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Maxwell equations

SI, in matter, time domain, differential form:

V-D = py E(r,1): electric field,
VxE = -B, D(r,1): (di-)electric displacement,
V.-B = 0, B(r,t): magnetic induction (field, flux density),
. H(r,t): magnetic field (.. .),
VxH = Ji+D, prr, ti: density of free charges,
Ji(r, 1): density of free currents,
D = ¢E+P, P(r,t): polarization,
B = wH~+M). M (r,t): magnetization,
€o: free space permittivity,
(+ constitutive relations) wo: free space permeability.

Valid for more than a century, firm basis for further considerations.

Motto

‘In what we trust...

MMET’ 08, Mathematical Methods in Electromagnetic Theory
Odesa, Ukraine, June 29 — July 2, 2008

Course overview

Optical waveguide theory
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Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Formalities

Organization of the course:

Lectures (=~ 14 x)
Homework (7 %)
Tutorials, Exercises (13 x)

Exam

Related textbooks (examples):

C. Vassallo, Optical Waveguide Concepts, Elsevier, Amsterdam (1991),

K. Okamoto, Fundamentals of Optical Waveguides, Academic Press, San Diego, USA (2000),
R. Mirz, Integrated Optics: Design and Modeling, Artech House, Norwood, USA (1995),
A.W. Snyder, J.D. Love, Optical Waveguide Theory, Chapman and Hall, London, UK (1983);

& general introductory texts on classical electrodynamics.

Optical waveguide “‘theory”

Task: solve

V xE = —B, V-D = p;, D = ¢E+P,
VxH = J;+D, V-B B

= MO(H+M)7

In this course:

specialization to problems relevant for integrated optics,
theoretical basis for the — mostly — numerical solution,
approximate concepts,

examples.

Optical waveguides: phenomena, examples

Beam propagation in free space

Guided light propagation

Waveguide end facet

Crossing of two waveguides

Modes of 1-D multilayer slab waveguides
Modes of 2-D channel waveguides
Circular step-index optical fibers
Evanescent coupling between waveguides
Bent waveguides

Circular microring-resonator

Microdisk resonator

CROW

Waveguide corner

Photonic crystal waveguide

Exciting TET!

Course overview

Optical waveguide theory
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Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.

Classes of simulation tasks: scattering problems, mode analysis, resonance problems.

Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Vector calculus, keywords

(here: Cartesian coordinates)

Ingredients:
X
® Space and time coordinates: r= | y | — (x,y,2), ¢
Z
Ay
® Scalar and vector fields: ¢(r,t), A(r,t), A=A
® Inner product: A -B = A.B, + A,B, + A.B.. Az
A\B, — A;B,
® Vector product: A X B = | A,B, — AB;
AB, — A\B,

® Time derivatives: ?9(?’ 0:0, gz'S, AvaveS

Dirac delta

A linear functional
that extracts the value of a function at one point: =

1-D: /f 5(x — x0) _{f(xo), if @ <xo <b,

0 otherwise;

d(x —xp) =0, if x # xo.

3-D: /Vf(r> S(r—ro)dV = { f(ro), if ‘ro eV,

0 otherwise;

o(r—ro) =0, if r #ry.

Implications: manifold.

Vector calculus, keywords

(here: Cartesian coordinates)

Ingredients: 5
® Del, nabla: V = | 0,
0:
Ox
® Gradient: grad¢p = Vo = | 0,0
9:¢
® Divergence: divA =V -A = 0,A; + O)A, + O/A..
0yA; — OA,
® Curl: curlA =rotAd =V XA = | 0,A; — 0A;
O0:Ay — 0)A,
e Laplaciani A=V -V = V2, AA,
Ap =070+ 070+ 050, DA = AA,
AA;

Fourier transform, 1-D

1-D: A function f(x) € C of one variable:
_ U [T ik TN B e —ikx
1) = o= [ F ek ) = o= [t e

Arbitrary: positioning of factors 1/v/2, signs of exponents.

Oémfz = afi + .
f(x) =f(=x) ~> f(k) =f(-k).
fx) = ~f(=x) ~=> f(k) = —f(=k).

o fER ~= f(—k) =1*(k)
e i(x) = 2177 /_0; elkx g



Fourier transform

3-D:  Afield ¢(r):

¢(r) =

V2r Var

4-D: Afield o(r,1):

1 7 i(k-r—wt) 4
o(r,1) = N / / d(k,w) etk )k dw,

7 1 —i(k-r—w
dk,w) = N / / o(r,1) e 1k D rdr.

Directionally constant systems

A linear PDE in two unknowns
(AOxx + By + COyy + DOy + EOQy + F) 9)(x,y) =0,
coefficients A(x,y),...,F(x,y).

If the system is constantinx, A =...=0,F =0,

b(x,y) = Ply) el F.

e use an ansatz

G (B + (E+ikC)dy + (F +ikD — KA)) 4(y) = 0,
. a DE in one unknown, with parameter k.

(& boundary conditions, . . .)

! 3 /Qz(k) eik'rd3k, o(k) = ! /gb(r) ok rg3,

Directionally constant systems

A linear PDE in two unknowns
(AOw + B0y + COy+ DO+ EO0y + F)9(x,y) =0,
coefficients A(x,y),...,F(x,y).

If the system is constantinx, A =...=0F =0,

e write ¢ as P(x,y) = /@(k,y) el k¥ g .

G / (BOyy + (E +1kC)dy + (F +ikD — K*A)) d(k,y) e F¥dk = 0,
G (B + (E+ikC)dy + (F +ikD — K2A)) i (k,y) = 0, (for all k),

. a set of DEs in one unknown.

General solution of the wave equation

2
(A‘égﬁwma:a ¥(r,0) = to(r), Ib(r,0) = do(r),

& Y(ri) = (2;)2 //i(k,w)ei(k"—w) dw &3k,

G (—k2 + C:;) Pk, w) =0,

G Gk,w) = ar(k) 6(w — wi) + ap(k) S(w + wi)s  wi = c |k,

C» w(r’ l) _ (Q’j[_)z/(af(k) ei(k-r—wkt) —I—ab(k) ei(k-r—i—wkt)) d3k,

o (r,0) =o(r), O)(r,0) = ¢o(r) ~=> ...~ ap(k), ap(k).



A touch of variational calculus A touch of variational calculus

Example:
® Functional: L: U — RC
) oy U = : O, — R 0) = =0 s T
P fu: [0,7] = R | u(0) = u(x) = 0} [ @
. — Jo
a map from a space U of functions to real / complex numbers. L:U—R, L{u) = / T, dr
u
0
. . d (...)
e Stationary functional: & L(u+sv) =0 forall v,
§ s=0 u satisfies DE & b.c.,

the variation of £ at u vanishes for arbitrary directions v. L stationary at u,

d - Pu=—-du, A= L(u),
d—ﬁ(u+sv) 0:O V. XO 0 (u)
s = pum = .
® Restriction of a functional: ' u(0) = u()
... to a parametrized family of functions; \L Restrict £, L(a) = L(ulq).
-+ extremization with respect to these parameters, . Approximate solution
- gpproximations of stationary points of the functional. L stationary ata, Vgl = 0. of DE/eigenproblem.

-~

Course overview cee

Optical waveguide theory
“This concerns time harmonic fields . . . with angular frequency ...,

Photonics / integrated optics; theory, motto; phenomena, introductory examples. . '
for vacuum wavenumber . . . , speed of light . . . , and wavelength . . . .

Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow. o . . .
The problem is governed by the Maxwell curl equations in the

frequency domain for the electric field . . . and magnetic field . . . , for
(lossless) uncharged dielectric, nonmagnetic linear (isotropic) media
with (piecewise constant) relative permittivity . . . :

Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators. s ()7

Coupled mode theory, perturbation theory.
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A touch of photonic crystals; a touch of plasmonics.
[ M. Hammer, A. Hildebrandt, J. Forstner, Journal of Lightwave Technology 34(3), 997 (2016) ]

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Maxwell equations, Fourier transform

V-D=p, VXE=-B, V-B=0, VxH=J;+D

1 ~ : - 1 .
F(r,t) = — F(r,w GIWIdw, F(r,w :/Fr’[ e_IWIdt
)= o= [ Firw) rw) = <= [ Firo)

- E(r,1), D(r,1), B(r,1), H(r,1), pi(r,1), Je(r,1)
- E(r,w), D(r,w), E(r,w), il(r,w), pe(r, w), ]f(r,w),

V-D=p;, VXE=—iwB, V-B=0, V xH=]J;+iwD

(Caution: arbitrary choice of ~ exp(Fiwr)!).

Polarization
P: density of electric dipole moment (bound charges).
- SR - - Asm . \%
D = ¢FE +P, D] =P =—5 [E]= _.
m m
o 1| F As
I3 vacuum permittivity €y = 8.854187817...-10 — = —1.
m Vm
e Local dipoles induced by E ~~  P(E).
e Linear dielectrica:
P = ¢oX.E, Re: dielectric susceptibility, [{e] = 1.
- D = y(1 + X)E = €yéE, é: relative permittivity, [¢] = 1

e Xc(r,w), é(r,w) are determined in the frequency domain.
e Complications: Ime, é(T), é(F), ;,?EkEl, XJ%LEkElEm, .

e Simpler cases: é(r), é = el.

Maxwell equations, frequency domain

- E(r), D(r), B(r), H(r), p(r), Ji(r), ~ exp(iwot),
V.-D = Prs V xE = —inB, VB = 0, V xH :]f+iw0D.

Caution: Decorations ~, 7, (o are ususally omitted; context determines interpretation of symbols.

Magnetization

M: density of magnetic dipole moments (bound currents).

A R - Am® o Vs
o o €
N Vs
o bilit 471077 | = = —|.
vacuum permea 111 y Ko U |:A2 Am]

e Local dipoles induced by H ~~~  M(H).
e Linear magnetic media:
M - )A(mf{,
B = uo(1 + %m)H = pofiH, fi: relative permeability, [/i]

P >

Xm: Mmagnetic susceptibility, [xm] =
1.

® Xm(r,w), fi(r,w) are determined in the frequency domain.
e Complications: manifold.
e Traditional integrated optics (frequencies, media): /i(¥) = 1.



G hirt) =ty o ilkm -1 —wi),

Maxwell equations, dispersion

(Material) dispersion: é(r,w), ji(r,w) are frequency dependent.

D(r,w) = eoé(r,w)E(r,w), B(r,w) = poji(r,w)H(r,w)

- D(r,t) = eo/éTD(r,t—t’)E(r, ) dr,

B(r,t) = ,uo/ﬂTD(r,t— {)H(r,t)dr.

Plane harmonic waves

Where ¢ = el, Ve=0, i =pul, Vu=0: e 0
Components of E, H satisfy Ay + gﬁlﬂﬁ = 0.

2
w
—k2, + 2= 0.

(Mixture of TD and FD expressions; ~, -, Re, 1/2, c.c. omitted; sloppy, but common.)
e Medium: refractive index: n=./eu
e Periodicity in time:  angular frequency: w,
frequency: f=w/(2m),
period: T=1/f =27n/w,

e Spatial periodicity: ~ wave vector: km, km = |km|,
wavenumber: km = w/cm = (w/c)n = kn,
vacuum wavenumber: k=w/c,

vacuum wavelength: A =27/k = 27c/w,
wavelength in the medium: Ay = 27 /km = 27/ (kn) = \/n.

¢ = 1/ /am = M.
cm =c¢/n=Anf.

(Use of symbols depends highly on context.)

Phase velocity: speed of light in vacuum:

in the medium:

Electromagnetic spectrum 3 K3

Helmholtz equations

Linear dielectric media without free charges or currents,
time dependence ~ exp(iwt), fields E(r), D(r), B(r), H(r),
material properties é(r), f(r):

V-D=0, VXE=—-iwB, V-B=0, V xH =iwD,
D =¢éE, B=puypH.

C» V X E = —iwpopt H, V X H =iweyeE,

V-¢éE=0, V-pH=0.

G Vx (i7'V X E) = wleouoéE or 'V x (6-'V x H) = wPeouofi H.

Where ¢ =¢l, Ve=0, i =pl, Vi =0:

2 2 1
G AE+LpE=0 o AH+SeuH =0, c=
C C

Interface conditions

Surface between media (1) and (2), surface normal n, tangents [,
surface charge density o, surface current density Ky :

n-(Dl —Dz) = Of,
n~(B1 —Bz) :0,

l-(E, —E,) =0,
l'(Hl —Hz):l-(Kan).

O



Interface conditions

Surface between media (1) and (2), surface normal n, tangents [,
surface without free charges or currents:

n-(Dl—D2>:0, l'(El—Ez):O,
n'(Bl—Bz):O, l-(Hl—Hz):O.

Reflection and transmission of plane waves at dielectric interfaces

z (FD)
€1, (1) (2) €2, fi2
Ay
|
0 z o
- o VXE=—-iwuiH,
\‘1 V x H = iweye E
NN\
g ® ¢(r) and fi(r)

G Ew)=Ewe iy +k3) gy = m(x)e i (ky+k2)

are constant along y, z

1-D problem for E’, H'.

C» Fresnel equations.

Interface conditions

.

S S
(1) €1, i
(2) €, fi2

Surface between media (1) and (2), surface normal n, tangents [,
linear media with permittivities €;, €;, and permeabilities fij, fi3:

n-(€1E1—é2E2):0, l-(El—Ez):O,
n-(/llHl—ﬂsz):O, l-(Hl—HQ):O.

