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Course overview

Optical waveguide theory

—« -~ T QMmUY w >

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



-~

“This concerns time harmonic fields . . . with angular frequency . . .,
for vacuum wavenumber . . . , speed of light . . . , and wavelength ... .”

“The problem is governed by the Maxwell curl equations in the
frequency domain for the electric field . . . and magnetic field . . . , for
(lossless) uncharged dielectric, nonmagnetic linear (isotropic) media
with (piecewise constant) relative permittivity . . . :

()7

[ M. Hammer, A. Hildebrandt, J. Forstner, Journal of Lightwave Technology 34(3), 997 (2016) ]



Maxwell equations, Fourier transform

V-D=p, VXE=-B V-B=0, VxH=J;+D

1 - : - .
& F(r,t) = m/F(r,w) e Yaw, F(r,w) = \/12?/17(,.7 1) e 1Wlgs



Maxwell equations, Fourier transform

V-D=p, VXE=-B V-B=0, VxH=J;+D
1 - ; - 1 .
& F(rt :/Fr,w ! dw, F(r,w :/Fr,t e Wiy
r = [ Fr) rw) = = [ Fir)

- E(r1), D(r,0), B(r,1), H(r,1), pe(r,1), Ji(r, 1)
= E(r,w), D(r,w), Br,w), H(r,w), i), Jirw),

V-D=p, VXE=—iwB, V-B=0, V xH=]J;+iwD

(Caution: arbitrary choice of ~ exp(£iwr)!).



Maxwell equations, frequency domain




Maxwell equations, frequency domain

“at frequency wy”: F(r,w) = \/ZF(r) d(w —wo) + \/ZF* (r) 6(w 4+ wo)



Maxwell equations, frequency domain




Maxwell equations, frequency domain

G B(r), D(r), B(r), HF), pi(r), Te(r), ~ explivor),
V-D =i VxE=—iwB, V-B=0, VxH=Ji+iwoD.

Caution: Decorations ~, —, o are ususally omitted; context determines interpretation of symbols.



Polarization

P: density of electric dipole moment (bound charges).

- - . - ~ A - A%
D = E + P, D] =[P = =5 " E = B
D3 vacuum permittivity ¢y = 8.854187817...- 1072 [m ]
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D3 vacuum permittivity ¢y = 8.854187817...- 1072 [m ]
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e Linear dielectrica:

P = eyX.E, Re: dielectric susceptibility, [Xe] = 1.
G b= co(1+ xe)E = €yéE, é relative permittivity, [¢] = 1.


https://physics.nist.gov/cuu/Constants/index.html
https://physics.nist.gov/cuu/Constants/index.html

Polarization

P: density of electric dipole moment (bound charges).
. - - - A - v
D = E + P, D] =[P = =5 T OE =T
m

D3 vacuum permittivity ¢y = 8.854187817...- 1072 [m ]
e Local dipoles induced by E ~~=  P(E).
e Linear dielectrica:

P = eyX.E, Re: dielectric susceptibility, [Xe] = 1.
C» = ¢o(1 + R)E = yéE, é: relative permittivity, [¢] = 1.

e Xc(r,w), é(r,w) are determined in the frequency domain.
e Complications: Ime, €(7), é(F), XJ%)E;CE;, X](]?lankElEma e

e Simpler cases: é(#), € = el.
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Magnetization

M: density of magnetic dipole moments (bound currents).

1. - . Am? \Y
= —B-M, H) = M) = =2, >
Ho m
N Vs ]

vacuum permeability o = 4 - 107’ [Az = Am

i =
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Magnetization

M: density of magnetic dipole moments (bound currents).

= —B-M, H =M =",
i [H] = M] m3
N Vs

A2 Am

g =

vacuum permeability s = 47 - 1077 [

e Local dipoles induced by H ~~~ M(H).

1 - _Am2 - Vs

|
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Magnetization

M: density of magnetic dipole moments (bound currents).

1. - . Am? \Y

= —B-M, H) = M) = =2, >
Ho m

B =

N \Y%
vacuum permeability s = 47 - 1077 [ =0 ]

A2 Am
e Local dipoles induced by H ~~~ M(H).

e Linear magnetic media:

-

—_

M = {nH, Xm: Mmagnetic susceptibility, [Xm] =
B = juo(1 + Xm)H = pofiH, ji: relative permeability, [i] = 1.
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Magnetization

M: density of magnetic dipole moments (bound currents).
- —B-M, H =M= —,
. ) = ] = T
N_ Vs
A2 Am

B =

vacuum permeability s = 47 - 1077 [

e Local dipoles induced by H ~~~ M(H).
e Linear magnetic media:

M
-y
® Xm(r,w), fi(r,w) are determined in the frequency domain.

e Complications: manifold.
e Traditional integrated optics (frequencies, media): [i(¥) = 1.

