science.1216682
https://dx.doi.org/10.1126/science.1213954
https://dx.doi.org/10.1038/nphoton.2013.185

Waveguide discontinuities

D (D) Half-infinite waveguides (1), (II),

— et

5 -

|
i B
I
U

z




Waveguide discontinuities

Half-infinite waveguides (1), (II),

B discontinuity at z = 0.
® Expand into local normal modes

05 P {¢¢,, Bsm}s meN;, s =11

Transverse boundary conditions =~ discrete sets.

(fz)w = 3 {fathaley) e P by, (x,y) e TPz,

meN; . .
2<0: s=1I, fi mgiveninflux, by , unknown,

z>0: s=1II, fi,unknown, b, given influx.
C» (E,H)y are solutions for z < 0 and z > 0.



Waveguide discontinuities

0 (D Half-infinite waveguides (1), (II),
B discontinuity at z = 0.

: ® Expand into local normal modes

05 P {¢¢,, Bsm}s meN;, s =11

Transverse boundary conditions =~ discrete sets.

(fEI) X, ¥, 2 Z {fs m¢5m(~x y) e —iBsmz 1 b, m'l,bsm(x y) e-i-i/@’s’mz}’

meN; . .
2<0: s=1I, fi mgiveninflux, by , unknown,

z>0: s=1II, fi,unknown, b, given influx.
C» (E,H)y are solutions for z < 0 and z > 0.

¢ Continuity of the tangential components of E, H at the interface

<> formally equate expressions for (E,H);y at z = 0.
(Only equality of Ex, Ey, Hy, Hy will be relevant.)



Waveguide discontinuities

0 (D Half-infinite waveguides (1), (II),
B discontinuity at z = 0.

: ® Expand into local normal modes

05 P {¢¢,, Bsm}s meN;, s =11

Transverse boundary conditions =~ discrete sets.

(fEI) X, ¥, 2 Z {fs m¢5m(~x y) e —iBsmz 1 b, m'l,bsm(x y) e-i-i/@’s’mz}’

meN; . .
2<0: s=1I, fi mgiveninflux, by , unknown,

z>0: s=1II, fi,unknown, b, given influx.
C» (E,H)y are solutions for z < 0 and z > 0.

¢ Continuity of the tangential components of E, H at the interface
<> formally equate expressions for (E,H);y at z = 0.

(Only equality of Ex, Ey, Hy, Hy will be relevant.)

® Project on q,bi, to extract coefficients ...



Waveguide discontinuities, scattering matrix

@ an
e

t -—
1 z (Global coordinate z 7 former local coordinate on port I.)
! (One variant of a projection procedure.)

0

° (¢113,1§ =), lEM:

> [ wh) + b @i wh)] = D [ Wl + bum @5 v
meN] meN

o (Y- -=-). €N

Z |:ﬁﬂ71(’¢'fl,1; 1!’{m) + bl,m('l/"f[’[; ’d}?ml)} = Z |:ﬁl,m('¢'¥]7[; 1ﬁb{1,m) + b",m(’l/’f[,l; ’d}?l,m)jl ’
meN meNy

< ()e)-(2 B)E
Su S by Sui Sun by )’



Waveguide discontinuities, overlap model

) an
e

0! =  Most simplified variant:
' & Unidirectional overlap model.

® (I): Incoming guided mode 1)y, reflections & radiation neglected.
(I) : Outgoing guided modes )y ,,, radiation neglected.

* fiy= Zfll,m Y, atz=0.

(P ) _ 1 :
- fILm—mﬁ, or ﬁl,m—m(d’u,mv’ﬁbl)ﬁ-

(Transmission is given directly by the “overlaps” <~ Relevance of the mode products (- ; - ).)
(Cf. explicit expressions for overlaps of 2-D modes, involving only principal mode profile components.)



A sequence of waveguide discontinuities

(@D D

I I I I

S T R

I I I I o« . .

| i | i ¢ Divide into segments.

|
i e Establish local normal
. mode expansions.

S B B

® Project on local modes.

C» Linear system of equations for all local mode amplitudes.

G Solve (...) ~=> (Z) (x,5,2).

Bidirectional eigenmode propagation (BEP),
Eigenmode expansion method (EME),

(Radiated outgoing fields: Open boundary conditions required (PMLs) <~ Complex eigenmodes.)
(2-D: ok. 3-D:?)



Rectangular 2-D circuits

® Divide into slices & layers.


https://www.siio.eu/Examples/Sqrjunc/sqrjunc.html
https://www.siio.eu/queps.html
https://metric.computational-photonics.eu/

Rectangular 2-D circuits

" " :U\
"
| | ® Divide into slices & layers.
< \. \l 3 ® Establish local modes:
‘ ' \ — Propagation along =z,
\ y
§ \ § boundary conditions ¢ = 0.
T 2 NLIN.+1
EI e


https://www.siio.eu/Examples/Sqrjunc/sqrjunc.html
https://www.siio.eu/queps.html
https://metric.computational-photonics.eu/

Rectangular 2-D circuits

T
N, +1
F S e A = -
N,
L [~
-
1
\-/
- S
-t \ T r—1
1
POV (NSRRI Wy S ) SO
)

® Divide into slices & layers.

® Establish local modes:
Propagation along +z,
& Propagation along +x,
boundary conditions ¢ = 0.


https://www.siio.eu/Examples/Sqrjunc/sqrjunc.html
https://www.siio.eu/queps.html
https://metric.computational-photonics.eu/

Rectangular 2-D circuits

:I;‘ ' '
Nep 1L
N, . 3
"""" ® Divide into slices & layers.
e Establish local modes:
3 : — Propagation along +z,
T2 § T & Propagation along +x,
o o boundary conditions ¢ = 0.
o Tll 77777777777 2 | N ‘Nz#l ® Project at horizontal

20 2 e 2N, & vertical interfaces.


https://www.siio.eu/Examples/Sqrjunc/sqrjunc.html
https://www.siio.eu/queps.html
https://metric.computational-photonics.eu/

Rectangular 2-D circuits

T

® Divide into slices & layers.

e Establish local modes:

Propagation along +z,
& Propagation along +x,
boundary conditions ¢ = 0.

N.[N.+1 e Project at horizontal

& vertical interfaces.

\

2
Ty~
1 ‘
20 Z1 ZN.

\
iy

C» horizontal BEP,

|

VR

vertical BEP,  continuity at xo, xy, 20, Zn-


https://www.siio.eu/Examples/Sqrjunc/sqrjunc.html
https://www.siio.eu/queps.html
https://metric.computational-photonics.eu/

Rectangular 2-D circuits

T

Quadridirectional
Eigenmode Propagation (QUEP)
(> N > N > ]
® Divide into slices & layers.
e Establish local modes:
Propagation along +z,

& Propagation along +x,
boundary conditions ¢ = 0.

N.[N.+1 e Project at horizontal

& vertical interfaces.

\

2
Ty~
1 ‘
20 Z1 ZN.

\
iy

C» horizontal BEP,

|

VR

vertical BEP,  continuity at xo, xy, 20, Zn-


https://www.siio.eu/Examples/Sqrjunc/sqrjunc.html
https://www.siio.eu/queps.html
https://metric.computational-photonics.eu/

Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Circular traveling wave resonators

Integrated optical micro-ring or micro-disk resonators.

DA
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Ringresonator: Abstract model




Ringresonator: Abstract model

® Ringresonator ~ 2 couplers + 2 cavity segments



Ringresonator: Abstract model

® Ringresonator ~ 2 couplers + 2 cavity segments
e CW description: E,H ~ ei“”, w=kec, k=2m/\.



Couplers: Scattering matrices

Uniform polarization,
single mode waveguides.

Linear, nonmagnetic
(attenuating) elements.

Backreflections are negligible.

Interaction restricted to the
couplers <> “port” definition.



Couplers: Scattering matrices

e Uniform polarization,
single mode waveguides.

® Linear, nonmagnetic
—=
z (attenuating) elements.