Dielectric multilayer structures

/ (FD)
2
éls ﬂl (1) 627 ﬂ?
Y
L
\‘? 7 T
g ® VXE=—iwpyitH,
““/ V x H = iwepe E
28
& ® ¢(r) and fi(r)
are constant along y, z

C» E(r) = E'(x) o—i(kyy + kzZ)’ H(r) = H'(x) o1 (kyy +k:2)

(incoming plane wave at angle 0)

(orient coordinates (ky = 0), plane of incidence, distinguish polarizations)
(write ansatz functions for incoming, reflected, and transmitted waves)
(interface conditions determine the amplitudes)

1-D problem for E’, H'.

C» Reflectance and transmittance properties. K

_~—~—~—~
- — — —



Energy of electromagnetic fields

(TD)
® Force on a particle with charge ¢, velocity v, in a field E, B :
F=gq(E+vxB),

e work for shifting the particle by dr = v d¢:
dW =F -dr=g(E +v x B) -vdr = ¢E - vdt,

. dw
® respective power: Frie qE -v.

For a charge density pg(r,1):
force density f = p¢(E +v X B),
C» power density f-v=pE-v=J;-E,

dw
total work per time unit done in V' d—tv = / Je-EdV.
1%

Electromagnetic energy, frequency domain

Lossless uncharged nondispersive (. . .) linear media:
1
W= E(EOE-€E+MOH-/1H), S=ExH, w+V-$S=0,
E(r,t) = Re E(r) el®!, H(r,t) = Re H(r) elw!

C» S, w oscillate in time.

B | T (FD)
Consider time-averaged quantities:  f(1) = / f(d)dr
t
(exercise)

. 1 e .
'/:LH>, S:ERe<E xH).

*

1 ~ ok ~ ~
C> w = —Re (GoE -eE+ poH
4
w=w=0, V-§S=V-§ ~—= V.§=0, 7{5~da:0;
%

“power balance”, conservation of energy.

Power & energy density, Poynting theorem

(TD)
VxH=Ji+D, VxE=-B

;W{,neCh:/Jf-EdV:—/(E-D+H«B)dV—/V-(ExH)dV,
4 % v v

e Poynting vector: S =FE x H,

1
e energy density: w:E(E-D—i—H-B), W{}eld:/wdv,
%
o é=¢ é{w), D=¢yE, if =i, jife), B = poaH "
~~ Ww=(E-D+H-B)

(energy flux density, power density)

V arbitrary

d
G WiV-S=_J;E CU(W{,HCCMWE"'“):—]{ S - da.
%)%

Wave propagation in attenuating media

Specifically: homogeneous isotropic conductors, linear media.

Electric field drives the free currents:

Ohm’s law J¢f = oE, o: conductivity of the material.
V-D=p, VxE=-B, V-B=0, V xH=0E+D.

. o o
C> pr = ——pr  pi(r,t) = pi(r, o) exp <—(f - fo)) )
€o€ €Q€

assume pg(r,tg) =0 ~~—  pe(r,r) =0 Vr.

V-E=0, VXE=—upuH, V-H=0, VxH=0E+eyE.



Telegrapher equation

V-E=0, VXE=—puH, V-H=0, VxH=0cE+e¢¢eE
G AE — cooeps — jiopokl = 0, AH — eqpuoepHl — piopuoH = 0,

Telegrapher equation.

Frequency domain: E(r,7) = E(r) el%,

~ wz ~
C» AE + <Czeu — iw,uo,ua> E =0.

2
- w -
Nonconducting media o = 0, AE + <—26u> E=0.
c

2 2
Define € such that w—zm = w—ze,u —ilwpopo, ie. €=¢€— i
C C €ow
C» AE + k2€pE =0, Helmholtz equation, € € C, k= E‘
c

For given o, the choice of the FD time dependence ~ e:ii @I determines the sign of Im €. (!)

Simulations in integrated optics

A typical setting:
® “uncharged dielectric medium”: -¢¢, J¢-
® “linear medium”™: D = ¢yéE, B = pojiH.

® “isotropic medium”: é=-¢€l, g =pl.

—_ >

® “nonmagnetic medium”™: [ =
* “lossless medium™ € =¢, af =4, (e, p € R).

® “piecewise constant” — ‘“‘dependent on position”.

® “electric and magnetic field”: eliminate D and B, retain E and H.
e “governed by the curl equations™: divergence eqns. are satisfied.

® “frequency domain, time harmonic fields, frequency, wavelength”:
. as discussed.

Wave attenuation

(FD, exp(iwt), w > 0)

AE+KPeuE =0, eécC

G solutions ~ el (W — knz) and ~ ol (W1 + k72)
with refractive index n =n' —in” = +\/éu € C, Q)
o—i(knz —wt) _ o—i(kn'z — wt) e—kn"z’

i forn” > 0, n"" > 0.
damped plane wave solutions ' "

@ > 0 o= (2 = w0 iy forvard traveling wave.)
Issues:
® penetration depth,
S and w decay with z,
still transverse waves,
E. H no longer in phase,
notions of wavenumber, wavelength, phase velocity € C.

(ep = W2 = (n/>2 _ (n//)z _ i2nln//)
(Modelling of gain: reverse the signs of n'’, Ime.)
(Choice of eil Wl e signs of n’’, Im € indicate loss/gain.)

Course overview

Optical waveguide theory

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.

Coupled mode theory, perturbation theory.
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A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.



Guided wave scattering problems, schematically

Scattering problems, time domain

(TD) 2=
E(r,t), H(r,1), % 7%

V x E = —uopH, %#
V x H = ¢¢E. % g@/é/
° 2-D | computational domain X time interval.

1-D
® Initial & boundary conditions <— incident waves.

® “Local” time-explicit iterative schemes possible (e.g. FDTD).

¢ Time evolution available; direct modeling of pulse propagation.

® Dispersion (... 7).
® Guided wave excitation (... ?).

® Fourier transform — spectral information.

Guided wave scattering problems, schematically

(FD) %
E(r), H(r), ~ exp(iwt), 7% %

Given €(r), i(r) & external excitation (incoming guided mode),
determine E, H within the computational domain
& determine the optical power carried by outgoing waves.

Scattering problems, frequency domain

V x E = —iwuoiH, %%
V x H = iweoéE. &
3-D %
2-D | computational domain.
1-D
e “M(field) = (excitation)”;
matrix needs to be determined, stored; system needs to be solved.

)

® Spectral information directly available.
® Dispersion — straightforward.
® Guided wave excitation — straightforward.

® Fourier transform — time evolution / pulse propagation.



Open problems

(TD & FD) %

~~ boundary conditions need to

“Open” spatial computational domain % é%

® permit outgoing radiated fields
& outgoing (reflected) guided modes to exit the domain,

® Jaunch the incoming external excitation.

- simulate a nonexisting boundary, an unlimited domain.

Keywords: e transparent-influx boundary conditions, =
® absorbing boundary conditions,
® perfectly matched layers (PMLs).

2-D TE waves

K = w?/c? = wleppuo (FD)
® Principal component Ey,

Hy=——0.E, H. =——0&E, iwecE, =0.H,— H,
Whopt WHop
1 1
G 0, 0E, + 0, —0.E, + KcE, = 0. )
p p

- 1 . . .
¢ Continuity of E,, —0,E, required at interfaces with normal n.
!

o Ify=1: e(x,z) (1

- OEy + O7Ey + kK*¢Ey = 0, (%)
scalar 2-D (TE) Helmholtz equation (E,, 0,E, continuous).

(Reflection / transmission problems: s-polarized waves satisfy (), (*).)

2-D problems

é=el, p=pl, ~exp(iwr) (FD)

Assume Oye = 0, dyp = 0; consider solutions O,E =0, O,H = 0:

—0.E, H, —0.H, E,
O0.Ex — OE, | = —iwpop | Hy |, O.H, — 0,H; | =iwepe | E,
OE, H, O0.H, E,

C» Two decoupled sets of equations:
e {E,,H, H.}: transverse electric (TE) fields, E L x-z-plane.
e {H,,E, E;}: transverse magnetic (TM) fields, H 1 x-z-plane.

(Different conventions on the use of TE, TM.)

(Applies also to the TD.)

2-D TM waves

K = w?/c? = wleguo (FD)
® Principal component H,,

1 —1 .
E,=—0.H, E.=—0H, —iwpouHy = 0.E— 0E.
WeQE WeQE
! |
G 0. 0H, + 0. 0.H, + KuH, = 0. )
€ €

o 1 . . .
¢ Continuity of H,, —0,H, required at interfaces with normal n.
€

o Ifu=1: e(x,z) (1)
1 1
G Or- OHy + 0. -0:H, + K*H, = 0, (+%)

1
scalar 2-D (TM) Helmbholtz equation  (H,, —0,H, continuous).
€

(Reflection / transmission problems: p-polarized waves satisfy (), ().



Rib waveguide

... variant of an integrated optical waveguide with 2-D confinement

x

Ne t h

7 7\-"'
N
Waveguides: Mode equations
® Where e{r), pu{ry: ~exp(iwy (FD)

AE + k*epE =0, AH+KeuH =0
G OB+ 0B+ (Keu— HE =0,
OiH + OJH + (Kep — B*)H = 0,
scalar mode equation, valid for all components of E, H,
to be supplemented by suitable boundary and interface conditions.

- Eigenvalue problem with eigenvalue 3, eigenfunction E, H,
e
“M(p) (profile) = 0”.

® Guided modes: discrete 5 € R, // S, dxdz < oo. (e, € R)

Waveguides: Mode problems

V X E = —iwpopuH, V x H=iwepekE. ~exp(iw) (FD)

® Waveguide: a system that is homogeneous along its axis z,
0,e =0, O,u=0, O,n=0.

® [ook for solutions (modes) that vary harmonically with z:
E(x,y,z) = E(x,y) e_lﬁz, H(x,y,z) = H(x,y) e_lﬂz,

- mode profile E, H, propagation constant /3. (drop )
O,E. + i BE, H, O,H. + i BH, E,
—ipE, — OE; | = —iwpop | Hy |, —ifH, — OH, | =iwege | E,
OcEy — O,E,x H, OcH, — O,H, E,

C» vectorial mode equations, variants. (...

Waveguides: Mode equations

® Where e{r), pu{ry: ~exp(iw) (FD)
AE 4+ k*epE =0, AH +keuH =0
G OB+ 0B+ (Keu— OE =0,
O:H + O;H + (Kep — B*)H = 0,
scalar mode equation, valid for all components of E, H,
to be supplemented by suitable boundary and interface conditions.

- Eigenvalue problem with eigenvalue (3, eigenfunction E, H,
e
“M() (profile) = 0”.

® Guided modes: discrete 5 € R, // S, dxdz < oc. (e, 0 € R)

(Radiation modes: continuum of ,6’2 € R, oscillating external fields.)
(Leaky modes: discrete 3 € C, outgoing wave boundary conditions.)

(o)



Guided wave scattering problems

(FD)

Given external excitation ~ exp(iwt), w € R.

Resonance problems

(FD ... E i
E(r), H(r), ~ exp(iwt), w =7 $E$

V x E = —iwuoH, %
V x H = iweoéE, %
& outgoing wave boundary conditions.

® [ook for nonzero solutions with w € C
that oscillate and decay (slowly ...) in time.

e
® “M(w) (field) = 07, eigenvalue problem.

® Solutions: discrete eigenfrequencies w, resonant mode profiles.

Keyword: “Quasi-Normal-Modes”, QNMs.

Resonance problems

(FD...) =
E(r), H(r), ~ exp(iwt), w =" %Zé

V x E = —iwpojiH, %ﬂg%

V x H = iweyéE,
& outgoing wave boundary conditions.

Beam propagation method

e Starting point: A1) + k*e1p = 0, ~exp(iw)y (FD)
“small” changes in € = n” along a propagation coordinate z.

® Ansatz: Y(x,y,2) = Po(x,y,2) e_lk”rz,
reference effective index n,,
assume that g varies “slowly” along z - neglect 8§¢0.

G ko + (02 + 020 + K2 (e — )i = 0,

PDE of first order in z, solved as an initial value problem.



Course overview Context: Relevance of guided modes

. (2-D, TE)
. . 3
Optical waveguide theory .
1
A Photonics / integrated optics; theory, motto; phenomena, introductory examples. E
B Brush up on mathematical tools. o
C Maxwell equations, different formulations, interfaces, energy and power flow. i
D Classes of simulation tasks: scattering problems, mode analysis, resonance problems. 4
E Normal modes of dielectric optical waveguides, mode interference.
F Examples for dielectric optical waveguides.
G Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.
H Bent optical waveguides; whispering gallery resonances; circular microresonators.
I Coupled mode theory, perturbation theory. T
J A touch of photonic crystals; a touch of plasmonics. B
e Hybrid analytical / numerical coupled mode theory.
e Oblique semi-guided waves: 2-D integrated optics.
z [um]
Butt-coupling to a waveguide facet.
Waveguides: Mode problems Mode equations
T _ _ 2 . FD (drop ™)
/a p=1e=n" ~ exp(iwt) ( )
) OVE, +1BEy Hy OH; + 1 8H, Eq
y — V X E = —iwpoH, C» —iBE; — OE, | = —iwpo | Hy |, | —iBHx — 8:H, | =iwepe | E,
(/ V x H = iwepekE. OvEy — OyE; H. OxHy — OyH, E.

e Waveguide: a system that is homogeneous along its axis z, e Express E,, E,, E;, H, through principal components Hy, Hy :

0.e =0, O,n=0. . .
G o + €0y~ Hy + O Hy — €dy—0H, + (k*e — B2)H, =0,
® [ook for solutions (modes) that vary harmonically with z: S Ye T TR Ye Y ( BOH,
= = 1 1
E i , mode profile E, H, €Ov—OcHy + O Hy + O H, — €0y—0yHy + (Ke — 8*)Hy = 0,
(H) (x,y,2) = (H) (x,y) e_lﬁz, propagation constant £3, € €
| effective index negr = B/k. gx o Bglé —f; 1((8ng;1 ++8§f;1)) Zx B Zx
az — —15, (& boundary conditions) E)Z weoe x_i (0.t iya;Hx) Y Hx s Hz 71/371(6)([_2‘ T oy

<> FEigenvalue problem with eigenvalue 3, eigenfunction E, H,
—
“M() (profile) = 0”.