LmH, Xm: Mmagnetic susceptibility, [Xm] =
0

po(1 + Xm)H = pojiH, ji: relative permeability, [fi] =

1 - _Am2 - Vs

|

—_

1.
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Maxwell equations, dispersion

(Material) dispersion: é(r,w), fi(r,w) are frequency dependent.

D(r,w) = ¢é(r,w)E(r,w), B(r,w) = poi(r,w)H(r,w)



Maxwell equations, dispersion

(Material) dispersion: é(r,w), fi(r,w) are frequency dependent.

D(r,w) = ¢é(r,w)E(r,w), B(r,w) = poi(r,w)H(r,w)

G D(r o) =« / en(r,t — E(r, 1) dr,

B(r,t) = Mo/,&TD(r,t— {)H(r,t)dt.



Helmholtz equations

Linear dielectric media without free charges or currents,
time dependence ~ exp(iwt), fields E(r), D(r), B(r), H(r),
material properties €(r), fi(r):

V-D=0, VXE=—-iwB, V-B=0, V xH=iwD,
DZE()@E, B:uoﬂH.
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Helmholtz equations

Linear dielectric media without free charges or currents,
time dependence ~ exp(iwt), fields E(r), D(r), B(r), H(r),
material properties €(r), fi(r):

V-D=0, VXE=—-iwB, V-B=0, V xH=iwD,
DZE()@E, B:uoﬂH.

C» V X E = —iwuopt H, V x H =iweyeE, V-¢éE=0, V- -iH=0.
G VX (im'V X E) = 2euoéE or 'V x (6-'V x H) = weopuofiH.

Where é =¢l, Ve=0, fi=pul, Vu=0: "

- AE+w2 E=0 or AH+w2 H=0, c !
—€ = —€ =0, = .
c? H c? H v/ €00




Plane harmonic waves

Where ¢ =el, Ve=0, i = ul,
Components of E, H satisfy

o e~ i(km - r— wi)

P(r,1) =

)

(Mixture of TD and FD expressions;

e Medium: refractive index:

e Periodicity in time:  angular frequency:
frequency:

period:

e Spatial periodicity: ~ wave vector:
wavenumber:
vacuum wavenumber:

vacuum wavelength:

wavelength in the medium:

e Phase velocity: speed of light in vacuum:

in the medium:

Electromagnetic spectrum 3 K3

Vu=0: P O]

AY+ ey = 0.
C

2
w
—k2 + aH= 0.

% 7 Re, 1/2, c.c. omitted; sloppy, but common.)

n= /e

w,

f=w/(2m),
T=1/f =27r/w,
km, km = ‘km‘,

km = w/cm = (w/c)n =kn,
k=w/ec,
A =27/k =2mc/w,
Am = 27 /km = 27/ (kn) = \/n.
¢ = 1/\/&fip = M.
Cm=c¢/n=Anf.

(Use of symbols depends highly on context.)


https://en.wikipedia.org/wiki/Electromagnetic_spectrum
https://en.wikipedia.org/wiki/Electromagnetic_spectrum
https://www.computational-photonics.eu/wafe.html

Interface conditions

Surface between media (1) and (2), surface normal n, tangents [,
surface charge density oy, surface current density K :

n‘(Dl—Dz):O'f, l-(El—EQ):O,
n‘(Bl—Bz):O, l'(Hl—Hz):l-(Kan).



Interface conditions

Surface between media (1) and (2), surface normal n, tangents [,
surface without free charges or currents:

n‘(Dl—Dz):
n‘(Bl—Bz):

l-(E, —E)) =0,

0,
0, I-(H —Hy)=0.



Interface conditions

B

(1) €1, [y
(2) €, fi2

Surface between media (1) and (2), surface normal n, tangents [,
linear media with permittivities €;, é;, and permeabilities (i1, fi;:

n‘(€1E1—€2E2):0, l‘(El_EZ)ZO’
n-(fuH — i) =0, 1 (H —H)=0.