® Backreflections are negligible.

® [Interaction restricted to the
i couplers < “port” definition.

C» Symmetric coupler scattering matrices :

A_ 0 0 p K\ (AL
a_ | _ |10 0 x 7 at
Byl |lp x 0 0] |B-
by k 1T 0 0/ \b_

Ai, By, ay, by: Amplitudes of waves traveling in +z-direction.



Coupler symmetries

Symmetry z = —z:
A_;,_ — b+ ; B_

L —a_
z
A_ 00 p &
a_| _ |0 0O x T
Byl |px 00
: by k 7 0 0



Coupler symmetries

Symmetry z — —z:

i A_;,_ — b+ ; B_ —a_
z
A_ 0 0 p k
a| (0 O k T
B+ - P K 0 0
b k 7 0 0



Coupler symmetries

Symmetry z — —z:

i A+ — b+ ; B_ —a_
z
A_ 0 0 p K\ (At
a_| _ |10 0 Kk 7| |a+
B+ - P K 00 B_
by k 7 0 0 b_




Coupler symmetries

i A+ — b+ =
z
A_ 00
a_| (0 O
Byl |p k
i b K T

“ (@)=

Symmetry x — —x, (I) =(II):

)= 9(6)

Symmetry z = —z:
|
B_

—a_

p K\ [A+
k7| |as
0 0] {B-
00 b_



Cavity segments

Field evolution ~ e~ 17$
along the cavity core,
propagation distance s.

v =p—ia,
5 : phase propagation constant,
«: attenuation constant.

| (+> bend modes, to come.)



Cavity segments

Field evolution ~ e~ 17$
along the cavity core,
propagation distance s.

v =p—ia,
5 : phase propagation constant,
«: attenuation constant.

| (<> bend modes, to come.)

C» Relations of amplitudes at the ends of the cavity segments :

c. = b+ e—l,BL/Z e—OtL/Z’ a, = d_ e—1ﬂL/2 e—OtL/z’
b=, e iBL/2 —aLl/2 4 _ 4 (—iBL/2 (—al/2,



Output amplitudes

Coupler scattering matrices
-= + Cavity field evolution

+ External input amplitudes

A+: VPin’
i B_:C_:DJ,_:O




Output amplitudes

Coupler scattering matrices
-= + Cavity field evolution

+ External input amplitudes

A+: VPin’
i B_:C_:DJ,_:O

External output amplitudes :

2 2.2
A =0 C,—=0. D= "P 4. B+:<p+&

1 —12p?
p= eiBL/2 —aL)2,



Power transfer

Power drop:  Pp = |[D_|?,
Transmission: Pt = |B, |%.

b b |/<;|4 e_O‘L
D = [}
"1+ |rfte20L —2|r2e—aL cos(BL — 2¢)
p2(1 + |72 e 2L —2|r|de =YL cos(BL — ¢ — 1))
Pr =P,

1+ |r[4e=20L _2|7|2e=AL cos(BL — 2¢)

T =:|T| el?, del¥ =7 — K%/ p,



Power transfer

Power drop:  Pp = |[D_|?,
Transmission: Pt = |B, |%.

b b |/<;|4 e_O‘L
D = I
"1+ |rfte20L —2|r2e—aL cos(BL — 2¢)
p2(1 + |72 e 2L —2|r|de =YL cos(BL — ¢ — 1))
Pr =P,

1+ |r[4e=20L _2|7|2e=AL cos(BL — 2¢)

T =:|T| el?, del¥ =7 k?/p, L #27R.



Spectral response

2 R=50um, b =s5=1.0um, g = 0.9 um,
n, = 1.45, ng = 1.60; 2-D, TE.

AX =5.0nm, 26\ = 0.17 nm,
F =30, Q = 9400, Pp s = 0.44.

1540 1545 1550 1555 1560 1546.2 1546.4 1546.6 1546.8 1547 1547.2 1547.4
A [nm] A [nm]

=] =




Resonances

b _p |/€|4 e—aL
P I7j4e—20L — 2|72 e L cos(BL — 2¢p)
pP(1 + |7d? e 29 — 2| rjde L cos(BL — ¢ — )
PT = Pin

1+ |7* e—2al _ 2|7/ e—alL cos(BL — 2¢)



Resonances

Pp=P ntte” \)
P I7j4e—20L — 2|72 e L cos(BL — 2¢p)
2(1 4 |r2d?e=20L _2j7|de =L cos(BL — ¢ — 1))
po_p loP(1 £ 1 \| ( "

1+ |7* e—2al _ 2|7/ e—alL cos(BL — 2¢)



Resonances

b _p |/€|4 e—aL
P I7j4e—20L — 2|72 e L cos(BL — 2¢p)
pP(1 + |7d? e 29 — 2| rjde L cos(BL — ¢ — )
PT = Pin

1+ |r|*e—20L — 2|72 e~AL cos(BL — 2¢)

® Resonances:
~ Singularities in the denominators of Pp, Py, origin: 3(\).



Resonances

b _p |/€|4 e—aL
P I7j4e—20L — 2|72 e L cos(BL — 2¢p)
pP(1+ |rPa? e 2L — or{de =L cos(BL — p — ¥))
PT = Pin

1+ |r|*e—20L — 2|72 e~AL cos(BL — 2¢)

® Resonances:
~ Singularities in the denominators of Pp, Py, origin: 3(\).

® Correction for finite coupler length /:
BL—2¢ = BLeay — ¢, ¢ =2Bl+2p, Leay=27R, O\ ~0.



Resonances

4 —alL
P = Piy e
1+ |74 e—2aLl _ 2|7|? e—alL cos(BL — 2¢)
p[2(1 + |72d? e 2L —2|7|de=L cos(BL — ¢ — 1))
PT - Pin

1+ |r|*e—20L — 2|72 e~AL cos(BL — 2¢)

® Resonances:
~ Singularities in the denominators of Pp, Py, origin: 3(\).

® Correction for finite coupler length /:
BL — 20 = BLcay — &, ¢ = 281+ 2¢, Ley = 27R, 8)\¢ ~ 0.
e Resonance condition: cos(SLey — @) = 1, or



Resonances

4 —alL
P = Piy e
1+ |74 e—2aLl _ 2|7|? e—alL cos(BL — 2¢)
p[2(1 + |72d? e 2L —2|7|de=L cos(BL — ¢ — 1))
PT - Pin

1+ |r|*e—20L — 2|72 e~AL cos(BL — 2¢)

® Resonances:
~ Singularities in the denominators of Pp, Py, origin: 3(\).

® Correction for finite coupler length /:
BL — 20 = BLcay — &, ¢ = 281+ 2¢, Ley = 27R, 8)\¢ ~ 0.
e Resonance condition: cos(SLey — @) = 1, or

_ 2mm+ ¢ k|4 e—oL

I5; =: B, integer m; Pp| 5=p, = Pin

Lcav (1 _ |7-|2 e*OéL)Z ’



Free spectral range

® Resonance next to (3, :

C2m—-l7m+¢ 2
Bmil B LCaV B /Bm LCaV




Free spectral range

® Resonance next to (3, :

2m—1)m+ ¢ 2 op
= = - — X Dy —_— A
s Lea = Loy = Pm T x| A

m



Free spectral range

® Resonance next to (3, :

2m—1)m+ ¢ 2 op
==y = —| AX
Bm 1 Leay ﬁm Leay Bm + I\ .
® 0\3="7
g; - waveguide parameters with dimension length,

B(LIA, aqj) = /8()\7 Qj)/a’ Ou ’a:l



Free spectral range

® Resonance next to (3, :

C2m—Dm+¢ 27 B
ﬁm—l - Leay - ﬁm - Leay ~ Bm“‘ I\ mAA

® O\3="
g; - waveguide parameters with dimension length,
5(“/\70%') = /B(AaQJ)/aa 861 ’a:l

9o _ 1 98N B
“ %" A(“;"Jaqj)“ X



Free spectral range

® Resonance next to (3, :

MZﬁm—ﬁwﬁnﬁ-% AN

Bn—1 =
" Lcay Lcay o) m

® Oh\3="?
g; - waveguide parameters with dimension length,
5(“/\70%') = /B(AaQJ)/aa 8a ’a:l

o6 _ 1 98N B
“ %" A(“;"Jaqj)“ X
27 (fw

1 \2
Lcay ﬁ m) ~ Neff Leay

(Free spectral range, the spectral distance (here: wavelength) between the drop peaks / the transmission dips).)