(Hy, Hy are continuous for all x, y.)



Mode equations

(drop ™)
( 8}"Ez + i/BEy H, (%,-Hz + iﬂHy E,
—iBE; — OxE; = —iwpy | Hy |, —ifBHy — OxH; = iwege | Ey
OcEy — OyEx H; OxHy — OyHy E,

e Express H,, Hy, H,, E, through principal components E,, E, :

G

(Ex, Ey are discontinuous at specific interfaces.)

Plane mode profiles

® Modes are eigenfunctions
- profiles are determined up to a complex constant only.

® Propagating modes, 3 € R, lossless structures, € € R:

E.:=iE., H,:=iH, ~~» real PDE for E,, E,, E, Hy, Hy, H. :

OE. + BE, H, OyH; + BHy Ex
—BEx — OE, | = —wpo | Hy , —BH; — 0:H] | = wepe | Ey ;
OEy — OyEx —H! 8:Hy — O\H, —E

it is possible to choose a phase such that
E\,E,,H,, H, are real,

E., H, are imaginary

- plane mode profiles.

(It makes sense to prepare real plots of mode profile components.)
(That requires a suitable adjustment of the global phase.)

Mode equations

(drop 7)
C OyE; +1BE, H, OyH; +1BH, E,
—1BEx — OE, | = —iwpo | Hy |, —ipH, — 0:H; | =iwepe | Ey
OcEy — DyEx H, OcHy, — O,H, E,

e Express E,, Ey, Hy, H, through principal components E,, H;:

G

(E;, H; are usually small components.)

Guided modes

® Guided modes: profiles located “around” the waveguide core

<> discrete § € R, //Szdxdy < 0.

® In general: Hybrid modes, all six field components present.
Planar-like waveguides ~~ adapt 2-D naming scheme;
“TE-like” / “TM-like” modes.

(<> 5-component semivectorial approximations, plane L x-axis:
quasi-TE: tiny Ey, dominant Ey, small E;; major Hy, small Hy, minor H,
quasi-TM: tiny Hy, dominant Hy, small H;; major Ey, small Ey, minor E.)

® Mode indices mostly relate to numbers of nodal lines in the
dominant electric or magnetic field component.

(Naming schemes are highly context dependent.)



X [um]

X [um]

X [um]

A rectangular strip waveguide, fundamental mode profiles

Fu

A = 1.55 um, x € [-2,2] um,
np = 1.45, y € [~2,2] pm;
ng = 1.99,

w=1.0 wm, Neff = 1.63554
h = 0.4 pm; (q-) TEgy CMwavel.

A rectangular strip waveguide, guided modes of higher order

A= 1.55um, (wMms] 3
ny = 1.45, net | QTE | QTM
ng = 1.99, (0,0) | 1.724 | 1.628
w = 3.0 um, 0,1) | 1.676 | 1.585
h=0.4um; 0,2) | 1.595 | 1.516

X [um]

X [um]

X [um]

A rectangular strip waveguide, fundamental mode profiles

n, A = 1.55 um, x € [—2,2] um,
ny = 1.45, y € [-2,2] pm;
Mg h ng = 1.99,
€T y w w=1.0 um, Neff = 1.56809
L h = 0.4 um; (q-) TMpg [ICMwave].

X [um]

Symmetric waveguides

ba
y Waveguide with mirror symmetry y — —y:
- modes have a definite parity.
OE, +1iBE, H, OyH, +15H,
—ifBE; — OE; | = —iwpy | Hy |, —ifH, — 0\H, | = iwepe
Ey — O\E; H, O Hy, — 0,H,

C» Equal parity of H,, E\, H;, reversed parity of E,, Hy, E..

E,
Ey
E;



Directional modes

x %} (FD) ~ exp(iwr)
~ Ly %
o 0

Longitudinally homogeneous waveguide: mirror symmetry 7 — —z.

O,E; +1PE, H, O,H; + iSH, E,
—ifE; — OE; | = —iwpo | Hy |, | —ifHx — O:H; | =iwepe | Ey
OcEy — OyE; H, OHy — OyH, E.
_¢ -
E E i E' = (E,E,.E,)
forward: xX,¥,2) = — X, e IBZ’ - xs Loyy Loz )y
<H)( ¥;2) <Hf>( Y) ' — (HoH 1)
e
E.b

backward: < f{) (x,y,2) = (

b
) (xgy) e+16Z’ E B (Ex’Ey, _EZ),

&)

Mode orthogonality

® A set of guided modes of the same waveguide (¢): Per

E E . V x E,, = —iwpuoHy,
(Hm) (x,y,2) = <Hm> (x,y) e_lﬁmz, V x H,, = iwegeE,,,
" " Bi # B, if L # m.
1
P, = i / / (EpHmy — EpyHunx + EniHyy — EpyHpy, ) dxdy.
e E,H,—0 for x,y— *o0.
e V.-(EfxH,+E,xH;)=0 forall I,m

- 0=i(ﬁz—5m){// (E; ><Hm+Em><H7)dedy} el (B = Bu)z,

(E\,H;E>,H) : // 1Hoy — Ef,Ho, + Hi Ey, — HY Esy) dxdy

0, if I # m,
. (The modes are “power orthogonal.)
Pm, otherwise. (Statements hold for propagating guided modes.)

((.,.;.,.) is frequently used for mode normalization.)

(ElyHl;EmaHm) = {

Modal power

(FD) ~ exp(iwr)

1
® E.m. power density: S = ERe (E* x H).

E E —1ﬁz E = Cl( _X7E_y7iE_Z,)7
[ ] — _ _ i Z i
<H> (%,7,2) (H) (7)€% H = a(H,, H,,if.),
ac€C, E,,... H eR,
. ¢ lal? 8 a guided mode B eR.
2 \EH, - EH,
1 " "
or Sx = 0’ Sy = O’ SZ ER (ExHy — Eny) . (S2(x,¥))

® Power carried by the mode :

1
— //Szdxdy: 4// (EtHy — EXH, + E.H; — E,H}) dxdy.

(backward mode, Ey — Ey, Ey — Ey, Hy — —Hy, Hy — —Hy: P — —P)

Power transport by a mode superposition

® A set of guided modes of the same waveguide (e): per

E E »
") Geyiz) = (2 ) (y) e S P = (B Hy Ey Hiy)
H, H,

® Superposition with amplitudes a,, € C:

(E> xX,¥,2 Zam< m> X, ¥, 2 Zam (IE{ ) y) e—168mz

Power flow along the waveguide :
//Szdxdy = (E,H;E,H)
= > aj an(E,,H;E,, Hy,)

[ m
= Z \am|2Pm.
m

(Forward / backward modes: P 2 0.)



Mode interference

® Twomodesm = 1,2: BER

(IlfYZ) (x,y,2) = (52) (x,y) e~ 10mz.

® Superposition with amplitudes ay, a; :

(IE1> (x;y,Z) =a (gi) ('xay) e_iﬁlz +ap (gz) (X,y) e_iﬁZZ.

¢ Fix a position x, y and component F": Omit (x, ).

F(z) = a1 F e 1012 4 4y Fy e 71022, re 19 .= aiarFiFs,

G FR@) = [ PIF P + [P + 2r cos((B1 — B2)z + 6).

™

\ﬁl Ba|

(Supermodes ER) (Evanescent coupling ) (“Coupling length” L.)

Periodic beating pattern with half-beat-length L,

What about non-guided fields?

(2-D, TE)

X [um]
B W N = O =2 N W A

X [um]

Polarization of a guided wave field

x ) %}
Unidirectional guided waves in a “long” dielectric channel that
supports fundamental TE- and TM-like modes only:

E . E TE —10z E ™ —1Bmz
(H) (xayvz)_aTE (ﬁTE) (x,y)e +aTM HTM (.X7y)e ’

® B, #0, Eny, #0. amplitudes ag,apy € C.

° ETE(xvy) 7& ETM<x7y)'
e At (x,y): adjust E/|E| via arg, dry.
® G, any fixed: (E/|E|)(x,y) varies.

“Polarization” frequently indicates the presence of only one mode.

Normal modes: real mode problems
g /)
7

lossless waveguide, € € R,

<

“real” boundary conditions at x, y “far away” from the core,

e “real” vectorial mode equations:

1 1

O2H, + €dy—0,Hy + O H, — €dy—0Hy + (ke — B*)H, =0,
€ 6

eaxlaxﬂy + 07 Hy + Oy H, — €0y 15 H, + (kK*¢ — B)H, = 0,
€ €

C» real principal components H,(x,y), Hy(x,y), 8% € R.



2-D slab waveguide, normal mode spectrum

My

N, ng = ne. = 1.0, ng = 2.0,
- e Id d=13um, A = 1.55pum,
7y Ey,=0,H, =0 at x =22 um.

TE —4+—m—V———tt—t—t—+H—tH—t—

™ +——++—+—+—++H—t——
X € [-2, 2lum 0 1 4
o nl<pB/k? : no modal solutions.

n? < B/k* < n?: guided modes.

0 < B%/k* < n?: propagating radiation modes.

?/k* < 0 : evanescent radiation modes.

Propagating & evanescent modes

~f,b .
<fEI> (xa Y Z) = <I§f,b> (xvy) e:FlﬁZ.

e B2>0 == f=1+/2 R, >0,

~ e:FiB <, aforward /backward propagating mode.

(Physical relevance of individual modes.)

¢ <0 == B=—i/|f?=—ia, a=+/|B* ER, a>0,

~ e:FO‘Z, a forward / backward traveling evanescent mode.

~ exp(iwt) (FD)

“forward”: ~ e~ ¥, field decays with z,
“backward™: ~ eTZ field grows with z.

(Relevant for purposes of field expansions.)

° {forward & backward, propagating & evanescent modes}
= the set of normal modes.

2-D slab waveguide, normal mode spectrum

hx

n. ng =ne. = 1.0, ng = 2.0,
e n Id d=13um, A =1.55um,
N, Ey,=0,H, =0 at x = *oo0.

T —— ——— >
TV N — >

X € [~oo, oolum 0 1 4

o <YK
o n2< B < n%: guided modes (discrete spectrum).

: no modal solutions.

® 0 < B%/k* < n?: propagating radiation modes (continuous spec.).

o ,6’2 / k* < 0 : evanescent radiation modes (continuous spec.).
Evanescent modes

6 =—ia, a €R ecR
OE; + aE, H, O\H; + aH, E,
—aE, — OE; | = —iwpo | Hy |, —aH, — 0H; | =iwege | E,
OE, — O,E, H, OH, — OyH, E,

® Plane mode profiles: real PDE for E\, E\, E,, iH,,1H,, 1H_;
common phase with real Ey, Ey, E,, imaginary H., H,, H,.

® Directional evanescent modes:
{Evavaza HxaHyaHZ§ O‘}f o~ {Evayv —E,, —H,, _HyaHz§ _a}b-

® Modal power:

a(Ey, Ey, E),

E
E _(E —az H =ia(H],H),H}),
<H> (x,y,2) = (H) (x,y) e 7, E, .. HEcR, acC

G 5= %Re (EXHy, — EXH,) =0, //Szdxdyzo.



Completeness of normal modes

A 'B e € R, ~exp(iwt) (FD)

z
—

A lossless, z-homogeneous waveguide configuration; general solution
of the Maxwell equations between cross sectional planes A and B:

<1§> (%y,2) = ZFm<_f> (x,y) e ifnz

meN
-+ Z B ( ) ) e+iﬁmz’ Z N i
meN H,

N : the set of forward normal modes supported by the waveguide.

(“Solution”: obvious; “general”: without proof.)

Orthogonality of normal modes

<g> (x,3,2) = <f]> (x,) i_iﬁz'

E H | 8
[ (ELE,iE) | (H, H’,iH;) B>0
[prop.,b] | ( )’C,E;, —iFE)) —Hy,iH) | 3<0
[ (
[ (

~ exp(iwt) (FD)

(—H

1ELEL) | (iHL, 1H’ AH) B=—ia, a>0

E)’C,E;, —E!) (—1H/ 1H/ JHY) | f=1ia, a>0
individual E},...H, € R.

(Ea;Ha;EbaHb // E* Hby anbe +H be HZbey) dxdy

Ei —ifipz VX Eip=—iwuoHy,
( ) o3 = <H1,2> 7)€ T VX Hip =iweeE,

V - (Ef xHy +E; xHY) =0 ~» 0= (8] — () (E\,H;E>,H>).

C,

Completeness of normal modes

Stronger statement:

“any” transverse 2-component field on a cross sectional plane can be expanded into alternatively
e the transverse electric components of forward normal modes,

o the transverse magnetic components of forward normal modes,

o the transverse electric components of backward normal modes,

o the transverse magnetic components of backward normal modes.

