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Context: Relevance of guided modes
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Butt-coupling to a waveguide facet.

Course overview

Optical waveguide theory

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.

Coupled mode theory, perturbation theory.
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A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.

Waveguides: Mode problems

X A) nw=1e= n?, ~ exp(iwt) (FD)

Z y
y — V x E = —iwugH,
U V x H = iwepeE.

® Waveguide: a system that is homogeneous along its axis z,
d.e=0, O.n=0.

® [ook for solutions (modes) that vary harmonically with z:
mode profile E, H,

E E — :
(H) (x,y,2) = <H) (x,y) e lﬁz, propagation constant [3,
effective index negr = B/k.
62 — _1/8, (& boundary conditions)

<> Eigenvalue problem with eigenvalue 3, eigenfunction E, H,
—
“M(3) (profile) = 0”.



Mode equations

(drop ™)
Q OyE; + iBEy Hy OyH; + i[3Hy Ex
—iBEx — O\E; =—iwpo | Hy |, —iBH, — OH, =iwepe | Ey | .
OcEy — OyEx H; OxHy — OyHy E,

e Express E., Ey, E,, H, through principal components H,, H, :
1 1

G O2H, + Oy~ 0,H, + DuH, — cdy~0,H, + (Ke — B2)H, = 0,
€ €

1 1
€0~ OHy + OFHy + Oy H, — €0r—OyH + (e — B1)H, =0,

Ey 1 BI_I\ - ﬁ_l (a_vax + a\ZH}) H, Hy
Ey | = —BHy + B! (OnHy + O3Hy) |, | Hy | = Hy
E. wege —i(0.Hy — O,Hy) H; —187 " (8xHx + OyHy)

(Hy, Hy are continuous for all x, y.)

Mode equations

(drop )
C OyE; +1BEy H, OyH; +1BH, Ey
—IBEX - 8XEZ = —iUJ/A() Hy 5 —lﬁHX - 8XHZ = iwe()é Ey .
OEy — OyEyx H, O.Hy — Oy Hy E,

e Express E., Ey, Hy, H, through principal components E,, H, :

S

(E;, H; are usually small components.)

Mode equations

(drop 7)
- OyE; +1BE, H, OyH; +1BH, E,
—1BEx — OE, | = —iwpo | Hy |, —ipH, — 0:H; | =iwepe | Ey | .
OcEy — DyEx H, OcHy, — O,H, E,

e Express H,, Hy, H,, E, through principal components E,, E, :

G

(Ey, Ey are discontinuous at specific interfaces.)

Plane mode profiles

® Modes are eigenfunctions
- profiles are determined up to a complex constant only.

® Propagating modes, 3 € R, lossless structures, € € R:

E,:=iE., H,:=iH, ~~> real PDE for E,, E,, E., H,, H,, H,:

OE. + BE, Hy AyH! + SBH, E.
—BEx — OE, | = —wpo | Hy , —BH; — O:H] | =wepe | Ey |;
Ey — OyEx —H! OyHy — ByHy —E!

it is possible to choose a phase such that
E., E, H,, H, are real,
E., H, are imaginary

- plane mode profiles.

(It makes sense to prepare real plots of mode profile components.)
(That requires a suitable adjustment of the global phase.)



Guided modes A rectangular strip waveguide, fundamental mode profiles

n, A = 1.55 um, x € [—2,2] um,
. , . n, = 1.45, € [—2,2] um;
® Guided modes: profiles located “around” the waveguide core g h ng = 1.99, el
fx y - W= 1.0um, nefe = 1.63554
<> (discrete 5 € R, / / S, dxdy < oo. h = 0.4 um; (q-) TEgp CMwave].

® In general: Hybrid modes, all six field components present.
Planar-like waveguides ~~ adapt 2-D naming scheme;
“TE-like” / “TM-like” modes.

(4> 5-component semivectorial approximations, plane L x-axis:
quasi-TE: tiny Ey, dominant Ey, small E;; major Hy, small Hy, minor H_,
quasi-TM: tiny Hy, dominant Hy, small H;; major Ey, small Ey, minor E.)

® Mode indices mostly relate to numbers of nodal lines in the
dominant electric or magnetic field component.

(Naming schemes are highly context dependent.)