Reflection and transmission of plane waves at dielectric interfaces

z (FD)
€1, i (1 (2) €9, fi2
Ay
-~
e VXE=—iwuyitH,
V x H = iweye E
® ¢(r) and fi(r)

are constant along y, 7



Reflection and transmission of plane waves at dielectric interfaces

z (FD)
€1, i (1 (2) €9, fi2
Ay
-~
e VXE=—iwuiH,
V x H = iwege E
® ¢(r) and fi(r)

are constant along y, z
G B = (v etk k3 pi(r) = B (x) e (ko +Ke2)

1-D problem for E’, H'.



Reflection and transmission of plane waves at dielectric interfaces

z (FD)
€1, fn (1) (2) €9, fio
Ay
L.
9 .- T
. e VXE=—iwuiH,
‘&/ V x H = iwege E
2%
& ® ¢(r) and fi(r)

are constant along y, z

G B =Ewe iy k2 p) = B (x)ei(ky +k2)

1-D problem for E’, H'.

(incoming plane wave at angle 6)

(orient coordinates (ky = 0), plane of incidence, distinguish polarizations)
(write ansatz functions for incoming, reflected, and transmitted waves)
(interface conditions determine the amplitudes)

C» Fresnel equations.



Dielectric multilayer structures

(FD)
2)
él’ ﬂl (1) é?a /lQ
1
= g o
1 V X E = —iwpuoft H,
“‘ V x H = iwege E
\‘
2 é(r) and fi(r)
are constant along y, z
C» E ) —1(kyy + kZZ) H(r) _ H/(X) e—i (kyy + kZZ)

1-D problem for E’, H'.

C» Reflectance and transmittance properties. K

~—~—~—~

- - — —


https://www.siio.eu/muls.html

Energy of electromagnetic fields

(TD)
® Force on a particle with charge ¢, velocity v, in a field E, B :
F =g(E +v xB),
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e work for shifting the particle by dr = v dz:
dW =F -dr=q(E+v xB) -vdr=qE -vdt,



Energy of electromagnetic fields

(TD)
® Force on a particle with charge ¢, velocity v, in a field E, B :
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e work for shifting the particle by dr = v dz:
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Energy of electromagnetic fields

(TD)
® Force on a particle with charge ¢, velocity v, in a field E, B :
F =g(E +v xB),

e work for shifting the particle by dr = v dz:
dW =F -dr=q(E+v xB) -vdr=qE -vdt,

. dw
® respective power: Fre gE - v.

For a charge density p¢(r,1):
force density f = ps(E +v x B),
C» power density f-v = piE -v=J; - E,
total work per time unit done in V' : % = /v Je-EdV.



Power & energy density, Poynting theorem

, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
dr v % v
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® Poyntlng vector: S == E X H, (energy flux density, power density)
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, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
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1 i
e cnergy density: w = E(ED +H-B), Wild — / wdV,
v



Power & energy density, Poynting theorem

, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
dr v % v

® Poyntlng vector: S == E X H, (energy flux density, power density)
e energy density: _! field —
gy density:  w = 2(E-D+H-B), Wy = [ wdV,

v
o =t tfo) D=ciE il =i ko) B=ponH ()
~~> yw=(E-D+H-B)



Power & energy density, Poynting theorem

, (TD)
VxH=J;+D, VxxE=-B

G dW$e°h—/Jf~EdV——/(E-D+H-B)dV—/V-(ExH)dV,
dr v % v

® Poyntlng vector: S == E X H, (energy flux density, power density)
e energy density: _! field —
gy density:  w = 2(E-D+H-B), Wy wdV,
1%

o & =¢ éw) D=efE, il =, i{=), B=poiH ("
~~ yw=(E-D+H-B)

V arbitrary

C, w+V.S=-J; E, C(ll(Wmech Wheld) _% S - da.
v



Electromagnetic energy, frequency domain

Lossless uncharged nondispersive (. . .) linear media:

1
w:i(eoE-éE—i—uoH-ﬂH), S=ExH, w+V-S=0,

E(r,t) =Re E(r) el W H(r,1) =Re H(r) elw!

C» S, w oscillate in time.



Electromagnetic energy, frequency domain

Lossless uncharged nondispersive (. . .) linear media:

1
w:i(eoE-éE—i—uoH-[LH), S=ExH, w+V-S=0,

E(r,t) =Re E(r) el W H(r,1) =Re H(r) elw!

C» S, w oscillate in time.