Orthogonality of normal modes

Nondegenerate directional normal modes of the same waveguide (¢):

EP E'® _ighhy VX Eyp = —iwpoH,
(Hfb> (x,y,2) = <H£,1b (x,y) e m, V x H,, = iweyeE,,
. B % B, ifl £ m.
® A propagating mode m :
(E. H .E H )= P, (E) H.E H)=-P, PncR,
(E' H' :E° H")=(E’ H:E. fzf):o,
(ES H':E) H)) = (E},H};E% H%) =0 forall [ #m, dr=fb.

® An evanescent mode m :
(E,, Hyi By, H,) = (Ep, Hy B Hyy) = 0,

of f @b b b . of f
(E' H :E® H)=:P,, (E0.H:E' H)=-P, P,¢R,

m? m? m

(ES HS.E) H)) = (E},H};E% H%) =0 forall [ #m, dr=fb.

(This implies orthogonality of propagating and evanescent modes.)
(1/+/|Ppm| is frequently used for mode normalization.)



Power flow associated with a normal mode expansion Projection onto normal modes

1 1
_ _ A B E, H: asolution of the Maxwell
E Ef . ﬁ Eb 4 ﬁ i l
_ —10mZ 10m3 ! ! 1 -
(H) (x,y,2) = E E,, H’? (x,y) e P [ T ) (x,y) eT1Pm ! : equat1ops for the z homogen.eous
meN m m ! L. waveguide between two cross sectional
- +  planes A and B.
Power carried along z: G Extract local mode amplitudes by projection onto normal modes:
° i :
p— // S.dvdy = (E,H; E,H) A If)ropaflgatlng mode m, [, > 0:
I o' . _ —1 _i8s Ef A .E.H
2 2 (EmaHm7EaH)_Fume BZ’ Fn e 1&;%
_ - * _op¥ _ _ .
= > (Eal>=1Bul)Pu + Y (FpBu—BjFn) Pu. (ES,H:.E.H) = —B,, P, P2,
m propag. m evanesc.
® An evanescent mode m, [, = —iq,,, q; > 0:
0 L — az (B gt — —az
e Pisindepedent of z. (Em7Hm,E7H) _Bum © ’ (Em,Hm’E’H) - _Fum © ’
o Individual contributions from forward and backward propagating modes.
o Contributions from evanescent modes require forward and backward fields to be present.
e Unidirectional field (forward: B,, = 0 for all m): Only propagating modes carry power. - POI"[S Of a phOtOIliC integrated Circuit
Waveguide facet: Port definition Course overview
(2-D, TE)

Optical waveguide theory

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.
Maxwell equations, different formulations, interfaces, energy and power flow.

Classes of simulation tasks: scattering problems, mode analysis, resonance problems.

X [um]
A WO N = O = N W N

Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.

Coupled mode theory, perturbation theory.

—~« -~ T QMmO aQw >

A touch of photonic crystals; a touch of plasmonics.

X [um]

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.

z [um]



2-D waveguide configurations

e €R, p =1, ~ exp(iwt) (FD)

® 2-D waveguide, 1-D cross section.

® Permittivity € = n?,

refractive index n(x). (1-D waveguide)
® Jye=0 == OFE=0, O ,H=0, 2-D TE/TM setting.
® J.c =0 > Modal solutions that vary harmonically with z:
mode profile E, H,

(Z) (x,2) = (g) (x) e 1P o propagation constant [,
effective index nesr = B/k.

(TE): principal component E,, 0> E, + (ke — ﬁz)E =0,
E.,=0, E,=0, H,= BEy, H,=0, H = —8Ey,
- - W W
E, & O.E, continuous at dielectric interfaces.

Guided 2-D TE/TM modes, orthogonality properties

(— Exercise.)

® A set (index m) of guided modes of a 2-D waveguide (¢),
Yh = (Em,Hp), =™ & B, B # B if I #m.

1 * * * *
° (El,Hl;Ez,HQ) = Z / (Elezy — ElyHZx +H1yE2x — Hlezy) dx.

® Power P, per lateral (y) unit length carried by mode P, 3, :

my?dx, if p=TE,

20.) 1o

Bm / 2
- |H,
2wey | € [Flny

TE. ,;, TMy __ TE. ,, TE\ __ 5"1 * _
('l)bl a’lpm )_07 (wl 7'¢m)_2wu0/El7yEm,ydx_5lum7

Pui= [ S.x= (Whiwh) =

dx, if p=TM.

("#’ITMv QPLE) =0 ) ("pl ¢TM) ZWGQ / Hl,y Hmy dx = 5lm m -

2-D waveguide configurations

e €R, p=1, ~ exp(iwt) (FD)

® 2-D waveguide, 1-D cross section.

® Permittivity € = n?,

refractive index n(x). (1-D waveguide)
® =0 = OFE =0, O, H=0, 2-D TE/TM setting.
® 0,c =0 = Modal solutions that vary harmonically with z:
mode profile E, H,

([lfr) (x,2) = <I§> (x) e 1P <, propagation constant (3,
effective index negr = 3/k.

(TM): principal component H,, €0 8H + (ke — ﬁz) =

E.= b 2 B, E,=0, E,.=——0H, H =0, H =0,
B WEpE WENE

H, & ¢ ~19 Hy continuous at dielectric interfaces.

Dielectric multilayer slab waveguide

xz € €ER, =1, ~ exp(iwt) (2-D, FD)

hn
hn-1 ® N interior layers,
2

piecewise constant € = n“:

z AN+ if ]’lN <X,
hy n(x) = ny ifh_ g <x<h,
ho o no if x < hy.
® Principal component ¢(x) (TE: ¢ =E,, TM: ¢ = H,).

o Po+ (KPn?—pHop=0, xclayer [, [=0,...,N+1

(Half-infinte substrate (/ = 0) and cover (! = N + 1) layers.)

® ¢ & 1o continuousat x="rh;, (TE: n=1, TM: n=n"2).



Dielectric multilayer slab waveguide

x

hy

e Interior layer [,
hn-1

iy <x<h,
local refractive index n;y,
z

* o= (5~ K n})o.
e Consider a trial value 5% € R.

° ﬁ2<k2n12 A~ 8%@5:—%12@5, K] :=\/k2n12—,32,

¢(x) = Aysin(k;x) + By cos(ky x).

° 32> kni ~ 929 =rK79, K= /B> —Kn?,
gb(x) = A ellY 4 B e X,
® Unknowns Aj,B; € C.

hy
ho o

(Local coordinate offsets required to cope with the exponentials.)

o RIS

Dielectric multilayer slab waveguide, guided modes

xr

hy

e Cover region,
hy-

hN < X,

local refractive index ny 1,
z

* Ro= (5~ Knj ).
e Consider a trial value 5% € R.

o BE<kPny, = 0ip = —kKy O kg1 = \/KEng — B2

ey =Anrrsintryrr+Brrreost—rvr).

o 32> kznlz\,H A D2 = /@2\,_’_1 ¢, kni1 = 4/03? —kznlzw_l,
P(x) = AwsrefNELE 4 By e” INHTE

Guided modes: negs = B/k > nyyq.

h
ho o

® Unknown Byy; € C.

o =, Dae

G

¢(x) = { Ale";lx—l—Ble_’ilx,

Dielectric multilayer slab waveguide, guided modes

T

hy

® Substrate region,
hn-1

x < hy,
local refractive index ny,

° 8%¢ =(B* -k n%)qb
® Consider a trial value 5% € R.

o B2 <kPnd ~ 020 =—K}p, ko= /k2n}— B2

M%WW@WZ } X

® B> k2n} ~ O2p=kKip, kKo:=/B2—knd,

P(x) = Age"0r + Bge—fioX
® Unknown Ag € C.

z

hy
ho o

Guided modes: negr = B/k > ny.

o = wae

Dielectric multilayer slab waveguide

X

z  Trial value 8% € R,

ﬂ/k > no, IN41,
~>» g, [=0,...,N+1.

ho o

TRAN+IX for hy < x,

} forhy_1 < x < hy,

Byiie
Aysin(k; x) + By cos(kyx), if 8% < k*n3,
if 32 > k*n?,

AgeloX, for x < hy.

® 2N + 2 unknowns Ag,Aq1,Bq,...,An, By, Bn+1.

e Continuity of ¢, n0y¢ at N + 1 interfaces ~~—= 2N + 2 equations.

o =, vae



Dielectric multilayer slab waveguide

x

hy
hn-1

z  Trial value B° € R,

h Bk > no, nyi1.
ho o
® 2N + 2 unknowns Ag,Ar1, By, ...,An, By, Bn+1.
e Continuity of ¢, n0y¢ at N + 1 interfaces ~—=+ 2N + 2 equations.
e Arrange as linear system of equations M(3%) (Ag,...,Bys+1)" = 0.
e Identify propagation constants where M(3%) becomes singular.

(Equations relate to the series of interfaces <+ A transfer-matrix technique can be applied.)
® Choosee.g. Ag =1, fill Ay,..
Guided modes {3, (E,,Hy)}.

.,By.1, normalize. (L)

Dielectric multilayer slab waveguide, nodal properties

(Fixed polarization, TE/TM.)

Ox(0x9) = _(k2 n* — BZ)Qb

4 05 0 05 1 15 2 25
X [um]

k*n? — B? determines the rate of change of the slope of ¢.

Imagine a numerical ODE algorithm of “shooting-type”.

® Guided modes with a growing number of nodes (x with ¢(x) = 0)
with decreasing effective indices
- mode indices = number of nodes in ¢. [ > |

“Quantum numbers”.

e A fundamental mode with zero nodes and highest effective index.

® Modes of the same polarization are non-degenerate.

A nonsymmetric 3-layer slab waveguide

ng = 1.45, nf = 1.99, n. = 1.0,
d=15um, A =1.55pum.

TEo: ner = 1.944, TMy: negr = 1.933,
TE: negr = 1.804, TM;: neg = 1.759,
TE22 Neff = 1.562, TM22 Neff = 1.490.

-1 -0.5 0 0.5 1 15 2 2.5
X [um]

X [um]

Dielectric multilayer slab waveguide, nodal properties

(Fixed polarization, TE/TM.)

0x(0x9) = — (K> n* — B*)¢.

4 05 0 05 1 15 2 25
X [um]

k*n> — 3% determines the rate of change of the slope of ¢.

Imagine a numerical ODE algorithm of “shooting-type”.

® A sign change of 0,¢ is required to form a guided mode
~~ There must be some region (layer) with k*n> — 3% > 0.

Interval for effective indices ne¢r of guided modes:

max{no,nN+1} < Reff < ma,xl{nl}.



3-layer slab waveguide, dispersion curves 3-layer slab waveguide, dispersion curves

[ > ] [ > ]
* e Symmetric waveguide, %x n, Nonsymmetric waveguide,
- n d moderate refractive index contrast, n d moderate refractive index contrast,
N, ng = 1.45, nf =1.99, n. = 1.45. 2 n, ns = 1.45, n =1.99, n. = 1.0.

(Caution: 9 € = 0 assumed!) (Caution: 9 € = 0 assumed!)
3-layer slab waveguide, dispersion curves 3-layer slab waveguide, dispersion curves
[ > ] [ > ]
n, Symmetric waveguide, % n, Nonsymmetric waveguide,
= ng d high refractive index contrast, N d high refractive index contrast,
. ng = 1.45, ng = 3.45, n. = 1.45. < n, ng = 1.45, ny = 3.45, n. = 1.0.

A [um]

(Caution: 9 € = 0 assumed !) (Caution: 9 € = 0 assumed!)



3-layer slab waveguide, dispersion curves

Remarks / observations:

At large core thicknesses, or short wavelengths, for all modes:
nesr approaches the level n¢ of bulk waves in the core material.

Modes of higher order at the same n.f supported by waveguides
with thickness increased by specific distances.
Guided mode, layer / with nlz = (Kn* — B%) > 0, field ¢(x) ~ cos(rx 4 x) forx € layer;

increase layer thickness by Ax = 7/, such that k;(x + Ax) = kix + 7
— the thicker waveguide supports a mode of order 41 with the same propagation constant.

Cutoff thicknesses at fixed wavelength.

Nonsymmetric 3-layer waveguide ng 7 nc : There exist cutoff thicknesses for all modes.
Symmetric 3-layer waveguide ng = n : Cutoff thicknesses exist for all modes of order > 1,
no cutoff thickness for the fundamental TE/TM modes.

A is the “length-defining” quantity; wavelength scaling, factor a :
negr(aX, ad) = neg(N,d), B(a,ad) = a=' B(\, d).

Cutoff wavelengths for waveguides with fixed thickness.

For all modes; exception: no cutoff wavelength for the fundamental TE/TM modes in a symmetric 3-layer waveguide.

o RIS 14

3-layer slab waveguide, mode confinement

N, Symmetric waveguide,
moderate refractive index contrast,
ns = 1.45, ng = 1.99, nc = 1.45, A = 1.55 um,

N, d =0.01 um, TEgy: nes = 1.450.

9_I 1 1 1 1 LI L L L
sk o
7

sk o
5| o
w

4 F o
3| o
s o
1 F o
ol 1 1 1 1 1 1 1 1 1 1 1 1 1

ul
¢
o

3-layer slab waveguide, mode confinement

N, Symmetric waveguide,
moderate refractive index contrast,
ns = 1.45, np = 1.99, nc = 1.45, A = 1.55 um,

d=1.50um, TEgy: nes = 1.946.