FSR: AN = s Neff = 5/1(

m




Spectral width of the resonances

‘Fc|4 e—ozL

P
ml + ‘7_|4 e—20éL _ 2‘7—’2 e_aL COS(BLcaV - ¢)

.PD: s

PD’gm = PD,res .



Spectral width of the resonances

‘Fc|4 e—ozL

P
ml + ‘7_|4 e—20éL _ 2‘7—’2 e_aL COS(BLcaV - ¢)

.PD: s

PD’gm = PD,res .

o PD|5m+5ﬁ:PD,I'CS/2‘ 56=?



Spectral width of the resonances

‘Fc|4 e—ozL

P
ml + ‘7_|4 e—20éL _ 2‘7—’2 e_aL COS(BLcaV - ¢)

.PD: s

PD’gm = PD,res .
o PD|ﬁm+6ﬁ:PD7reb/2' 56=?

e Expansion of cos-terms

C> 68 = j:LL (1 eaL/2 7] e—aL/Z)

cav



Spectral width of the resonances

‘Fc|4 e—ozL

P
ml + ‘7_|4 e—20éL _ 2‘7—’2 e_aL COS(BLcaV - ¢)

.PD: s

PD’gm = PD,res .
o PD|ﬁm+6ﬁ:PD7reb/2' 56=?

e Expansion of cos-terms

G 58— iLL (1 OL/2 _ 7| e—aL/2> - _ﬂTm 5

cav



Spectral width of the resonances

R ek
ml + ‘7_|4 e—20éL _ 2‘7—’2 e_aL COS(BLcaV - ¢)

.PD: s

PD’gm = PD,res .
o PD|5m+5ﬁ:PD,I'CS/2‘ 56=?

e Expansion of cos-terms

G sp= t— (1 aL/z—me—aL/z)z_ﬂA’"aA

)\2

FWHM : 20\ = —
T Leavhett m

(T| al)2 |7_|e—aL/2> .

(Full width at half maximum of the spectral drop peaks / the transmission dips (wavelength).)



Finesse & Q-factor

AN |7 e—L/2

Finesse : = ﬁ = ﬂ'm .



Finesse & Q-factor

Fi A ’T‘ e_O‘L/2

nesse : e L

e 20 1 —|r|2e—aL

Q-factor: 0= L — MeftLcay |T| e—aL/Z _ NeffLcay

260\ A 1-|rfe—oL X



Finesse & Q-factor

- ' AN ’T‘e—ozL/Z
inesse : = S5y = Wm'
Q—factor' Q = L — MeftLcay |T| e—CkL/Z _ NeffLcay
' 26\ A 1 |rpeoL by

or 0 = kRnegF for Lcov = 27R.



Performance versus coupling strength & losses

Assumption : Lossless coupler elements, |p|? = |7]> = 1 — |s|?.

(/1= [xP)eoL/2 _

|/€|4 e—aL

=m D‘res -

1—(1—|2)e—al’ Pin(l — (1 - |&[2)e—aly’



Performance versus coupling strength & losses

Assumption : Lossless coupler elements, |p|? = |7]> = 1 — |s|?.
(V1= [sP)e=L/2

|I-€|4 e—aL

Pin :
(1= (1~ |x?)emak)?

=T ) D
(- el Pl




Performance versus coupling strength & losses

Assumption : Lossless coupler elements, |p|? = |7]> = 1 — |s|?.
(V1= [sP)e=L/2

|I-€|4 e—aL

Pin :
(1= (1~ |x?)emak)?

=T ) D
(- el Pl




Modes of bent waveguides

R R
0 / /R> L]

: !

~ exp(iwt) (FD)

¢ Constant curvature -« cylindrical coordinates r, 0, x.

® Bend radius R, Ope =0, Opn =0
G (Z) (r,0,x) = (g) (r,x) e—ivRG’ bend modes,
E,H: bend mode profile, components E,, Eg, E, H,, Hy, H,,
v = —ia € C: propagation constant,
B € R: phase constant,
a € R: attenuation constant.

(Exponent i YR6: a convention, “propagation distance” R6.)



Modes of bent waveguides

u . n(r, )
2 ¥
0 R [ ]

r
i {—

: !

~ exp(iwt) (FD)

® Piecewise constant n(r,x), ¢ € {E,,Eg, Ex,H,,Hy,H,},
Py Py 19 20 VR
ax2+8r2+;5+(kn_ 72 >"/}:O’ where dn =0,
& continuity conditions at interfaces (cylindrical coordinates),

& boundary conditions:
regularity at » = 0, outgoing waves at r = oo, x = +00.

(or: normalizability versus x.)

Vectorial 3-D bend mode eigenvalue problem.

(Practical setting: computational domain r; < r < ro, x, < x < x;, PML boundary conditions /1) = 0 at r = r;.)



Modes of bent slab waveguides

AZ ~ exp(iwt) (FD)
ny N\ b 2-D TE/TM, cylind. coord. r, 0.y,
T Oyn = Ogn =0

0 m T




Modes of bent slab waveguides

AZ ~ exp(iwt) (FD)
ny N\ b 2-D TE/TM, cylind. coord. r, 0.y,
T 0 ayi’l = agn =0
0 = E E i
[l 7 & (5)eo=(5)oe"
8 /)

bent slab mode {E,H,~y = 3 —ia}.



Modes of bent slab waveguides

AZ ~ exp(iwt) (FD)

ny N\ b 2-D TE/TM, cylind. coord. r, 0.y,
i ayi’l = agn =0
—

T E E _j
- /ﬁ/] © () 0= (g) 0™
bent slab mode {E,H,~y = 3 —ia}.
® Piecewise constant n(r), ¢ =E, (TE), ¢ = H, (TM)
- 82<;5 18(15 <k2 2 fsz

r

)0

(Bessel differential equation with (complex) order vR.)



Modes of bent slab waveguides

I ~ exp(iwr) (FD)
ny N\ b 2-D TE/TM, cylind. coord. r, 0.y,
\ ayi’l = agn =0
6 —

M G- (3o
/ / bent slab mode {E,H,~y = 3 —ia}.

® Piecewise constant n(r), ¢ =E, (TE), ¢ = H, (TM)

2 2p2
G @+18—¢+<an2—7§ )¢:0,

or:  r Or
(Bessel differential equation with (complex) order vR.)

r

e Nonzero solutions,
® bounded at the origin, ~ J,g(nkr) for r <R — b,
® outgoing exterior fields, ~ H,(Yi) (nkr) for r >R, (~ exp(iwn),

e continuity at interfaces: ¢, 9,¢ (TE), ¢, (0,¢)/n> (TM).



Bend modes, 2-D examples

2-D, TE,

ny = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 um,
R = 1000 pm.

AZ
np \g\ b
T
0 —
0 /’I;j T
R
/]
/\ R = 1000 um
B/k =1.540
J k a/k=0
-2 0 2 4 6

(r-R) / um



https://www.siio.eu/bends.html

Bend modes, 2-D examples

& “
b \%g\ b
- 0
0 m = 2D, TE,
ny = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 um,
R / / R = 50 um.

R =50 um
B/k=1526
a/k=2.3410"

-2

2
(r-R) / um



https://www.siio.eu/bends.html

Bend modes, 2-D examples

% [ > ]
np \g\ b
r
0
0 /—q T 2-D, TE,
ny = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 um,
R =
/ / R =10 pum.