~ | [T (FD)
Consider time-averaged quantities:  f (1) = T / f(&)dr
1 ! l (exercise)
G W= Re (k" ¢E+pofl ll), 5= Re (B xH).
Ww=w=0, V-§=V-§ ~» V.5§=0, jfs-da—o;
1%

“power balance”, conservation of energy.



Wave propagation in attenuating media

Specifically: homogeneous isotropic conductors, linear media.

Electric field drives the free currents:
Ohm’s law Jf = oE, o: conductivity of the material.
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Wave propagation in attenuating media

Specifically: homogeneous isotropic conductors, linear media.

Electric field drives the free currents:

Ohm’s law Jf = oE, o: conductivity of the material.
V- D=p, VxE=-B, V-B=0, VxH=0E+D.

o2 o
C» of = ———pf, r.t) = pg(r, 1 ——(t—19) |,
Pt ol pe(r,t) = pr(r, to) exp ( 606( o))

assume pp(r.tg) =0 ~=  pe(r,1) =0 V.

V-E=0, VxE=—pouH, V-H=0, VxH=0E+eyE.



Telegrapher equation

V-E=0, VXE=—puoulH, V-H=0, VxH=0cE+eyeE
C» AE — equoepE — popcE =0,  AH — egpoepH — piopoH = 0,

Telegrapher equation.
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C» AE — equoepE — popcE =0,  AH — egpoepH — piopoH = 0,

Telegrapher equation.

Frequency domain: E(r, ) = E(r) el%!,
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w
Nonconducting media o = 0, AE + (—eu) E=o.



Telegrapher equation

V-E=0, VXE=—puoulH, V-H=0, VxH=0cE+eyeE
C» AE — equoepE — popcE =0,  AH — egpoepH — piopoH = 0,

Telegrapher equation.

Frequency domain: E(r, ) = E(r) el%!,

C» AE + ( €N — 1wu0,ua> E=0.

Nonconducting media o = 0, AE + (w—zeu> E=o.
_ w? o w? o .o

Define € suchthat —éu = —eu —iwpopo, ie. €=e—i—

C C EQw

C» AE + k*&uE = 0, Helmholtz equation, € € C, k=

o.\E

For given o, the choice of the FD time dependence ~ eii @I determines the sign of Im €. (!)



Wave attenuation

AE + kZEHE — 0, € c C (FD, exp(iwt), w > 0)



Wave attenuation

AE + kZEHE = 0, € € C (FD, exp(iwt), w > 0)
C» solutions ~ el (Wf — knz) and ~ o (W1 + k1)
with refractive index 7 =n' —in"” = +\/eu € C, M

o—i(knz —wt) _ o—i(kn'z — wr) e—kn”z’

damped plane wave solutions forn’ >0, n’ > 0.

. ’
o' >0 e~z — wi) 4 forward traveling wave.)



Wave attenuation

AE + kzg'UJE = 0, € € C (FD, exp(iwt), w > 0)
C» solutions ~ el (Wf — knz) and ~ ol (@1 + K1)
with refractive index 7 =n' —in"” = +\/eu € C, M

o—i(knz —wt) _ o—i(kn'z — wr) e—kn”z’

damped plane wave solutions forn’ >0, n’ > 0.

o > 0 e (k' = W) i 4 forward traveling wave.)
Issues:
® penetration depth,
S and w decay with z,
still transverse waves,
E. H no longer in phase,
notions of wavenumber, wavelength, phase velocity € C.

(ep = 2= (n/)z _ (n”)z _ i2n/n//)
(Modelling of gain: reverse the signs of n'’, Imé.)
(Choice of ei' Wl signs of n’/, Im € indicate loss/gain.)



Simulations in integrated optics

A typical setting:
® “uncharged dielectric medium”: -g¢, J+-
® “linear medium”™: D = e¢o¢E, B = poiH.

® “isotropic medium”: €

I
@)}
—_
M
—> >
I
=

® “pnonmagnetic medium™: i =

o “lossless medium™: € =¢ af =, (e, u € R).

® “piecewise constant” — “dependent on position”.

® “electric and magnetic field”: eliminate D and B, retain E and H.
® “governed by the curl equations”: divergence eqns. are satisfied.

® “frequency domain, time harmonic fields, frequency, wavelength”:
. as discussed.



Upcoming

Next lectures:

® (lasses of simulation tasks: scattering problems, mode analysis,
resonance problems.

¢ Normal modes of dielectric optical waveguides, mode interference.

e Examples for dielectric optical waveguides.

In what we trust...
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