3-layer slab waveguide, ray model

Field in the core:

~ ay o—i (kx4 f2) +ay o i(—rx + ﬂz)’ K2 = 3+

- propagation angle § with 3 = knfcosf, Kk = kngsin6.

Guided mode formation:

o Repleated total internal reflection of waves in the core at upper and lower interfaces

o Calculate optical phase gain, including phase jumps for reflection at interfaces (polarization dependent).

e Phase gain of 27r for one “round trip”, “transverse resonance condition” <— constructive interference of waves.

(A frequently encountered intuitive model . .. of very limited applicability.)

16



3-layer slab waveguide, ray model

Field in the core:
—i(kx + Bz)

+age—i(=rx+pB2)

~aye K*n? = (2 + K2

- propagation angle § with [ = knfcosf, Kk = kngsinf.

Guided mode formation:
e Repleated total internal reflection of waves in the core at upper and lower interfaces
o Calculate optical phase gain, including phase jumps for reflection at interfaces (polarization dependent).
e Phase gain of 27 for one “round trip”, “transverse resonance condition” <— constructive interference of waves.
(A frequently encountered intuitive model . . . of very limited applicability.)
=] = 125N &4
3-D rectangular waveguides
x No analytical solutions :
n(z,y) .
y ® numerical mode solvers.
® approximations.
o = 125N &4

3-D waveguides

-
= e
[ [
Yy

Cross sections (2-D) of typical integrated-optical waveguides.

o =), vag
Effective index method
Y
)
Outline: )

® Divide into slices p = L IL III: n(x,y) = n,(x), ify € slice p.

® Compute polarized modes X, (x), 85, X} + (k*n% — 32)X, =0, N, = B,/k.

® Consider a scalar mode equation for the principal component W of the 3-D waveguide
RU+ T + (Kn* — )T =0, U =E, (TE), ¥ = H, (TM).

® Ansatz: WU(x,y) = X,(x) Y(y), ify € slice p; require continuity of ¥ and Y’.

® Effective index profile: N(y) := N,, if y € slice p.

G vy (K N* — gAY =0,

a 1-D mode equation for ¥, B with the effective index profile N in place of the refractive indices.

o =, vae
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Effective index method, schematically

X

Remarks / issues:

e A popular, quite intuitive method.

e Frequently an (often informal) basis for discussion of waveguide properties.
® <> Relevance of the slab waveguide model.

e Manifold variants / ways of improvements exist.

o What if a slice does not support a guided slab mode?

o What about higher order modes?

o How to evaluate modal fields? What about other than principal components?
.

A functional for guided modes of 3-D dielectric waveguides

(— Exercise.)

* (Iljl) (x,y,2) = (g) (x,y) e 152, B BeR.

E.H — 0 for x,y — +o0.

e (C+iBR)E = —iwuoH, (C+iBR)H = iweyeE,

0 1 0 0 0 9
R=( -1t 0o 0], c= o o -b
0 0 0 -8, & 0
. BEH) — weo(E, eE) + wyio(H, H) + @pm—mem7
(E,RH) — (H,RE)
(F,G) uUﬁ*G@@
_ d _ _ _
BEH)=3 L BE+sEH+s6H)| =0

_ _ _ s=0
at valid mode fields E, H, for arbitrary 6E, 0H.

Variational effective index method

Yy n.(x)

Outline: 0
® Identify a reference slice, refractive index profile n;(x).
® Compute polarized guided slab modes (E JH )r, B for the reference slice.

® For each each reference slab mode :

® Choose an ansatz: (VEIM)
Ex By, E; _ 0, Ey@YB (), Eny(0)YE(y)

(i ) er9=(awrme, mommon momg ) @
Exs By, Ex _(Ea@YR0), Ee(Y50),  E(YE()

( HmHng)(LYJ)"( 0, Hey (Y (),  Heyrie(y) ) ™

¢ rp=

Variational effective index method

y n,(x)

Outline, continued: M
® Restrict B to the VEIM ansatz, require stationarity with respect to the {Y"} .

- 1-D mode (“-like”) equations for principal unknowns ¥*x (TE) and Y% (TM)

with effective quantities in place of refractive indices, all other ¥~ can be computed.



Optical fibers

[ Optical Communication A-D ]

“Complex” waveguides

. . . ~ exp(iwt) (FD)
Attenuating / gain media, leakage

~~» Mode amplitudes change along propagation distance.

0, =0, d,n =0, mode ansatz with complex propagation constant:

(Z) (x,5,2) = (g) (x,y)e 1%,

E.H: mode profile,

v = —ia € C: propagation constant, nest = v/k € C,
B € R: phase constant,

a € R: attenuation constant,

() ~ efi'yz _ efiﬁz e |1/1(z)\2 - 672o¢z’

1
L, = o : propagation length, it a >0

Applies to all former examples.
~ € C: Entire theory needs to be reconsidered, in principle.

Circular step index optical fibers

Ay

Circular symmetry

—
Tcore &€ n
K € = }’lz, I’l(}") — core s

ncladding

- <E) (r,0,2) = (E) () e i0—iBz ez,

H H

Where de =0: Ay +k*n’p =0, < € {E,, ... H,
2

(FD)

a 0 - cylindrical coordinates r,6, z.

r<a,

Acladding, 7' > 4.

Circular and axial symmetry:

B eR.

(Er,Eq, E;,Hy,Hg, H)

}.

- 83¢+%ar¢+(k2n2—52— i—2)¢=0, ¢ €{Eyr,.. . H}

& vectorial interface conditions at r = a. (Alternatively:

(...)

“Complex” waveguides, loss

(An ODE of Bessel type.)

Scalar theory, LP modes.)

2-D,

ns = 1.45, ny = 1.99 —i0.1
d=0.5um, A =1.55um.
Bound modes:

TEy: neg = 1.767 —10.093,

TEO

ReE | ]
y

—mE ||
y

X [um]

X [um]

(Mode attenuation, essentially complex non-plane profiles, curved wavefronts, S, 7 0.)
(Analysis: as before (...); boundary conditions: bound fields, integrability.)

[ > ]
[ > ]
, ne = 1.0,
L, =1.32um.

TEO, Re Ey




“Complex” waveguides, loss “Complex” waveguides, gain

2-D,
ns = 1.45, n = 1.99 +i0.1, nc = 1.0,
d=0.5um, A =1.55um.

2-D,

ng = 1.45, ny = 1.99 —i0.1, n. = 1.0,
d=0.5um, A = 1.55pum.

Bound modes:

TMy: ner = 1.640 —i0.074, L, = 1.66 pum.

Bound modes:

TEy: ner = 1.767 4+10.093, ﬁ = 1.32 um.

o5k ' - — TMO, Re H ] TEO, Re E
: T™O H H
0.1 [ ReHy b,

== ImH i

0.05 | Yy | —_ —_

€ €
= =
E 0 x >

0.05 | . -

0.1 - |

-0.15 = 7]

1 1 1 1 1 1 -]
3 2 1 0 1 2 3 9 8 7 6 5 -4 3 2 -1 0
X [um] X [um] z [um]
(Mode attenuation, essentially complex non-plane profiles, curved wavefronts, Sy 7 0.) (Modal gain, essentially complex non-plane profiles, curved wavefronts, S, 7# 0.)
(Analysis: as before (...); boundary conditions: bound fields, integrability.) (Analysis: as before (...); boundary conditions: bound fields, integrability.)
“Complex” waveguides, gain “Complex” waveguides, leakage

2-D,

ng = 1.45, ny = 1.99 +1i0.1, n. = 1.0,
d=0.5um, A = 1.55 um.

Bound modes:

TMy: negr = 1.640+10.074, ﬁ = 1.66 um.

2-D,

ns = 3.45, ny = 1.45, ng = 3.45, nc = 1.0,
d=0.22um, g =0.5um, A = 1.55 um.

Leaky modes:

TEo: ne = 2.805 —i2.432-1077, Lp = 5073 pum.

- TMO, Re Hy

TE(Ib), Re Ey

TE(Ib) T
ReE | 4
y

== ImE
y

 [um]

X [um]

X [um] z [um]
(Radiative loss, essentially complex non-plane profiles, curved wavefronts, Sy # 0, field growth forx — —o0.)
(Analysis: as before (...); boundary conditions: outgoing wave for x — — oo, bound field at x — o0.)

(Modal gain, essentially complex non-plane profiles, curved wavefronts, Sy # 0.)
(Analysis: as before (...); boundary conditions: bound fields, integrability.)



“Complex” waveguides, leakage Course overview

[ > ]
2_D’ . .
ng = 3.45, ny = 1.45, ng = 3.45, n. = 1.0, Optical waveguide theory
d=0.22um, g =0.5um, A = 1.55 um.
Leaky modes: Photonics / integrated optics; theory, motto; phenomena, introductory examples.

TMo: ner = 1.878—13.203-1073, L, = 38.51 um. Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.

Classes of simulation tasks: scattering problems, mode analysis, resonance problems.

TM(lb) 9 . y

ReH |
y

== ImH
y

Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.
Bent optical waveguides; whispering gallery resonances; circular microresonators.

Coupled mode theory, perturbation theory.

“« T QmmY QO w»

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.
X [um] 2 [um]

(Radiative loss, essentially complex non-plane profiles, curved wavefronts, Sy # 0, field growth forx — —o0.)

(Analysis: as before (...); boundary conditions: outgoing wave for x — — oo, bound field at x — co.)

PICs, OICs, scattering matrices Scattering matrices, prerequisites

~ exp(iwr) (FD)

Passive, linear circuit.

(Computational) domain of interest 2, its boundary Of2.

® Connecting channels: lossless waveguides (or “half-spaces”).

Physical ports p =1i,ii,...: waveguide cross-section planes,
local coordinates x,,y,,z,; local axis z, oriented outwards of ().

® Establish sets A, of propagating directional normal modes
{1[)1‘f,m = (Eg,m,Hgm), Bpm; d = f,b} on each port p.

(Restriction to propagating fields: a condition on port positioning / a model assumption.)

® Ports & modes are such that all mode fields vanish
on all “other” port planes, and on OS2 outside the ports.

C» Field on port plane p and “outside”:

E s .
(H) (Xps Yps 2p) = Z Fp,m¢£,m(xpvyp) € iBp.mzp + Bpm E,rn(xpayp) elﬁp,mzp_
meN,



Scattering matrices

® Merge all mode indices {m} and portIDs {p} ~ exp(iwr) (FD)
into one set of mode identifiers {v}, N = U,N,.

* Assert that 1, (r) = 0 forall r € 9Q, r ¢ port p.

. E
e Fieldon 0Q: (H) = Z {F,l, +B,yd}.
VGN (Position arguments omitted.)
® B, : ~ incident modes, traveling towards the interior of (2.
F,: ~ outgoing modes, traveling towards the exterior of €.
Combine into amplitude vectors B, F.

Linear circuit < linear dependence of F on B,
Scattering matrix S of the circuit: F =SB, S=(Su)

e S,: ~(v,b) = (v,f), reflection coefficient for mode v.

® Sout ~(p,b) = (v f), transmission coefficient for modes s, v.

PICs, OICs, scattering matrices, scenarios

~ exp(iwt) (FD)

® Scenario: Restrict to a specific set of (guided) modes, or:
Only a small set of guided modes are relevant:
small dimS =N X N < an N-port circuit, a 2-N-pole.

(N the total number of relevant modes, not the number of ports.)

PICs, OICs, scattering matrices, scenarios

~ exp(iwr) (FD)

® Scenario: Full matrix S, including guided and radiation modes,
large dimS < theoretical results.

Scattering matrices, port plane positions

~ exp(iwr) (FD)

e Shift port plane of mode v by Az,: F, — F,, =F, e_iﬁVAZV,
Shift port plane of mode p by Az,,: B, — BL =B, el/B,LLAZu,

( F =S B S =5 e—l(ﬁ,,Az,j + ﬂNAZ”)
v vpPp Pup Vi :

(Moving port planes <+ Phase change in reflection/ transmission coefficients.)

(Moving port planes <+ No effect on reflectances/ transmittances.)



Scattering matrices, port mode orthogonality

~ exp(iwt) (FD)

® Orthogonality relations on port plane p:

1 * * * *
(Ea,Ha;Eb,Hb) = — // (Eabey - anbe + Haybe - Habey) dxp dyp

4JJp

( Z,l; ;,m) = :I:(sdr(slmpp,m~

(Things restricted to propagating modes.)

Scattering matrices, power balance

~ exp(iwt) (FD)

® Net power outflow across the border of the circuit:

P:/ S-da=(E.H;E.H)= Y > (|Fpml* = Bpml*) Py
12,9

p mEM,
= Z (|F1/|2 - ’BV|2) Pl/7
veN
(Be =0 V& # )

|B,,|>P,,: incident power carried by mode y,
|F,|*P, : outgoing power carried by mode v, F, =S,,B,.

S ‘zpu _|Fu|*’P,  w#v: power transmittance p — v,
vl p
P

. |Bu|*P, p=v: power reflectance for mode v.

(Uniform normalized modes, P,, = P, transmittances are directly given by elements of the scattering matrix).

Scattering matrices, port mode orthogonality

~ exp(iwr) (FD)

e Extend to the full boundary 052 :

I
(B Hoi By Hy) = /m (E: x Hy + E, x H') - da

G @54 0) = £0ubpgOmPym OF (W54) = £003sPy.

(Modes belonging to different ports are mutually orthogonal.)