R=10pum

B/k=1.488
] / o/k=0.0166

-2 0 2 4 6
(r-R) / um



https://www.siio.eu/bends.html

B/k

log 4 o(a 1K)

Propagation constant vs. bend radius

AZ

Nh ng Np
r

0 —

0 m x 2-D, TE,
ny = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 pum,
R Re[2,2 .
/ / € [2,200] pm

0 25 50 75 100 125 150 175 200
R/um



B/k

log 4 O(a 1K)

Propagation constant vs. bend radius

AZ

np \g\ b
r

0

0 m T 2-D, TE,
ny = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 pum,
R R 2,2 .
/ / € [2,200] pm

____________________________________________ Alternative definition :
h | R=R-b)2
| o . . . o | Identical physical fields
C» v'R' = 7R,
"= /2
0 2% Sb iS 160 1é5 150 1%5 200

R/um



B/k

log 4 O(a 1K)

Propagation constant vs. bend radius

AZ
np \g\ b
[%
0 m 2-D, TE,
ny = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 pum,
R / / R € [2,200] um.
161\ Bk . "
------- Alternative definition :
1.5F
Bk R =R-—b /2.
1.4
Identical physical fields
1.3
0 g ,Y/Rl _ ,.YR’
o/k, a'/k
-5} ’ I __
TTYR=b)2
—10f
0 2% Sb iS 160 IéS 150 1%5 200

R/um



Power & orthogonality

AZ
np \g\ b
r
0
—
o

b
R
/ / 2-D TE/TM bend modes:

0

® Power flow: S, #0, S, Sp~ e 20RO g, o*/r

oo
- / So(r)dr < oo == power normalization.
0

® Orthogonality of nondegenerate bend modes, product

o0
[E],Hl;EQ,HQ]:/ (E]XH2+E2XH1)-89(17‘.
0 (Here [, ; , ] is complex valued.)

(Expressions ~ qbz/r = convergence of the integrals.)



Bend modes supported by an angular disc segment

x € [—3,3] um,

(r—R) € [—8,4] um;
ba , A = 1.55 pum,
g Hh ny = 1.45, TEoo
- ng = 1.99, B/k =1.634 .
R R =20 um; [JCMwave].

(r=R) [um]



Bend modes supported by an angular disc segment

x € [—3,3] um,

(r—R) € [—8,4] um;
ba , A = 1.55 pum,
g Hh ny = 1.45, TEo
- ng = 1.99, B/k =1.548 .
} — h:0.4um, Oé/k:1510 -
R R =20 um; [JCMwave].

(r=R) [um]



Bend modes supported by an angular disc segment

x € [—3,3] um,

] (r —R) € [—8,4] um;
fa ny, A = 1.55 um,
" Hh ny = 1.45, TEo2
e ng = 1.99, B/k = 1.480
R} ' =04 pm, a/k=4.0-10"*
R =20 um; [JCMwave].

(r=R) [um]



Bend modes supported by an angular disc segment

x € [—3,3] um,

(r—R) € [—8,4] um;
fa 0y, A = 1.55 um,
g Hh ny = 1.45, Moo
- ng = 1.99, B/k =1.551 .
} — h:0.4um, Oé/k:2410 h
R R =20 um; [JCMwave].

(r=R) [um]



Bend modes supported by an angular disc segment

x € [—3,3] um,

1 (r—R) € [-8,4] um;
fa ny, A = 1.55 um,
" 3 ny = 1.45, ™y
s ng = 1.9 B/k = 1.468
= = h—04um, a/k=176-10"*
R =20 um; [JCMwave].

(r=R) [um]



Circular microcavity

Bend modes

« E

DA 158



Circular microcavity

Bend modes - Whispering gallery resonances.

(Terms not always clearly distinguished.)

a
it

DA 158



Whispering gallery resonances

W [
-}

]

T
0 '

e Full cavity, 6 € [0,27]:
Look for resonances in the form of whispering gallery modes

- <I€) (r,0,x,1) = <1§> (r, x) elwel —1imb .

Quasi-Normal-Modes, QNMs
E,H: WGM profile, components E,,Eg,f?x,lzlr,ilg,ﬁx,
m € 7 : angular order,
we = wl +iw! € C: eigenfrequency, w;,w. € R.

Q-factor Q = (.U(I:/(zw(/:/), resonance wavelength Ar = 27TC/(U(I:, outgoing radiation, FWHM: 25}\ = )\r/Q



Whispering gallery resonances
VA X D
n \ n(r, x)
0 Y
0 R T

® Piecewise constant n(r,x), 1 € {E,,EQ,EX,IEI,,I:IQ,IEIX},

(Dispersion ?)

0 Y 1w oo
- +8r2+;5+( _?)1#_0, where On =0

& continuity conditions at interfaces (cylindrical coordinates),

& boundary conditions:
regularity at r = 0, outgoing waves at r = 00, x = =£00.

(or: normalizability versus x.)

Vectorial eigenproblem for whispering gallery resonances.

(Practical setting: computational domain r; < r < ro, xp < x < x¢, PML boundary conditions /) = 0 at r = r;.)



2-D whispering gallery resonances

as discussed for the 2-D TE/TM bend modes.

(WGMs: Bessel differential equation of integer order.)
(Notation: WGM(p, m) — mode of radial order p and angular order m.)



2-D whispering gallery resonances

TE, R=7.5um, d =0.75um, ng = 1.5, n, = 1.0.

WGM(0, 39):
Ar = 1.5637 um, Q = 1.1-10%, 26\ = 1.4- 1075 pum.

WGM(0, 39), |E|

X [um]

0
z [um]


https://www.siio.eu/wgms.html

2-D whispering gallery resonances

TE, R =7.5um, ng = 1.5, n, = 1.0.

WGM(0, 39):
Ar = 1.6025 um, Q =5.7-10%, 26\ =2.8- 107 pum.

WGM(0, 39), |E|

X [um]

0 0
z [um] z [um]


https://www.siio.eu/wgms.html

2-D whispering gallery resonances

TE, R =7.5um, ng = 1.5, n, = 1.0.

WGM(1, 36):
Ar = 1.5367 um, Q@ =2.2-103, 26\ =7.0- 10~ pum.

WGM(T, 36), E, WGM(1, 36), |E,|

X [um]



https://www.siio.eu/wgms.html

WGMs supported by a circular slab disc

x € [—3,3] um,

A$ (r—R) € [—8,4] pm;
ny A = 1.55 um,
" h ny = 1.45, WGM(TE, 0,0, 132)
3 _ Ar = 1.555 um
r ng = 1.99, ”6
F—— h=04um, 0=069-10
R =20 um; [JCMwave].

E|

(r=R) [um]



WGMs supported by a circular slab disc

x € [—3,3] um,

A$ (r—R) € [—8,4] pm;
ny A = 1.55 um,
" h ny = 1.45, WGM(TE, 0, 1, 126)
g _ Ar = 1.545 um
r ng = 1.99, FZ
F—— h=04um, 0=17-10
R =20 um; [JCMwave].

E|

(r=R) [um]



WGMs supported by a circular slab disc

x € [—3,3] um,

Ax (r—R) € [—8,4] pm;
ny A = 1.55 um,
" h ny = 1.45, WGM(TE, 0, 2, 120)
3 _ Ar = 1.550 um
r ng = 1.99, “2
F—— h=04um, 0=57-10
R =20 um; [JCMwave].

E|

(r=R) [um]



WGMs supported by a circular slab disc

x € [—3,3] um,

A$ (r—R) € [—8,4] pm;
ny, A = 1.55 um,
" h ny = 1.45, WGM(TM, 0, 0, 126)
g _ Ar = 1.547 um
r ng = 1.99, FZ
F—— h=04um, g=10-10
R =20 um; [JCMwave].

H]

(r=R) [um]



WGMs supported by a circular slab disc

x € [—3,3] um,

Ax (r—R) € [—8,4] pm;
ny, A = 1.55 um,
" h ny = 1.45, WGM(TM, 0,1, 119)
3 _ Ar = 1.550 um
r ng = 1.99, “2
F—— h=04um, 0=30-10
R =20 um; [JCMwave].