A rectangular strip waveguide, fundamental mode profiles A rectangular strip waveguide, guided modes of higher order
- wMmMms] I3
= n, A = 1.55 um, [
E ey o Jore | om
n, h oo yE =5 A um " h ng = 1.99, (0,0) [ 1.724 | 1.628
@ w w=1.0 um netr = 1.56809 %37 y w w = 3.0 um, (0,1) | 1.676 | 1.585
L h = 0.4 um: (@) TMpo  [CMwavel. h = 0.4 um; (0,2) | 1.595 | 1.516
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X [um]

X [um]




Symmetric waveguides Directional modes

X (FD) ~ exp(iwt)
/)

he z { @y &
%7
I::l y Waveguide with mirror symmetry y — —y: ! (/
<> modes have a definite parity. Longitudinally homogeneous waveguide: mirror symmetry z — —z.
&E. + iSE, H, O,H, + iH, E, OE; +1PE, _ H O\H; +1pH, . E,
—iBE, — OE, | = —iwpo | Hy |, | —1BHy — OxH; | =iwepe | Ey —ifE; = QE; | = —iwpo | Hy |, | —1fHx = OH; | =iwepe | Ey
OEy — O,E, H, OHy, — O0,H, E, OcEy — OyEx H; OxHy — OyH, E;
= =
E E E E. E,E
forward: <H> y,2) = =¢ | (x,y) e 152’ ” (Ex, Ey, E2),
C» Equal parity of H,, Ey, H;, reversed parity of E,, Hy, E;. H H = (Hy,Hy, H;),
-
=b =b
E E +igz; E = (Ex,Ey,—E;)
backward: xv,2) =1 - x,y) € , - T '
<H>( ¥,2) (Hb>( y) b:(_Hm_HyaHz)
Modal power Mode orthogonality
| D ton ® A set of guided modes of the same waveguide (¢): Per
e E.m. power density: S = —Re (E* x H). ’ - V X E,, = —iwuoH,,,
2 Em _ Em —lﬁ e — 1
g )@y = g" ) oy) e P V x H,, = iweoeEy,
_ _ o, ‘
. (£ (x,y,2) = L (x,y) e 712 E =a(Ey, EyiE; ), " " Br 7 B, if 1 # m.
H T H ’ ’ H = a(HvayaiHZ )) ° _ 1 * * * *
0 a€C, E,...,H €R, Fn=17 (EnscHmy — EpyHynx + EpcHy,, — EnyHy,, ) dxdy.
C, g % 0 a guided mode, 3 € R. e E,H,—0 for x,y— +o0.
2 _ _ _ _ b
ExHy — EyH, e V.-(EfxH,+E,xH)=0 for all [,m
1 - B B ~ .
or S.=0, S, =0, S;=3Re (EiH, ~ EjH.). 53 G 0=i(8— Bn) {// (B x Hy + Ep x H;)dedy} ol (B = Bz,
. ) 1
® Power carried by thelmode. (E\,H;Ey, Hy) := 1 // ( Loy — E’fszX + H]"ysz - HTXEzy) dxdy
P://Szdxdy:4// (E'H, — E'H, + EH? — E,HY) dxdy. o
0,1 m,
(backward mode, Ey — Ey, Ey — Ey, Hy — —Hy, Hy — —Hy: P — —P) (Ela H;E, H m) = { P, otherwise. (Smemenls(I(I;ledn;:f;:;g;g‘é}:;::uti’::gi::;‘;::;

((.,.;.,.) is frequently used for mode normalization.)



Power transport by a mode superposition

® A set of guided modes of the same waveguide (¢): Per

E E i
(Hm> (x,y,z) - (Hm) (x,y) € lﬁmZ’ Py, = (Em7Hm§Em7Hm)'
m m

® Superposition with amplitudes a,, € C:

(E) XY, 2 Zam( m) X,z Zam<’:l> y) e~ 10nZ

Power flow along the waveguide :

//Szdxdy — (E,H;E.H)
= > a} an (E, H;; Ep, H,y,)

l m
= Z |am\2Pm.
m

(Forward / backward modes: P 2 0.)

Polarization of a guided wave field

g A
- G /
oo
Unidirectional guided waves in a “long” dielectric channel that
supports fundamental TE- and TM-like modes only:

E _ E: —102 Er, —ifBmz
(H) (x7y7z)_aTE (HTE> (x,y)e +aTM HTM (xay)e s

e By, +0, Eny, #0. amplitudes arg, apy € C.
i ETE(X;)’) #* ETM(xay)-

e At (x,y): adjust E/|E| via arg, dry.