Scattering matrices, power balance

~ exp(iwr) (FD)

® Net power outflow across the border of the circuit:
P= / S-da = (E,H;E,H) = P, <B* .(sts - 1)B> :
a0

uniform normalization, P,, = Py for all v.

® Lossless circuit -~ S-da=0 == SiS=1,
o
the scattering matrix of a lossless circuit is unitary.

® Lossy circuit - S-da <0 ~~ B*.S'SB < B*B,
o0
E 2
‘Sl/,u, ’ S 1 for all ,u“ (The sum of transmittances mode s to all other modes v is less than one.)

v (Interior lossy media, or radiative losses: outgoing propagating modes not taken into account.)



Scattering matrices, symmetry

Circuit with specific spatial symmetry
& symmetrical setting of the port planes

C» respective symmetry in related coefficients of S,
symmetric power transmission properties.

Scattering matrices, reciprocity

e E\,H| and E,,H; solve V X E = —iwuoH, V x H = iwegéE

C» V- (Ei xHy;+H,; xE;) =0, if ¢ and /i are symmetric,

C> O:/V-(E1XH2+H1XE2)d3r:/ (Ele2+H1><E2)-da.
Q

o0N

® Fields on 09 : <IE{> = Z {Fjﬂ/ll)f, +B~,V¢B}, j=1,2,
J

veN

[ p) = /89 (E, x Hy + H, x Ey,) - da,

- ozgz

m

FiyFa (Wb ) + F1uBa () 0]
+ B1yFa u[h0; L] + BruBa [l ).

Scattering matrices, reciprocity

~ exp(iwr) (FD)

Circuit properties
for reversed
wave propagation ?

SVH - S‘W 9
e FE\,H| and E,,H, solve V XE = —iwuotlH, V x H = iwepéE.

C» V- (Ei xHy;+H, xE;) =0, if ¢ and /i are symmetric.
Geif &' =¢ a7 = )
(Note: order of factors, no complex conjugates.)

Scattering matrices, reciprocity

Ziy ~ exp(iwr) (FD)
. B i

) 0

o0 /

[Ya; ) = /m (Eq x Hy + H, x E}) - da.

® [1,;%,] =0, if vand p relate to different ports.
e [f v and u relate to the same port plane p:

d d d d
(7, ] / / E, H' —E, H\ —H, E\ +H, E ) dx,dy,.



Scattering matrices, reciprocity

e [f v and p relate to the same port plane p:

;) = / / (B HE — Ep HY — HIEC 4 HEEL) i dy),.
p

® Compare with the modal orthogonality relations on port plane p,
for propagating modes with real transverse components:

1

d d d d d

("pzrn ¢u) = / (E;;xH,uy - Ezr/yHux + HI’;yEux - HszEuy) dxp dyp’
p

T4
("pl;v"vbi) = OyuPy, (1#2, 'QDI;JL) = —0yuPy, (¢£7¢Z) = (1/’277#2) = 0.

® ’(:Z)f - (EX,E% iEZ7 HX? Hy7iHZ)T
- 'l,bb - (E)(,E|y7 _iEZ’ _HX7 —Hy, IHZ)T. (Real components).

[ )] = [l bl =0, [0 = —6,,4P,, [b;eh)] = 6,,4P,.

Nonreciprocal devices

c unidirectional transmission,

A e Sga =1, Sap =0.

h Isolator:
l\
B

AR Circulator:

transmission cycle,

Sga =1, Sce =1, Spc=1, Sap =1,
¢ =\ C S.. = 0 otherwise.

D

Required: nonreciprocal media with € # €',
- magnetooptic media, Faraday effect.

Scattering matrices, reciprocity

C’ 0= Z4PV(B1,IIF2,II - Fl,I/BZ,V)9
v uniform normalization P, = Py,
C> 0= Z (Bl,l/FZ,z/ - Fl,uBZ,V)a
G 0=B,-F,—F, B,
G 0-B,-SB,— (SB)) B,
G 0-B,-SB,—B,-STB,,
G 0=8. (S—S")B, forall By, B,.

S=8", S, =S, foralv,pu.

The scattering matrix of a reciprocal circuit is symmetric.
;

Reciprocal circuit: made of reciprocal media, with € = el p=p.

Nonreciprocal devices

What about, for example,
® along, “adiabatic” Y-junction ?

® ajunction between a single mode core and a wider multimode
waveguide ?



Waveguide discontinuities

@ i {n Half-infinite waveguides (I), (II),
—i— discontinuity at z = 0.

| e Expand into local normal modes
0l N (¢ B}, m €N, s =L1L:

' Transverse boundary conditions <~ discrete sets.

E B .
<H> (x,y,z) - Z {fY7m¢£,m(xv y) € lﬁs,mZ + bs,m"#?,m(x, y) e‘i‘lﬁs,mZ}’
s meN,

7<0: s=1, fi ngiveninflux, by , unknown,
z>0: s=1I, fi,unknown, by, given influx.

C» (E,H)pqr are solutions for z < 0 and z > 0.

¢ Continuity of the tangential components of E, H at the interface

<> formally equate expressions for (E,H)y at z=0.
(Only equality of Ex, Ey, Hy, Hy will be relevant.)

® Project on '(,bi ; to extract coefficients ...

Waveguide discontinuities, overlap model

®

0! =  Most simplified variant:
' & Unidirectional overlap model.

® (I): Incoming guided mode 1);, reflections & radiation neglected.
(II) : Outgoing guided modes ¥y ,,, radiation neglected.

° fI ’(sz ~ Zﬁl,m d}H,m atz = 0.
m

(¢Il,m;1/’l) _ 1 .
C> ﬁl,m:mﬁ’ or ﬁl,m_m(wll,mv'ﬁbl)ﬁ'

(Transmission is given directly by the “overlaps” -~ Relevance of the mode products ( - ; - ).)
(Cf. explicit expressions for overlaps of 2-D modes, involving only principal mode profile components.)

Waveguide discontinuities, scattering matrix

) )

(Global coordinate z 7 former local coordinate on port I.)
' (One variant of a projection procedure.)

d ('(p}),l; ':')’ lGM:

> (@i whn) + b @b = D [ Wl + bum s v
me./\/i mE./\fH

o (Yny;-=-), L€Nu:

> [l ) + bl s ¥h)| = 2 [l ¥l + bun Wl s wha)|
meN] meNY

—— bi\ _o(fi)_{( Su Sun fi
“ o (fn) =S (bn> B ( St Suu ) (bn>'

A sequence of waveguide discontinuities

@ D

I I I I I
I I I I I
I I I I I
i i i i i ® Divide into segments.
I I I I I

e Establish local normal
. mode expansions.

A S —

® Project on local modes.

C» Linear system of equations for all local mode amplitudes.

C> Solve () N (f]) (x,y,z).

Bidirectional eigenmode propagation (BEP),
Eigenmode expansion method (EME),

(Radiated outgoing fields: Open boundary conditions required (PMLs) <~ Complex eigenmodes.)
(2-D: ok. 3-D: ?)



Rectangular 2-D circuits Course overview

i I_ Quadridirectional
: Eigenmode Propagation (QUEP)

Optical waveguide theory

Coupled mode theory, perturbation theory.

""""""" ® Divide into slices & layers. A Photonics / integrated optics; theory, motto; phenomena, introductory examples.
. B Brush up on mathematical tools.
e Establish local modes: P ) ] o
. C Maxwell equations, different formulations, interfaces, energy and power flow.
‘ ‘ Propagation along +z, A . .
: _ &P . 1 N D Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
) 2 . ropagation 'a‘ong X E Normal modes of dielectric optical waveguides, mode interference.
1 i i boundary conditions ¢ = 0. F Examples for dielectric optical waveguides.
T - ——— - pommmmezaaeas - - . .
0 _OI 1 | 2 N.[N.+1 @ PI'O_]eCt at horizontal G Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.
20 21 e ZN. & vertical interfaces. H Bent optical waveguides; whispering gallery resonances; circular microresonators.
I
J

/
1 ,D

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.

C» horizontal BEP, vertical BEP,  continuity at xg, xn, 2o, Zv-

Circular traveling wave resonators Ringresonator: Abstract model

® Ringresonator ~ 2 couplers + 2 cavity segments
® CW description: E,H ~ eiw, w=kec, k=2m1/\

Integrated optical micro-ring or micro-disk resonators.



Couplers: Scattering matrices

® Uniform polarization,
single mode waveguides.

® Linear, nonmagnetic
— )
z (attenuating) elements.

® Backreflections are negligible.

® Interaction restricted to the
couplers < “port” definition.

C» Symmetric coupler scattering matrices :

A_ 0 0 p K\ (AL
a_ |l _10 0 x 7 at
Bi| |p x 0 0] |B=-
by k 17 0 0 b_

Ay, By, ai, by: Amplitudes of waves traveling in +z-direction.

Cavity segments

Field evolution ~ e~ 17
along the cavity core,
propagation distance s.
T y=p0—-lia,
[ : phase propagation constant,
« : attenuation constant.

(4~ bend modes, to come.)

C» Relations of amplitudes at the ends of the cavity segments :

o —b,e—iBL/2 —aL/2 g4 —iBL/2 (—aL)2,
b e, e iBL/2 —aL/2 4 _, —iBL/2 (—aLj2,

Coupler symmetries

Symmetry z — —z:
- A+ — b+ ; B_ —a_
z
A_ 0 0 p K\ (A
a_| _ [0 O & 7| |a+
B+ - p K 00 B_
by k 17 0 0 b_

o
+ +
N————
I
£
\]
N

SO -0

Symmetry x — —x, (I) =(I):

G- ()

Output amplitudes

Coupler scattering matrices
=+ Cavity field evolution
+ External input amplitudes
A+ = V P in s
B_.=C_=D;=0

External output amplitudes :

2
K°p
72PZA+7 By = (P+

1—17

A_=0, Ci=0, D_=

p— e—iBL/2 —al/2,



Power transfer

Power drop : Pp = ]D_|2,

Transmission: Pt = |B,|%.

4 . —al
Pp = Pi, IKle
1+ |7*e=20L —2|r[2e~AL cos(BL — 2¢)
pPP(1 + [7Pd? e 2L — 2)rjde =L cos(BL— o — 1))
Pt = Pi,

1+ |r[*e=20L —2|r|2e~AL cos(BL — 2¢)

7= |7 el®, del¥ :=1—r2/p, L+27R.

Resonances

|Kﬁe—aL

— Pin
1+ |7|* e—2aLl _ 2|72 e—olL cos(BL — 2¢p)

()

o121+ |7 2d? e 2L — 2f7|de =L cos(BL — o — 1))

PT - Pin
1+ |7]* e—2aLl _ 2|7|? e—aolL cos(BL — 2¢)

()

Spectral response
x
D @
2 R=50um, b=s5=1.0um, g =0.9 um,
ny, = 1.45, ng = 1.60; 2-D, TE.
A B AX =5.0nm, 26\ = 0.17 nm,
F =30, Q = 9400, Pp s = 0.44.
AL
1540 1545 1550 1555 1560 1546.2 1546.4 1546.6 1546.8 1547 1547.2 1547.4
A [nm] A [nm]
Resonances
|Kﬁe—aL
Pp

- Pin
1+ |7 e—2aLl _ 2]7‘|2e_O‘L cos(BL — 2¢p)

o2 (1 + |22 e 2L — 2j7|de =L cos(BL — o — 1))

PT - Pin
1+ |7|* e—2aLl _ 2|72 e—olL cos(BL — 2¢p)

® Resonances:
~ Singularities in the denominators of Pp, Pr, origin: 5(\).

® Correction for finite coupler length /:
BL—2¢p = BLeay — ¢, ¢ =2Bl+2p, Ly =27R, 0O\¢ = 0.
® Resonance condition: cos(8Lcay — @) = 1, or

’Kﬁe—aL

_ 2mm+ ¢

B
LCB.V

=: B, integer m; PD’/B:Bm = Pin(l W e—aL)z )



Free spectral range

® Resonance next to 3, :
2m—m+¢ 2r op

m—1 = = Pm — ~ Pm | A
n Lew o T~ 0A,
g; : waveguide parameters with dimension length,
ﬁ((I)\,QQj) = B()\,QJ)/Q’ aa |a:1
C» o 1 o\ _ B8
ax A(BJquJan-)” A
21 (9P >‘ A2
FSR: A= — R ) nege = B/k.
Lcay (aA Neff Leay m e ﬁ/

(Free spectral range, the spectral distance (here: wavelength) between the drop peaks / the transmission dips).)

Finesse & Q-factor

- AN 7| e—aL/2
inesse : ==
20 1 —|r]2e—L
A ReffLcay |T| e_aL/ 2 NeffLcay
-factor : = — = = F.
Q-factor o) I3 T 3 1—|T\2e_aL 3
or O = kRnegF for Leoy = 27R.

Spectral width of the resonances

|I€|4 e—OéL
1+ ’7_‘4 e—ZCVL _ 2|7-|2 e_aL COS(ﬁLcav - ¢)

® Pp =P

I

PD|/3m - PD,res .
L4 PD\ﬁmMﬂ:PD,reS/Z. 5ﬁ=7

® Expansion of cos-terms

G 55 = -

C av

<‘ | aL/2 |7_|e—OéL/2> %_6)7\716/\

)\2

FWHM : S —
TLcayett |,

20\ =

<’T| aL/2 _ | —aL/2>'

(Full width at half maximum of the spectral drop peaks / the transmission dips (wavelength).)

Performance versus coupling strength & losses

Assumption : Lossless coupler elements, |p|? = |7]* =1 —

—aL/Z ’/1’46

(TP

|52

—al

_ \H\Z)e—aL !