(r=R) [um]



Bend modes versus whispering gallery resonances

(Field supported by a full circular cavity.)
(Incompatible models, in principle.)

[BWG] w € Rgiven, v = —ia € C eigenvalue,
(p(r?H’ f) — ¢(r) eiwt - IIBRH e—O[RQ‘

[WGM] w, = w, +iw! € C eigenvalue, m € Z given,

- . "
\Il(r, 9,t> _ w(,,) elwcl‘ —imb e—wct.

Look at a resonant low-loss configuration:
® Translate w =~ w., m ~ R.

e Equate the power loss during one time period T = 27 /w ~ 27 /w],
~ fBlaxwl/wl =20.



Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Perturbations of single modes

>

~ exp(iwt) (FD)



Perturbations of single modes

~ exp(iwt) (FD)

¢ &4 be
i i -
) Yy
A, €(x,y) A, €(x,y) + dé(x,y)
G 5 G pasp,

E, H E +0E, H + 6H



Perturbations of single modes

~ exp(iwt) (FD)

¢ ¢+ 6¢
i i -
j_L ? j_L
A, €(x,y) e A, €(x,y) + dé(x,y)
G 5 G pasp,

E, H E +0E, H + 6H



A functional for guided modes of 3-D dielectric waveguides

(— Exercise.)

o ()= (g) et feR,
E.H

— 0 for x,y — Fo0.

e (C+iBR)E = —iwuoH, (C+iBR)H = iwey¢E,

L4 Bg E,H = — — ,
(F.G) — //F .G dxdy
_ d _ _ _ _
B:E.H)=( (v, aBg(E—I—SF,H—I—SG) =0 ()
_ _ s=0
at valid mode fields E, H, for arbitrary F, G. () “arbitrary” &

(s3) : Hermitian €.



Perturbations of single modes

® Available: Mode 3,E,H for parameters \, €; @=éh
B:(E,H) = (3, B: stationary at E, H.

® Investigate parameters A, € + d¢, for a “small” change Jé:

B:ise(E+SE,H+ 6H) = 3+ 683

G B:(E + 0E,H + 6H) ~ B:(E,H) =
G (180}
B weo(E, 5¢ E) weq //E - 0¢ E dx dy

& 55_<E,R13> (A RE)"

2Re// EyHy — EyH,) dxdy

(Valid for small perturbations: The original mode profiles are good approximations of the true fields in the modified structure.)



Small uniform change in refractive index

€ €+ 0¢
]~ 4= Il
Y Y
® n — n+dén on O, n,don constanton O

weon// |E|? dx dy
G 5 g+ 68 y
Re// (EyHy — EjH,) dxdy
(6e = 2ndn.)

(Plausible: 58 ~ on, 68 ~ |E|?|a.)

n.



Small attenuation

é €+ 0¢
-~~~ -1l
Y Y
e n — n—in” on O, n,n” constanton O,n,n" € R

—iwegn |E|* dxdy
G 38— 3+68 o8 // "

Re// (ExHy — EyH H,) dxdy

(8e = —i2nn"")
(Different attenuation for each mode.)
(Damping, power, plane wave: ~ exp(—2kn’’z), mode: £ exp(—2kn"’z).)




Small anisotropy

é €+ 0¢
L] b
Y Y

1 — el +8¢ on O, e¢,0¢ constant on O

weq E* . 6¢ Edxdy
G 88— 3168 8= //

2Re// (ExHy, — E;H )dxdy

(Phase shifts due to anisotropic contributions to the permittivity.)
(Polarization coupling might occur for modes with “close” propagation constants <~ CMT.)




Small displacements of dielectric interfaces

Interface displacement <~ Locally strong thin layer perturbation.
Field discontinuity ~~ Previous expressions are not directly applicable.

® ¢ HeT,
. shift of interface
z Xp — Xp + Ox.

® Reposition discontinuity in field: E, — E, + JE,,
et —e”

OE, (xa y) = €
0, otherwise.

E.(x,y), forx, <x < xp+ dx,

e Use functional with locally modified field

C> ... (omitted) ... B



Small displacements of dielectric interfaces

AI’

iém

Tb

—
Yo Y1 Y
e Displacement of the interface at x, between yy and y; by dx:

G 5 B+ap.

weo (=€) /}11 (

2 Re// (EfHy — EyH,) dxdy

FIeEL + By + |EL?) (xo, ) dy

53 = ox.



Small displacements of dielectric interfaces

AJJ
oy

[«—>

T

Zo

—
Yo y

e Displacement of the interface at y, between xy and x; by dy:

G 5 — g+on

X1 _ 1 _ _
(€ =) [T(BP+ —leB P+ EF) (e e

w 60 X0 €

2 o5
Re// (ExHy, — EjH,) dxdy

53 =



Perturbations of single modes

M™>
Mm>
+

(o)
M>

)\, é(x,y) >‘7 é(xay)+5é(x7y)
G s G pros,
E, H ~E, ~H

View % as %: slope of the dispersion curves 3 vs. p.

Depending on the parametrization, change of a parameter value might require several perturbations.
First order theory: In case of multiple pertubations, add the effects of the individual expressions.
Estimation of fabrication tolerances: The phase shifts §/3 enter into respective scattering matrix models.

Wavelength shifts . . . ?



Small shift of frequency or vacuum wavelength

() : Explicit frequency dependence of B & dependence through €.
(*%): Frequency dependence of E, H.

B(w) = Be(w; E(w), H(w))

C_ 98 _ 05 9 _ 9E
£ = —Bi(w; E4+s—, H
ow  Ow - 3SB€(W’ o ) =0 (ex)
0 _ OH
+ ast (w, ’ +s8w) =0 (un)
8Bé B atE,H
Stationarity of at E,H.
aw N ( y )




Small shift of frequency or vacuum wavelength

If dispersion can be neglected, 0,¢ =0:

c 66//(60E*-€E+M0’glz>dxdy

oW HRe / / (EtH, — ECH,) dxdy

9

C 98 _ _mc //(EOE*'€E+M0|H|2>dxdy

NN Re / / (EtH, — EH,) dxdy

(w=2mc/X == Opw = —2mc/A%)
(Compare with expression based on homogeneity, H, 12.)




Coupled mode theory (CMT)

~ exp(iwt) (FD)




Coupled mode theory (CMT)

~ exp(iwt) (FD)

{ém; By (Emﬂm)} (5) (x,,2)
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Coupled mode theory (CMT)

~ exp(iwt) (FD)

{ém; Bm:(Emvl_{m)} ~ (5) (x,,2)

«Or «E)» QAR 178



Coupled mode theory (CMT)

~ exp(iwt) (FD)
€

x-

€m y

{€m; Bin (EmJ_{m)} - fEI (x,¥,2)

(Next: One of many variants of approaches to CMT.)

(Propagation & interaction of basis fields along a common propagation coordinate.)

[D.G. Hall, B.J. Thompson, Sel 1 papers on Coupled-Mode Theory in Guided-Wave Optics, SPIE Milestone series MS 84 (1993)]
(Codirectional coupling (here), versus contradirectional coupling, coupling to radiation modes, nonlinear coupling.)

(Hybrid variant (HCMT): separate lecture.)




Coupled mode theory (CMT)

® Investigate a permittivity €, look for fields E, H with
V X E = —iwugH, V x H = iweyéE.

(é(x,y, ), in general.)

® Available: A set of fields {Em,Hm} for permittivities €, = é,Tn;
V X E, = —iwuoH,,, V X H, = iweyé,E,,.

(Not necessarily “modes”.)



Coupled mode theory (CMT)

® Investigate a permittivity €, look for fields E, H with
V X E = —iwugH, V x H = iweyéE.

(é(x,y, ), in general.)