® G, any fixed: (E/|E|)(x,y) varies.

“Polarization” frequently indicates the presence of only one mode.

Mode interference

® Twomodesm = 1,2: BER

() o= () oy 710

® Superposition with amplitudes ay, a; :

(Z) (x,y,z) =a (Il:;ll) (x,y) e_iﬁlz +az (Il:;{i) (.X',y) e—iﬂzz_

® Fix a position x, y and component F: Omit (v, y).

F(z) = a| Fy e 101z ar F, e—iﬁzz, re 10 .— ataxFiFs,

G PP = | PR + oI + 2r cos((B1 — Ba)z + &),

™

’51 Bal’

(“Coupling length” Lc.)

Periodic beating pattern with half-beat-length L.

(Supermodes E@) (Evanescent coupling )

What about non-guided fields?

(2-D, TE)

X [um]

X [um]




Normal modes: real mode problems

:L"Z %}
=
7

lossless waveguide, € € R,

<

“real” boundary conditions at x, y “far away” from the core,

e “real” vectorial mode equations:

1 1
O2H, + €0y~ OyHy + OyHy — €0y~ OcHy + (ke — BHH, =0,
1 1
€Oy~ OcHy + OyHy + Oy H, — €0x—0yHy + (Ke — 3*)Hy = 0,
€ €

C» real principal components H.(x,y), Hy(x,y), 8% € R.

2-D slab waveguide, normal mode spectrum

1 M. ng =n. = 1.0, nf = 2.0,
- e Id d=13um, A = 1.55um,
7y E,=0,H, =0 at x = £oo.

TE e, ———————>

TV >
X € [~oo, co]um 0 1 4
o nz < B/ : no modal solutions.

n2 < B2/k* < n%: guided modes (discrete spectrum).

B2 / k*> < 0 : evanescent radiation modes (continuous spec.).

0 < B%/k* < n?: propagating radiation modes (continuous spec.).

2-D slab waveguide, normal mode spectrum

A
* - ne = n. = 1.0, np = 2.0,

d=13um, A =1.55um,

g Ey,=0,Hy, =0 at x = £2 um.

T —4+—m————t—t—t—t—++—tH—t——1->

™ +———++t+ -+t
X € [-2, 2]um 0 1 4

o n2< /K : no modal solutions.

* n2 < B%/k? < n?: guided modes.

0 < B%/k* < n}: propagating radiation modes.

B3?/k* < 0 : evanescent radiation modes.

Propagating & evanescent modes

~f,b .
(PEI> (x,y,z) = (gf,b) (x,y) e:FlﬂZ'

e 250 == f=1/2 BeR, >0,

~ e:FiB <, a forward / backward propagating mode.

(Physical relevance of individual modes.)

¢ <0 = B=—i/|f?|=—ia, a=+/|B? €R, a>0,

~ e:FO‘Z, a forward / backward traveling evanescent mode.

~ exp(iwt) (FD)

“forward”: ~ e~ ¥, field decays with z,
“backward™: ~ eTZ field grows with z.

(Relevant for purposes of field expansions.)

° {forward & backward, propagating & evanescent modes}
= the set of normal modes.



Evanescent modes Completeness of normal modes

b=—ila, a €R eeR A B e € R, ~exp(iwr) (FD)
OE. + aEy H, OyH, + aH, E,
—aE, — OE; | = —iwpo | Hy |, —aH, — 0,H; | =iwepe | E, ! !
OLEy — O\E, H, OcHy — OyH, E, : S
® Plane mode profiles: real PDE for E\, E\, E,, iH,,iH), iH_; A lossless, z-homogeneous waveguide configuration; general solution
common phase with real Ey, E,, E,, imaginary H,, Hy, H,. of the Maxwell equations between cross sectional planes A and B:
¢ Directional evanescent modes: E _ " —1Bnz
{Ev Ey, Ex, Hy, Hy, Hy; o) ~~= {Ey, Ey, ~E;, —Hy, —Hy, H;; —a}". (3) ) = %F ( ) e
m
® Modal : _ .
odal power E = a(E, E,El), + > B, ( ) y) etibmz, )
E H=ia(H H H), meN H,
(H) (x,y,z): (H) (x,y)e OéZ’ E/ ([_leefé Z)E(C .
R RS » a N : the set of forward normal modes supported by the waveguide.