1—(1

Pin
(1= (1~ [sP)emal)

‘ ————
| PP 3

// =

/01/
08/

09/‘

%]

0.2 0.4 0.6 0. 8 1



Modes of bent waveguides

~ exp(iwt) (FD)

e Constant curvature - cylindrical coordinates r, 6, x.
® Bendradius R, Ope =0, Jpn =0

E E i
- (H) (r,0,x) = (H) (r,x)e WRO, bend modes,
E,H: bend mode profile, components E,, Eg,E,,H,, Hy, H,,
v = —ia € C: propagation constant,
B € R: phase constant,
«a € R: attenuation constant.

(Exponent i yRO: a convention, “propagation distance” R6.)

Modes of bent slab waveguides

A z ~ exp(iwt) (FD)

np \g\ b 2-D TE/TM, cylind. coord. r,0,y,

T Oyn = Opn =0
E —i’yRG
H 9

0 b NG
5 N

bent slab mode {E,H,y = 3 —ia}.
® Piecewise constant n(r), ¢ =E, (TE), ¢ = H, (TM)
¢ 1 3¢ 2o VR
g9 R
or? t r or < " r? ¢

(Bessel differential equation with (complex) order yR.)

® Nonzero solutions,

® bounded at the origin, ~ Jyg(nkr) for r <R —b,

(~ exp(iwt)),

¢, (0r)/n* (TM).

® outgoing exterior fields, ~ H%) (nkr) for r > R,
¢, 0r¢ (TE),

® continuity at interfaces :

Modes of bent waveguides

~ exp(iwt) (FD)

® Piecewise constant n(r,x),

Py Y 10y 20 VR
T i R Gl L

& continuity conditions at interfaces (cylindrical coordinates),

1/) € {Er7E97 EX7HF7H97HX},

where On =0

& boundary conditions:
regularity at » = 0, outgoing waves at r = 00, x = £00.

(or: normalizability versus x.)

Vectorial 3-D bend mode eigenvalue problem.

(Practical setting: computational domain r; < r < ry, x, < x < x;, PML boundary conditions /¢ = 0 at r = r;.)

Bend modes, 2-D examples

E =

0 /IT z 2-D, TE,
ny, = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 pum,
R / R = 1000 um.

/\ R = 1000 um
B/k=1540

,/ k o
-2 0 4 6

2
(r-R) / um



Bend modes, 2-D examples Bend modes, 2-D examples

) > | \? [ >

Np ng Ny Ny ng Np

<
>

0 /—I; z 2-D, TE, 0 /,7 T 2-D, TE,
j ny = 1.45, ng = 1.60, b =1.0um, A = 1.55 pm, n, = 1.45, ng = 1.60, b = 1.0 um, A = 1.55 pum,
R // R = 50 um. R / R=10pum.

B/k

log 4 O(a /k)

. 1 R =50 um R=10um
= B/k=1526 g
S 05 o/k=234107} ,
e B/k=1.488
- o/k=0.0166
0

Y - '
> -1
©

-2

-2 0 2 4 6 0 2 4 6
(r-R) / pm (r-R) / um
Propagation constant vs. bend radius Power & orthogonality
1 R
np \g\ b " Nlg\ b
T T
0 _ i —
0 Iy ] T 2-D, TE, 0 ] x
ny = 1.45, ng = 1.60, b= 1.0 pm, A = 1.55 um,
R / / R € [2,200] um. R / /
2-D TE/TM bend modes:

® Power flow: S, #0, S,,S¢ ~ e—2aR9’ Sg ~ |¢’2/”
‘6._‘_‘?"/5 _ Alternative definition : C» oo So(r)dr < co = lizati
st R =R—b/2. /0 9 power normalization.
:: - Identical physical fields ® Orthogonality of nondegenerate bend modes, product
0 C» v'R' = 4R, [El,HUEz’HZ]:/OO (Ey x Hy + Ey x Hy) - egdr.
=y ° o 1 e

0 25 50 75 100 125 150 175 200
R/um



Bend modes supported by an angular disc segment

X € [—3,3] pm
A]; (r—R) € [—8,4] um
L3 A = 1.55 um,
N, Hh ny = 1.45, TEoo
- ng = 1.99, B/k = 1.634
7 ' p=04pm, a/k=3.1-10"%
R = 20 pm; [JCMwave].

Bend modes supported by an angular disc segment

x € [—3,3] um,
(r—R) € [—8,4] um;
b L A= 1.55um,
" Hh npy = 1.45, TEo2
' ny = 1.99, B/k = 1.480

— —4
| — h:04um, Ot/k—4010
R =20 um; [JCMwave].

X [um]
o

-1.5

4 3 2 - 0 1 2 3
(r-R) [um]

Bend modes supported by an angular disc segment

x € [—3,3] um
(r—R) € [—8,4] um
ba o, A= 1.55pum,
n Hh ny = 1.45, TEo
8 ng = 1.99, B/k = 1.548

a/k=15-107

= h = 0.4 um,

R =20 pm; [JCMwave].

(r=R) [um]

Bend modes supported by an angular disc segment

x € [—3,3] um,

(r—R) € [—8,4] um;
jz , A= 1.55um,
n Hh ny = 1.45, Ty
- ng = 1.99, B/k = 1551
R} = h—04um, a/k=24-1073
R = 20 um; [JCMwave].

(r=R) [um]



Bend modes supported by an angular disc segment

x € [—3,3] um
r—R) € [—8,4] um
la , A = 1.55 um, Copelnd
e Hh ny = 1.45, ™o |
. ng = 1.99, B/k = 1.468 »
R =20 um; [JCMwave].

Whispering gallery resonances

z 43 i
n \ n(r, x)
0 Y
0 R i

0 !

e Full cavity, 6 € [0,27]:
Look for resonances in the form of whispering gallery modes

- <f]> (r,0,x,1) = (g) (r,x) elwet —imf .

Quasi-Normal-Modes, QNMs

E,H: WGM profile, components E,, Eg, Ex, H,, Hg, H,
m € Z: angular order,
we = w, +iw! € C: eigenfrequency, w.,w? € R.

Q-factor Q - wé/(Zwé/), resonance wavelength >\1‘ - 27TC/CU(/:, outgoing radiation, FWHM: 2(5}\ - )\r/Q

Circular microcavity

Bend modes --» Whispering gallery resonances.

(Terms not always clearly distinguished.)

Whispering gallery resonances

V4 T e
R
0 Y
0 R

0

® Piecewise constant n(r,x), ¥ € {E,,Eg,Ex,fIr,ﬁlg,I:Ix},
(Dispersion ?)
0*Y 0% 10y w2 o, m?
—_— 4+ - —n - — =0, where On =0,
3x2+6r2+r8r+(02n r2)¢ "
& continuity conditions at interfaces (cylindrical coordinates),

& boundary conditions:
regularity at » = 0, outgoing waves at r = 00, x = £00.

(or: normalizability versus x.)

Vectorial eigenproblem for whispering gallery resonances.

(Practical setting: computational domain r; < r < ro, X, < x < x¢, PML boundary conditions / ¢) = 0 at r = r.)



2-D whispering gallery resonances 2-D whispering gallery resonances

TE, R=7.5um, d =0.75um, ng = 1.5, n, = 1.0.

WGM(0, 39):
Ar = 1.5637um, Q= 1.1-10%, 26X = 1.4- 1073 pum.

. as discussed for the 2-D TE/TM bend modes. .39), E, WGM(©, 39), [E,|

(WGMs: Bessel differential equation of integer order.)
(Notation: WGM(p, m) — mode of radial order p and angular order m.)

0 0
z [um] z [um]

2-D whispering gallery resonances 2-D whispering gallery resonances

TE, R=7.5um, ny = 1.5, n, = 1.0. TE, R =7.5um, ng = 1.5, ny = 1.0.
WGM(1, 36):

A= 1.5367 um, Q =2.2-10%, 26X = 7.0 - 10~* um.

WGM(0, 39):
Ar = 1.6025 um, Q =5.7-10%, 26\ =2.8-10~° um.

WGM(0, 39), [E,| WGM(1, 36), E, WGM(1, 36), [E |

X [um]

0 0 0 0
2 [um] 2 [um] 2 [um] z [um]



WGDMs supported by a circular slab disc

by

A = 1.55um,
ny = 1.45,
ng = 1.99,

h = 0.4pm,
R =20 um;

WGM(TE, 0, 0, 132), |Er|

x € [—3,3] um
(r—R) € [—8,4] um
WGM(TE, 0, 0, 132)
Ar = 1.555 um
0=69-10°
[JCMwave].

WGMs supported by a circular slab disc

bz

A= 1.55um,
ny = 1.45,
ng = 1.99,

h = 0.4 um,
R =20 um;

WGM(TE, 0, 2, 120), |Er|

x e

WGM(TE, 0, 2, 120)
Ar = 1.550 um
0=57-102
[JCMwave].

WGMs supported by a circular slab disc

x € [—3,3] um,
(r —R) € [—8,4] um;
ba o, A= 1.55pum,
- Hh n, = 1.45, WGM(TE, 0, 1, 126)
8 _ Ar = 1.545 um
. ng = 1.99, .
B h=04um, Q=17-10
R =20 pm; [JCMwave].

WGM(TE, 0, 1, 126), |Er|

(r=R) [um]

WGMs supported by a circular slab disc

[—3,3] um,
(r —R) € [—8,4] pm;

x € [—3,3] um,

Al‘ (r—R) € [—8,4] um;
ny, A = 1.55 um,
n h ny = 1.45, WGM(TM, 0,0, 126)
3 _ Ar = 1.547 pm
7 ng = 1.99, .
F—— h=04um Q=10-10
R = 20 um; [JCMwave].

WGM(TM, 0, 0, 126), |H |

(r=R) [um]



WGMs supported by a circular slab disc

x 3
r—R —8
la , A = 1.55 um, M.
n, Hh ny = 1.45, }\VGI\/I](TM7 0,1, 119)
. =199, r = 1.550 um
B h=04pm, 0=30-10
R =20 um; [JCMwave].

WGM(TM, 0, 1, 119), |Hr|

Course overview

Optical waveguide theory

—« —~ T Q mm T QO w »

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.
Coupled mode theory, perturbation theory.

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.

Bend modes versus whispering gallery resonances

(Field supported by a full circular cavity.)
(Incompatible models, in principle.)

[BWG] w € Rgiven, v = —i«a € C eigenvalue,
<I>(r, 0, l) _ ¢(}’) eiwt —1iPR0 e—OéRe.

[WGM] w = we +iw! € C eigenvalue, m € Z given,
L . 1
\I’(}",Q,l) _ w(r) elwct —imb e We l‘.

Look at a resonant low-loss configuration:
® Translate w ~ w/, m ~ fR.

¢ Equate the power loss during one time period 7 = 27 /w
~ fBlaxwl/w! =20.

Perturbations of single modes

R~ 21w,

~ exp(iwr) (FD)

€ €+ 0€
X Hh
Y 9 Y
A, €(x,y) A, €(x,y) + 6é(x,y)

G 8448,

. H E+J0E, H+ 0H



A functional for guided modes of 3-D dielectric waveguides

(— Exercise.)

E E i
° (H) (x,y,Z): (H) (x,y)e I/BZ’ o /BGR’
E H — 0 for x,y — +o00.

e (C+iBR)E = —iwuoH, (C+iBR)H = iwey¢E,

) +1i(E,CH) —i(H, CE)
—(H,RE) ’

S
38
o
L
+
&
=
=
\/ml

(E,RH

B:(E,H) =0 ), =0 ()
s=0

at valid mode fields E, H, for arbitrary F, G. (x): “arbitrary” &.

(s3) : Hermitian €.

d _ _ _
3 BE+sF.H+5G)
S

Small uniform change in refractive index

€ €+ 0¢
-] = = il
Y Y

® n — n+dn on O, n,don constanton O

wepn / |E|? dx dy

Re// (ExHy — E* H,) dxdy

(e = 2ndn.)
(Plausible: 83 ~ 6n, 68 ~ |E|*|n.)

G 85— B+s8. 8 on.

- 55 = 7weo< 5;E>

Perturbations of single modes

® Available: Mode 3,E,H for parameters \, ¢ @=eéh
B:(E,H) = 3, B; stationary at E,H.

® Investigate parameters A, € 4 d¢, for a “small” change §¢ :
Bese(E + OB, H + 6H) = § + 5

G .. B.(E + 6E, H + 6H) ~ B.(E, H) = 3

. 56963

weg //E -0 E dxdy

(E,RH) — {

E)’ 2Re// (ExH, — E;H )dxdy

(Valid for small perturbations: The original mode profiles are good approximations of the true fields in the modified structure.)
Small attenuation

€ €+ 0¢€
-0~~~ -l
Y Y

e n — n—in" on O, n,n” constanton O, n,n" € R

—iwegn / |E|? dxdy

Re//EH — EjH,) dxdy

(6 = —i2mn"’)
(Different attenuation for each mode.)
(Damping, power, plane wave: ~ exp(—2kn’’z), mode: % exp(—2kn''z).)

//

G 58— B+op. o8



Small anisotropy

é
L] o - [
Y Y
e ¢l — el +686 on O, €,0€¢ constant on O

weg //E - 6¢ E dxdy
G 85— B+8 8=
2Re// E;H, — E;H )dxdy

(Phase shifts due to anisotropic contributions to the permittivity.)
(Polarization coupling might occur for modes with “close” propagation constants <~ CMT.)