® Available: A set of fields {Em,Hm} for permittivities €, = é,Tn;
V X E, = —iwuoH,,, V X H, = iweyé,E,,.

(Not necessarily “modes”.)

e Assume that (E,H) can be well approximated by

(BJiro=Fer (5 eno

Cy, : unknown amplitudes, common propagation coordinate z.

(Choose &, as close as possible to €.)



Coupled mode theory (CMT)

(Starting point: a “reciprocity identity”.)

V. (HxE; —E x Hj) = iweE] - (€ — ¢)E.
(Insert CMT ansatz for E, H.)
(ff dxdy, assume E,;, Hy, — Oforx,y — do00.)

(Apply identity V7 - (Hy X E[ — Ey X HJ') = iweoE]" - (&n — €)En.)

( [f dxdy, assume E,,, H,, — 0 forx,y — +o00.)

a¥aka¥s

(Manipulate, arrange terms, tidy up.)



Coupled mode theory (CMT)

(Starting point: a “reciprocity identity”.)

V. (HxE; —E x Hj) = iweE] - (€ — ¢)E.
(Insert CMT ansatz for E, H.)
(ff dxdy, assume E,;, Hy, — Oforx,y — do00.)

(Apply identity V7 - (Hy X E[ — Ey X HJ') = iweoE]" - (&n — €)En.)

( [f dxdy, assume E,,, H,, — 0 forx,y — +o00.)

a¥aka¥s

(Manipulate, arrange terms, tidy up.)

Z Oim 0.Cpy = —i Z ki Cw Y1,  coupled mode equations.
m m

1 *k *
om = [ [ B  Hy  H} x B, axdy = (B Hi ).

k,m:”q’//E,- (& — én)Ep dx dy.



Coupled mode theory (CMT)

(Starting point: a “reciprocity identity”.)

V. (HxE; —E x Hj) = iweE] - (€ — ¢)E.
(Insert CMT ansatz for E, H.)
(ff dxdy, assume E,;, Hy, — Oforx,y — do00.)

(Apply identity V7 - (Hy X E[ — Ey X HJ') = iweoE]" - (&n — €)En.)

( [f dxdy, assume E,,, H,, — 0 forx,y — +o00.)

a¥aka¥s

(Manipulate, arrange terms, tidy up.)

00,C = —iKC, coupled mode equations.

C = (Cn), O=(0mm), K= (kim).

1 * *
Oim = Z //(E[ X Hm _Hl X Em)dedy = (ElyHZSEmaHm),

klm:“’“’//E,- (¢ — én)E,, dxdy.



Coupled mode theory (CMT)

(Variational derivation of CMT equations.)

F(E,H) /// H* (V xE) —E*-(V x H)

tiwpoH" - H + iwegE" - éE} drdydz,
§F =0 VOE,0H == V xE=—iwuH, V x H = iweE.
C, (Restrict F to the CMT ansatz for E, H ~~ F¢(C), require  F¢ = 0 V5C.)
C> o .(v < (Hw X Eff — By X Hf) = iweE] - (ém — €)Em, [ dxdy, By, Hy — Oforx,y — 00

(Manipulate, arrange terms, tidy up.)

00.C = —iKC, coupled mode equations.
= (Cm)’ 0= (olm)5 K= (klm)-

1 .
Olm = //(E? x H, —H| xE,),dxdy = (E,H;E,,,Hy,),

“60//E,- ¢ — en)Ep dxdy.



Coupled mode equations

G 00.c = —iKc, C = (Cn), O = (o), K= (k).

1
Olm = — //(El x H,, — Hl x E ) dXdy— (EleaEmvH )

klm_weo//E,- (é — ém)Ep dxdy.

® A set of coupled ordinary linear differential equations, of first order.
(Here.)

® 0,,: power coupling coefficients (field overlaps).
(No reason to assume 0y,, = &y,,, in general.)

® ky,: coupling coefficients.
® z-dependence of €, €y, Epy, Hyy ~ % 01(2), kin(z), O(2), K(z).

(Compare the bend-straight couplers, Lecture H.)

. to be solved by numerical procedures. (In general.)



CMT for longitudinally homogeneous structures

6Z€ == 0, azém = 07 =
basis: i E — (En iz
: guided modes (x,v,2) = & |(xy)e ,
H, H,

(BJera =S (5= S (o

C (em(2) = Cy(z) exp(—iBmz), rewrite CMT equations for ¢, (z).)
C (V - (Hy X Ef —Ep X H') =iweoE] - (én — &)Ey, integrate, rewrite for Ey,, Hyy.)

(Symmetrize coefficients.)



CMT for longitudinally homogeneous structures

6Z€ == 0, azém = 07 =

basis: guided modes (x,v,2) = & |(xy)e ,
H, H,

(BJera =S (5= S (o

: (cm(z) = Cn(z) exp(—ifBmz), rewrite CMT equations for ¢, (z).)

(V - (H, X Ef —E,, x H") = iweyE - (¢ — &)E,,, integrate, rewrite for E,,, H,,.)
C 1 1 05y 1 g

(Symmetrize coefficients.)

Z Olm azcm = —1i Z (blm + Klm) Cm V1,
m m

1 Tk 7 ¥ = = r.r -
Ol = //(El x H,, —H, xE),dxdy = (E;,H;E,,,H,),

_ ¥ //E, (061 + 0éy)E,, dxdy, by = oim B Zﬁm.

0w = € — €ms



CMT for longitudinally homogeneous structures

6Z€ == 0, azém = 07 =
basis: i E — (En iz
: guided modes (x,v,2) = & |(xy)e ,
H, H,

(BJera =S (5= S (o

C (em(2) = Cy(z) exp(—iBmz), rewrite CMT equations for ¢, (z).)
C (V - (Hy X Ef —Ep X H') =iweoE] - (én — &)Ey, integrate, rewrite for Ey,, Hyy.)

(Symmetrize coefficients.)

So.c=—-1(B+Q)ec, ¢ = (cm), S=(oim), B= (bim), Q= (kim),

1 L I
O = — //(El x Hy — H x E,).dxdy = (E,Hy; E,,, H,,),

_|_
mm—weo//E, (5¢) + 6éy)Ep dxdy, b = o 2! 25’".

0€m = € — €,




Longitudinally constant structures, coupled mode equations

(0:6 = 0:ép = 0)

G Sd.c=—-i(B+Q)e, ¢ =(cm), S= (o), B=(bim), Q= (Km).

1 _ _ _ _ _ _
Om =7 //(E}* x H,, — H] x E,),dxdy = (E;,H};E,,,H,,),

Kim = ? //E, - (8¢ + 8é)Eyp dxdy, bim = O w

0€m = € — €,

® A set of coupled ordinary linear differential equations, of first order
. . (Here.)

® 0, : power coupling coefficients (field overlaps).
(No reason to assume o, = &y, in general.)

® K5, coupling coefficients.

azé = 8zém =0 ~>» 8zo-lm = 8Zblm = aZ’k‘.‘lm =0.

(ODEs with constant coefficents.)

... quasi-analytical solutions.



Longitudinally constant structures, coupled mode equations

(0:6 = 0:ép = 0)

G Sd.c=—-i(B+Q)e, ¢ =(cm), S= (o), B=(bim), Q= (Km).

1 L o _
mm:4/yaﬁme—foEMﬂh@:memEmHm,
WEeo

Iilmz8//E7~(5€1+5€,,,)Emdxdy, blm:Ulmw-

0€m = € — €,

) B S
o 0';1[ = Olm; b:nl = bip; ’i;;[ = Kim, if e = € €m = €m,

ST=S, Bf=B: QI =Q, if ¢l =¢, &, = ¢é,.

® Power: P= (E,H;E,H) = Zc;“(E,,HZ;Em,Hm)cm: c¢*-Sc
I,m

G oP=ic*- (B+Qf —(B+Q)e. 0.P=0for BI=B, Q' =Q.

(For lossless waveguides the scheme is power conservative.)