(“Solution”: obvious; “general”: without proof.)

- SZ:%Re (EH, — E'H,) =0, //Szdxdy:O

Completeness of normal modes Orthogonality of normal modes
(f]) (x,y,2) = <f1> (x,y) e—i67. ~ exp(iwt) (FD)
E H 8
[prop.,f] | (E}, Ey,iE;) (H’ H’, iH}) 8>0
[prop.,b] | (E. d E’ ,—iE}) | (—Hy, —Hy,iH;) | <0
§;Oy"l’g Lerrali‘:\l/[:::;l-:componentﬁeldonacmss sectional plane can be expanded into alternatively [evan., f] | (E; ’ E/ E/) (IH/ lH/ lH /) f=—ia, a>0
e the transverse electric components of forward normal modes, [evan.’ b} (E/ E/ E/) (—IH/ lHI lHé) ﬁ — iOé, a > O

e the transverse magnetic components of forward normal modes,

e the transverse electric components of backward normal modes, . . . / /
- i individual E|,...H, € R.

o the transverse magnetic components of backward normal modes.

(ELI)HLZ)EbaHb // Hby be +H* be H:bey) dxdy

Ei, —ifipz VX E1p=—iwpoH
< ) ond) = (H1,2> %3) e T VX Hy, = iweeE

V. E*XHz—f-Ez XH*)—O N 0—(61 Bz)(E],Hl;Ez,Hz).

G




Orthogonality of normal modes

Nondegenerate directional normal modes of the same waveguide (¢):

Ef;zb Ef;lb —iﬁf’bz V X E, = —iwuoHy,
<H,t;’1b) (x,y,z) - <H£’1b (x,y) € m=, YV x Hm _ iWG()GEm,
| B # B i1 m.
® A propagating mode m :
R G s N zb b Eb omby
(E,.H,;E, H,) =Py, (E,,H,;E, H,)=—P,, P, €R,
T L e b mb Bt gt
(Em7Hm;Em7Hm) = (Em’Hm;Emva) =0,
(Ei,Hi;E;,H;) = (E;,H;;Efn,fli) =0 forall [# m, d,r=fb.

® An evanescent mode m :
=f =f =f 5f =b #b #=b Hb
(E,,H,;E, H,) = (E,, H,;E, . H

ms My Ly m):()’

= gt Eb b zb mb f
(E. H :E° H)=:P,, (Eo.H:E\ H)=—P, P,¢R,

(ES HS:E) H)) = (E},H};ES HY) =0 forall [#m, dr=fb.

(This implies orthogonality of propagating and evanescent modes.)
(1/+/|Pn| is frequently used for mode normalization.)

Projection onto normal modes

A B E, H: asolution of the Maxwell

I equations for the z-homogeneous

waveguide between two cross sectional
planes A and B.

z
—

C» Extract local mode amplitudes by projection onto normal modes:
® A propagating mode m, [3,, > 0:
—f — 1 . f gf .
(B, H':E H)=F, P, ¢ 152, et - EALET)
(E® H";E,H) = —B,, P, elPZ.

® An evanescent mode m, (3, = —iqy,, o; > 0:
—f =f —b b —
(E,.H,;E,H) =B, P, e**, (E, ,H ;E H)=—F,,P, e %

- Ports of a photonic integrated circuit.

Power flow associated with a normal mode expansion

—f ) b .
) (3.9 =Y {Fm <Erfn) (t.y) e—ifnt 1 B, (%) y) e+lﬁmz}
meN m "

Power carried along z :

P= //Szdxdy — (E,H;E,H)

= > (|Ful> = Bal) P + > (FjBu—BjyFu)Pu.

m propag. m evanesc.

e P isindepedent of z.

o Individual contributions from forward and backward propagating modes.

o Contributions from evanescent modes require forward and backward fields to be present.
e Unidirectional field (forward: B,, = 0 for all m): Only propagating modes carry power.

Waveguide facet: Port definition

(2-D, TE)

X [um]

X [um]




Upcoming

Next lectures:

e Examples for dielectric optical waveguides.

® Waveguide discontinuities & circuits, scattering matrices,
reciprocal circuits.

e Bent optical waveguides; whispering gallery resonances; circular
microresonators.

.In'what we trust...