Longitudinally constant structures, formal solution

S0.c = —-i(B+ Q)e, 0.S=0,B=0,Q=0.
Ansatz: ¢(z) =a e_ibz, a,b constants.
C» (B+ Q)a = b Sa, a generalized eigenvalue problem.

(Dimension: number of basis modes included.)

Solutions: {a,b},

13 ’” E . Em _le
A~ supermodes <H> (xayy Z) - Zam (Hm>(x’y) € :
m

(Superpositions of the original mode profiles with constant coefficients.)
(As many supermodes as there are basis modes.)
(Formalism can be continued: power / orthogonality of supermodes . . .)



Longitudinally constant structures, two coupled modes

Two orthogonal coupled modes (E;,H;), (E,,H>):

(Example: two modes supported by the same isotropic waveguide (¢; = é,); interaction due to small anisotropy (€).)
(Or: non-orthogonality neglected as a further approximation.)

Ulm = (El7 Hlv Em7 Hm) = 5lmP0' (Orthogonal modes, uniform normalization P, = Py.)

(Or: apply inverse of S to CM equations, continue with redefined expressions for B, Kp,.)

o1\ . B w ci B = Bi + Ku/Po,
C> <6Zcz> . ( ’%}k /Bé > <02>7 HZZ K]Q/Po.



Longitudinally constant structures, two coupled modes

Two orthogonal coupled modes (E;,H;), (E,,H>):

(Example: two modes supported by the same isotropic waveguide (¢; = é,); interaction due to small anisotropy (€).)
(Or: non-orthogonality neglected as a further approximation.)

Ulm = (El7 Hlv Em7 Hm) = 5lmP0' (Orthogonal modes, uniform normalization P, = Py.)

(Or: apply inverse of S to CM equations, continue with redefined expressions for B, Kp,.)

o1\ . B w ci B = Bi + Ku/Po,
C> <6Zcz> . ( ’%}k /Bé > <02>7 HZZ H]Q/Po.

NN

. ] Aﬁl ) K.
COS pZ —1—— S pZ — 1— 81 p7
C1l . _iMZ 2p P C10
(Z) = ¢ 2 * !/ 4
() €20

—i% sin pz  €os pz +1i——sin pz
p 2p

(5

2
AR =B =B p=1/(5) Ik



Longitudinally constant structures, two coupled modes

Two orthogonal coupled modes (E;,H;), (E,,H>):

(Example: two modes supported by the same isotropic waveguide (¢; = é,); interaction due to small anisotropy (€).)
(Or: non-orthogonality neglected as a further approximation.)

Ulm = (El7 Hlv Em7 Hm) = 5lmP0' (Orthogonal modes, uniform normalization P, = Py.)

(Or: apply inverse of S to CM equations, continue with redefined expressions for B, Kp,.)

o1\ . B w ci B = Bi + Ku/Po,
C> <6Zcz> . ( ’%}k /Bé > <02>7 HZZ K]Q/Po.

(2) ) |“’2
[ J = 0 e . s P = .
€20 C](O) Tmax S1I0 (pz) Tmax |/{|2 T (AB’/Z)Z
e Maximum conversion Mmax at z = L. with pL, = /2,

s
b
(AB,)2 + 4‘ K | 2 (Conversion length, half-beat length.)

e In case of phase matching Af = ] — 35, =0: fmax =1, Lc

coupling length L, =

_ T
26|

(Here the phase-shifted propagation constants are relevant.)
(Small interaction (small maximum conversion) for out-of-phase modes, i.e. for \Aﬁ' \2 > \n|2),)



Longitudinally constant structures, one “coupled’” mode

CMT with one basis mode: E (x,y,2) = c1(2) E, (x,y)
H H,

b
C ey it

a1

1>
- K wep //El - (€ — €)E dxdy s

a1 91 9Re / / (Ej Hiy — E},Hy) dxdy

- d.c; = —i(B1 + 0B1)cr,
- ci1(z) = c1(0) e—1(B1+6B1)z

- Theory of single mode perturbations.



Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



A touch of photonic crystals

(7

“Photonic crystals™: ¢

Keywords:

A branch of photonics.

Optics involving strcutures with (1-D, 2-D, 3-D) spatial periodicity.

1-D periodicity: Multilayer stacks / coatings, gratings, corrugated waveguides.
2-D periodicity: Corrugated dielectric slabs, membranes, gratings.

3-D periodicity: Bulk photonic crystals.

“Molding the flow of light” =~ tunability, degrees of freedom in design.
Defect cavities & defect waveguides in photonic crystals.

Phenomena & fundamental research.

Photonic crystal fibers.

Context of this lecture:
e Problems of general classical electromagnetics & methods as discussed; different emphasis.
e Periodicity: Restrict computations to unit cells.



Structures with spatial periodicity

. . . . e . ~ exp(iwt) (FD)
Infinite system with periodic permittivity:

e(r+g) = e(r) for all lattice vectors g.

C» Consider Floquet-Bloch waves

(1) 0 = vty e,

k: wavevector of the FB wave,
Uy, . aperiodic function, Uy (r +g) = Uy (r).

(A plane wave, modulated by a periodic function.)

(Floquet: 1-D, context of mechanics;
Bloch: context of solid state physics.)

{FB waves}: A complete basis for the periodic system.

(Bloch theorem: any solution can be written as a superposition of FB waves.)

(Background: Hilbert space theory, self-adjoint operators; familiar from quantum theory.)

(Hermitian Hamiltonian and translation operators commute; Bloch waves are a simultaneous eigenbasis of these operators.)
(Required: Hermitian “Hamiltonian” <= Hermitian €.)

(U, =7, but Uy, satisfies different equations than E, H . . .)



Structures with spatial periodicity

. ~ exp(iwt) (FD)
g: alattice vector, such that e(r +g) = €(r) e

G (g)(r—i—g): (fl>(r) e kg (QPBC)

(... if g connects the boundaries of a unit cell.)

FB-wave eigenproblem:

Given a wavevector k, look for frequencies w € R, such that there
exist nonzero solutions (E,H) on a unit cell domain, with
quasi-periodic boundary conditions (QPBC).



Structures with spatial periodicity

~ exp(iwt) (FD)

g: alattice vector, such that e(r +g) = €(r)

G (g)(r—i—g): (fl>(r) e kg (QPBC)

(... if g connects the boundaries of a unit cell.)

FB-wave eigenproblem:
Given a wavevector k, look for frequencies w € R, such that there
exist nonzero solutions (E,H) on a unit cell domain, with
quasi-periodic boundary conditions (QPBC).
® Qutcome:

Jw with (E,H) #0: (k,w) € afrequency band, or

Aw with (E,H) #0: w € abandgap region.

- “Bandstructure” calculations.

® QPBC for k are the same as fork + K, if K-g =m2n, m € Z.
~~= Restrict k to the first Brillouin zone. (Exclude k + K Vg, m # 0.)

(K: A vector of the reciprocal lattice.)



Structures with spatial periodicity

~ exp(iwt) (FD)

g: alattice vector, such that e(r +g) = €(r)

G (g)(r—i—g): (fl>(r) e kg (QPBC)

(... if g connects the boundaries of a unit cell.)

FB-wave eigenproblem:

Given a wavevector k, look for frequencies w € R, such that there
exist nonzero solutions (E,H) on a unit cell domain, with
quasi-periodic boundary conditions (QPBC).

(Include this in the list of computational problems of lecture D.)
(Bandstructure calculations: Information on inifinite periodic strctures.)
(Calculations on a (small) unit cell domain, typically computationally cheap.)
(Finite structures, (most) defects, external excitation, etc.: scattering solvers (FD, TD)
or resonance solvers required, on the full system domain.)



A sequence of dielectric rods

~ exp(iwt) (FD)

a
— a=04pum, A =1um,
2 ]a I:‘ n, = 1.0, ng = V12.
A [Joannopoulos, Johnson, Winn, Meade,

Photonic Crystals: Molding the Flow of
Light, 2nd edition, Princeton, 2008.]

1-D periodicity, €(x,z) = e(x,z+ A).
2-D TE setting, Ey(x,z) =7, (02 + 07 +k%¢)E, = 0. (%)

Look for FB waves  Ey(x,z) = u(x, z) e—i0z,
(B: the FB wavenumber, u(x,z) = u(x,z+ A) Vz)

Ey(x,z+A) = ulx,z+ A) e HBEHA) = g (x ) e718A
G Restrict () to z € [0, A] with boundary conditions

Ey(x,A) = e 1BME(x,0), 0.E,(x,A) = e 1FAGE (x,0).
® Brillouin zone: KA = +m2nw ~ € [—n/A,7/A].

u (BEP simulations (Lecture G.24), w given, (3 determined from an eigenvalue problem.)
(Shaded region: above the “light line”, L/.)an/c2 > k?, potentially leaky solutions.)


https://www.siio.eu/Examples/PerWg/perwg.html

Defect waveguides

(At a frequency in the bandgap of a photonic crystal: 3 “forbidden” regions ~~= The waves travel elsewhere . . .)

Line defects in a square lattice of dielectric rods,
excitation through conventional waveguides, 2-D QUEP simulations.

® A straight defect waveguide. =
® 90° corner in a defect waveguide. =


https://metric.computational-photonics.eu/Illust/pcwg.html
https://metric.computational-photonics.eu/Illust/pcbend.html

A touch of plasmonics

(7

“Plasmonics™: ¢

Keywords:

o A branch of photonics.

e Optics involving metals and metal surfaces.

o Interaction between the electromagnetic field and free electrons in the metal / at the surface.

e Strong field confinement, “beyond the diffraction limit”.

e “Strong” local fields, near field enhancement (nonlinearity).

e “Small” structures: Nano . .. .

e Applications: Sensing, focusing (“antennas”, microscopy), communication (short-range), chemistry, art.

Context of this lecture:

e Problems of general classical electromagnetics & methods as discussed; different emphasis.

e Presence of metals: complex (negative) permittivity, strong dispersion, losses; some concepts do not apply.
o Among the phenomena not encountered so far: Surface plasmon polaritions (SPPs).



Surface plasmon polaritons

(Surface waves,
“plasmon”: oscillations of the free electron plasma,
“polariton”: strong interaction of the optical e.m. field with polarizable matter; here discussed merely as . . . )

Optical waves confined at a metal / dielectric interface.

(. . . accepting the permittivities as given, disregarding any processes in the metal or dielectric that lead to this permittivity.)

€4

x> 0: dielectric, ¢q = nﬁ e R.
x < 0: metal, ¢, € C.

(Coordinates in line with the previous discussion in this lecture, but different from literature “standard”.)
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Surface plasmon polaritons

~ exp(iwt) (FD)
X

€ x> 0: dielectric, eq = n} € R.
> x < 0: metal, e, € C.

o 2-D TE/TM waves.

E _(E —ivz
® Look for fields <H) (x,2) = <H> (x)e ,
y=pB—-iaeC, B,a>0.
® Principal component ¢ = E, (TE) and ¢ = Hy (TM),
continuity of ¢, n0,¢ at the interface, n = 1 (TE), n = 1/e (TM),
02+ (ke — v} =0 for x <0 and x > 0.

® Ansatz:

P(x) =

b0 eflkdx, x>0, ka = xa —1ika,  Ka >0,
poe kmX  x <0, K = Xm — ifm, #m > O.



Surface plasmon polaritons

~ exp(iwt) (FD)
X

€a

z x > 0: dielectric, ¢4 = nﬁ € R.
€m x < 0: metal, ¢, € C.

°* x>0: kzed—kgf%:o,
x<0: Ken—ki—~*=0.

e x =0: Continuity of ¢. (Ansatz.)
x =0: Continuity of n0,¢ ~+ —kang = km"m.

(TE)' —kd = km ~~» NoTE Solution. (Required: kg > 0 & Ky > 0.)
kd km

(TM); —— = —. (OK, if Re ey < 0.)
Ed €m (No solution for an interface between pure dielectrics.)

G = @A e dispersion equation for SPPs.

c €d + €m (Note that, in general, ey (w).)



Surface plasmon polaritons

~ exp(iwt) (FD)
= (iwn)

€4

x> 0: dielectric, ¢q = nﬁ € R.
x < 0: metal, ¢, € C.

Characteristic lengths:

© x>0: [p(x)] ~ e 2K ~me gy = L
2/Qd (Penetration depth, dielectric.)

° x<0: [p(x)] ~ e2m¥ Ao g =
2 Km (Penetration depth, metal.)

1
® |[E>~ e 202 Ay L, = 2 the SPP propagation length.
e
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Field profiles

SPP, Ag/air, A = 0.633 um,
em = —14.5—1.2i, ¢ = 1.0

3
SPP, TM
25
2
15
; L
05 j\
0
-04 02 0 0.2 0.4
X [um]
L, =16 um,
B/k = 1.036,
dq = 190 nm,

dm = 12 nm.


https://www.siio.eu/plass.html

w15

Field profiles

SPP, Ag/air, A = 0.633 um,
em = —14.5—1.2i, ¢ = 1.0

3
SPP, TM
25

2

|

-0.4 -0.2 0 0.2 0.4
X [um]

L, =16 um,

B/k = 1.036,

dq = 190 nm,

dm = 12 nm.


https://www.siio.eu/plass.html

Field profiles

[ > ]
SPP, Ag/air, A = 0.633 um, Si0, /Si(100 nm)/air, A = 0.633 um,
em = —14.5—1.2i, ¢ = 1.0 €=1452:3.45:1.0
3 3 3
SPP, T™M ™
25 t 25
2 t 2
w15 t N;‘ 15
1 t 1
0.5 \\' 00 k
0 0
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4
X [um] X [um]
L, =16 um, L, = oo,
B/k = 1.036, negg = 2.106,
dq = 190 nm, dypir = 27 nm.

dm = 12 nm.


https://www.siio.eu/plass.html

Field profiles

[ > ]
SPP, Ag/air, A = 0.633 um, Si0, /Si(100 nm)/air, A = 0.633 um,
em = —14.5—1.2i, ¢ = 1.0 €=1452:3.45:1.0
3 3 3
SPP, T™M TE
25 t 25
2 t 2
w15 t N@Ls
1 t 1
0.5 \\' o \\
0 0
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4
X [um] X [um]
L, =16 um, L, = oo,
B/k = 1.036, nest = 2.883,
dq = 190 nm, dpir = 19nm.

dm = 12 nm.


https://www.siio.eu/plass.html

Field profiles

SPP, Ag/air, A = 1.550 um,
em = —121 —4.4i, ¢g = 1.0

3
SPP, TM

o

-0.4 -0.2 0.2 0.4

0
X [um]
Lp = 812 pm,
B/k = 1.0042,
dq = 1350 nm,
dm = 11 nm.


https://www.siio.eu/plass.html
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Field profiles
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https://www.siio.eu/plass.html
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Field profiles

SPP, Ag/air, A = 1.550 um,
em = —121 —4.4i, ¢g = 1.0
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Si0, /8i(220 nm)/ air, A = 1.550 um,
e=1452:3.452:1.0
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dyir = 78 nm.
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Field profiles

SPP, Ag/air, A = 1.550 um,
em = —121 —4.4i, ¢g = 1.0

3
SPP, TM
25
2
1 — |
0.5 t
0
-0.4 -0.2 0 0.2 0.4
X [um]
Lp = 812 pm,
B/k = 1.0042,
dqg = 1350 nm,

dm = 11nm.

Si0, /8i(220 nm)/ air, A = 1.550 um,
e=1452:3.452:1.0

TE

1
0

-0.4 -0.2 0.2 0.4

Ly = oo,
negs = 2.805,
dair = 47 nm.


https://www.siio.eu/plass.html

Upcoming

Next lecture:

In what we trust...
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