Small displacements of dielectric interfaces

A.Z

t&v

Ty

—
Yo Y1 4

¢ Displacement of the interface at x, between yy and y; by dx:
G 85— g+48,

V1
(=) [ (B I ER) )
WEeQ
(5[8:7 5x.

2 Re// (ExHy — EyH H,) dxdy

Small displacements of dielectric interfaces

Interface displacement -~ Locally strong thin layer perturbation.
Field discontinuity ~~ Previous expressions are not directly applicable.

€ #et,
shift of interface
Xp — Xp + Ox.

abb :ib + bz T
® Reposition discontinuity in field: Ey — E, + 0E,,

X = x( ) <x < + 1)
—E\(x for x
OE (x, y) = €~ 5 Y)s b X Xb X,

0, otherwise.

® Use functional with locally modified field

g v .. (omitted) ... VB

Small displacements of dielectric interfaces

A T

by

«—>

T 1

€ et

Zo L
—
Yo y

¢ Displacement of the interface at y, between xy and x; by dy:
G 5 — pras.

X1 _
(=) [ (BL SRR+ ) (o) d
WweQ
(55:7 dy.
Re// (EfHy — E;H,) dxdy




Perturbations of single modes

>
>
+

(@2
(@)

Ve
)\, é(x,y) )‘7 é(x7y) +5€(X,y)
- B, - B+,
E H ~E, ~H

View % as %: slope of the dispersion curves 3 vs. p.

Depending on the parametrization, change of a parameter value might require several perturbations.
First order theory: In case of multiple pertubations, add the effects of the individual expressions.
Estimation of fabrication tolerances: The phase shifts § 3 enter into respective scattering matrix models.
‘Wavelength shifts . . . ?

Small shift of frequency or vacuum wavelength

If dispersion can be neglected, 0,6 =0:

c 85_//(EOE*-€E+#O\H!2>dxdy

% gRe / / (EtH, — E2H,) dxdy

)

03 __zo Jf (o e+ miAF) e

NN R / / (E2H, — EXH,) dxdy

(w =2mc /A == Oyw = —2mc/A%)
(Compare with expression based on homogeneity, H, 12.)

Small shift of frequency or vacuum wavelength

() : Explicit frequency dependence of B & dependence through é.
() : Frequency dependence of E, H.

B(w) = Be(w; E(w), H(w)

~—

9B 0B
Ow 0w

S s=0 (%)
0 o OH

+ 2B (w; E H+ s—)
Os ow/ |, (o)

0B:

= (Stationarity of B at E, H.)

Coupled mode theory (CMT)

~ exp(iwt) (FD)

™>

{em; B, (E,,,,Hm)} e (Z) (x,3,2)

(Next: One of many variants of approaches to CMT.)
(Propagation & interaction of basis fields along a common propagation coordinate.)

[D.G. Hall, B.J. Thompson, Selected papers on Coupled-Mode Theory in Guided-Wave Optics, SPIE Milestone series MS 84 (1993)]

(Codirectional coupling (here), versus contradirectional coupling, coupling to radiation modes, nonlinear coupling.)
(Hybrid variant (HCMT): separate lecture.)



Coupled mode theory (CMT)

® Investigate a permittivity €, look for fields E, H with
V X E = —iwugH, V x H = iweyéE.

(é(x,y, z), in general.)

® Available: A set of fields {Em,Hm} for permittivities €, = €;r,,;
V X E,, = —iwuoHy,, V X Hy =iwepénEy,.

(Not necessarily “modes”.)

e Assume that (E,H) can be well approximated by

(B)iero= e (8 o

C,; : unknown amplitudes, common propagation coordinate z.

(Choose €, as close as possible to €.)

Coupled mode theory (CMT)

(Starting point: a “reciprocity identity”.)

V. (HxEf —E x H) = iwe)E} - (¢ — ¢)E.
(Insert CMT ansatz for E, H.)
( [ dxdy, assume Ey,, Hy, — Oforx,y — F00.)

(Apply identity V - (Hyy X Ef — Ep X H') = iweE] - (& — &)Ep.)

( [[ dxdy, assume E,,, H,;, — 0 forx,y — +00.)

a¥a¥a¥a

(Manipulate, arrange terms, tidy up.)

Coupled mode theory (CMT)

(Starting point: a “reciprocity identity”.)

V . (H xE] —E x Hy) = iweyE] - (€ — ¢)E.
(Insert CMT ansatz for E, H.)
( [f dxdy, assume E,, H,, — O forx,y — to00.)

(Apply identity V7 - (Hy X Ef — Ep X H') = iweoE] - (én — &)Epn.)

( [[ dxdy, assume Ej,, H,, — 0 forx, y — £00.)

aFaats

(Manipulate, arrange terms, tidy up.)

00.C = —iKC, coupled mode equations.
C= (Cm)’ O= (Olm)’ K= (klm)
1
O = 1 //(E;‘ x H,, — H; X E,,),dxdy = (E;,H;;E,,,H,,),

kim = weO//El- € — ém)E,, dxdy.

Z 0 0,Cyy = —1 Z kim Cy Y1,  coupled mode equations.

1
Om = //(E}" X H, —H} X Ey),dxdy = (E,Hj; E;y, Hp,),

klm—weo//El-e—em m dx dy.

Coupled mode theory (CMT)

(Variational derivation of CMT equations.)

F(E,H) ///{H (V xE)—E*- (V x H)

+iwpoH* - H 4+ iwegE™ - éE} dxdydz,
0OF =0 VOE,H ==» YV XE=—iwpugH, V x H = iweyéE.
Q (Restrict F to the CMT ansatz for E, H ~~» F.(C), require F. = 0 V5C.)
C> v (Hu X Ef — Ep X HY) = iweoE] - (én — €)Ep, [[ dxdy, En,Hy — 0forx,y — £00.)

(Manipulate, arrange terms, tidy up.)

00,C = —iKC,

C= (Cm), 0= (Olm)s K= (k[m)

coupled mode equations.

1
om = ; //(E;‘ x Hy, — H x Ey),dxdy = (E;, H; E,,, H,,),

klm—weo//El'e—em m dx dy.



Coupled mode equations

G 0o.0- -ikc,

1 * *
Olm = 4//<E1 x Hpy, _H[ X Em)dedy = (ElyHl;EmaHm),

C=(Cpn), O=(0m), K= (k).

ki = ? //El (& — &n)Ep dxdy.

A set of coupled ordinary linear differential equations, of first order.
. . (Here.)

® 05, : power coupling coefficients (field overlaps).

(No reason to assume oy, = &y,,, in general.)

® ky,: coupling coefficients.

z-dependence of €, €, E\y, Hyy ~ 01m(2), kim(z), O(z), K(z).

(Compare the bend-straight couplers, Lecture H.)

. to be solved by numerical procedures. (In general.)

Longitudinally constant structures, coupled mode equations

(8:¢ = 02 = 0)

G Soc=-iB+Q). ¢ =(cn) S= (om): B = (bm). Q= (sm).

1 L o
Oin = 5 //(E, x H,, — H' x E,),dxdy = (E;,H;E,,, H,,),

Bl+ﬂm
5 .

ki = 5" // E; - (66 + 0éy)Ep dxdy, bin = On

06 = € — €,

® A set of coupled ordinary linear differential equations, of first order
. . (Here.)

® o5, power coupling coefficients (field overlaps).
(No reason to assume o, = 0y, in general.)

® x;,: coupling coefficients.

azé = 8Zém =0 ~> azglm = azblm = 8z"’ilm =0.

(ODEs with constant coefficents.)

... quasi-analytical solutions.

CMT for longitudinally homogeneous structures

0.6 =0, 0.6, =0, _
. . . Em _ Em _iﬁmZ
basis: guided modes <Hm> (x,y,2) = <Hm> (x,y) e ,

(Ilj!) (x,y,2) = zm: Cn(2) <I§"’;> (x,y,2) = zm:cm(z) (ff;) (x,y).

: (em(z) = C(z) exp(—iBpz), rewrite CMT equations for ¢, (z).)
: (V - (Hy X Ef —Ey X H') =iweyE] - (én — &)Ey, integrate, rewrite for Ey,, H,,.)

(Symmetrize coefficients.)

Z Olm 8zcm = -1 Z (blm + Hlm) cm Y,

1 _ _ _ _ _ _
om =7 //(E;* x H,, — H; x E,),dxdy = (E;,H;E,,,H,,),

— % N ~ T- _I—
Kim = % //Ez - (061 + 6ém)Ep dxdy, bim = i . 2@”,

O€m = € — Em,

Longitudinally constant structures, coupled mode equations

(0:6 = O:éy = 0)

G Soc=-iB+Q)e. ¢ =(cn) S=(om). B=(bm). Q= (rm).

1 — % — ok — o e —
Oim = 4//(E, X Hy —H; X Ep).dxdy = (E;, H; E;n, H ),

o ﬂl"‘ﬁm

WEQ
blm =Olm .
2

i = 0 //E, (51 + ) B dxdy,

Obm = € — €y

. e At R
o O-::’ll = Olm; b:;’Ll = bll’l’h K’:;l = Kim, lf ET =€ Em = €m,

st=S8, Bt =B: QI =Q, if éf =¢, & =¢,.

® Power: P= (E,H;E,H) = ZC?(EZ,HZ;Em,I:Im)cm: ¢* - Sc

lm

G op—ic. (B+Q' - (B+Q))e, 9.P=0 for Bt =B, Qf =Q.

(For lossless waveguides the scheme is power conservative.)



Longitudinally constant structures, formal solution Longitudinally constant structures, two coupled modes

Two orthogonal coupled modes (E|,H,), (E»,H>):

(Example: two modes supported by the same isotropic waveguide (€| = é,); interaction due to small anisotropy (€).)

— 3 — — — Or: non-orthogonality neglected as a further approximation.

Sd.e = —i(B+Q)e, 8.8 =98 =0.Q=0. o < ol ne pprosimaion.)
Olm = (Ela Hlv Em7 Hm) = 6lmP0' (Orthogonal modes, uniform normalization P, = Py.)

lb (Or: apply inverse of S to CM equations, continue with redefined expressions for 8, K.
Ansatz: c¢(z) =ae '"%, a,b constants.

¢ (%) _ i B K cl B = B+ ku/Po,
G (B+ Q)a = b Sa, a generalized eigenvalue problem. 0.c2 kB3 )’ Kk = K12/ Pp.

(Dimension: number of basis modes included.) g
. e /
; ApB K

' cos pz —1——sinpz —i—sinpz
(B1+85)
<C1)(Z) _ i 2p p <C10>’

Solutions: {a,b},

113 Lt} E _ Em _le
A~ supermodes <H> (x,y, Z) = Z amp (Hm) (x, y) € .

m

I{* !/ c20

—1—sinpz cos pz+ 12— sin pz
(Superpositions of the original mode profiles with constant coefficients.) p p
(As many supermodes as there are basis modes.)

(Formalism can be continued: power/orthogonality of supermodes . . .) AB/ 2
/! nal _ Ql _ 2
AB =01 =85 p= ( 5 ) + [k

Longitudinally constant structures, two coupled modes Longitudinally constant structures, one “coupled” mode

Two orthogonal coupled modes (E,H,), (E,,H>): £ £
(Example: two modes supported by the same isotropic waveguide (€| = €;); interaction due to small anisotropy (€).) CMT Wlth one baSiS mode: X 7)) =c(z — 1 X
H ( 'Y ) 1 ( ) ( Y )

(Or: non-orthogonality neglected as a further approximation.) H1
Olm = (Ela Hl7 Em7 Hm) = 5lmP0 (Orthogonal modes, uniform normalization P,, = P.) g . bll + K11
(Or: apply inverse of S to CM equations, continue with redefined expressions for By, K,-) azC] =11,
011
/ /
C (GeN__. (P & ci B = B + ku/Po, B (6 — eVE ded
P) =—i . o , - P b weQ |- (€—é)E; y
.C2 k" 5 2 Kk = K12/ Po. n_ g, fu_ _. 55,
2 P au o1 oRe [ [ (EfHiy — Ej,Hiy) dxdy
® =0 Q| Si02(62), e = - '
- - max ’ max — 2 / 2"
c1(0) 5[2 + (AB'/2) C, _
. . . d:c1 = —i(B1 +dB1)cr,
® Maximum conversion 7max at z = L. with pL. = 7/2,
. s .
coupling length L. = — = C, c1(z) = ¢1(0) e—1(B1+3B1)z.
(Aﬁ ) + 4'|K/| (Conversion length, half-beat length.)
m - Theory of single mode perturbations.

: / / / .
® In case of phase matching AS' =3} — 5, =0: Nmax =1, Lc = m
KR
(Here the phase-shifted propagation constants are relevant.)
(Small interaction (small maximum conversion) for out-of-phase modes, i.e. for \Aﬂ/ \2 > \m|2)A)



Course overview

Optical waveguide theory

Photonics / integrated optics; theory, motto; phenomena, introductory examples.
Brush up on mathematical tools.

Maxwell equations, different formulations, interfaces, energy and power flow.
Classes of simulation tasks: scattering problems, mode analysis, resonance problems.
Normal modes of dielectric optical waveguides, mode interference.

Examples for dielectric optical waveguides.

Waveguide discontinuities & circuits, scattering matrices, reciprocal circuits.

Bent optical waveguides; whispering gallery resonances; circular microresonators.

Coupled mode theory, perturbation theory.

- - T Q@ mmJaw >

A touch of photonic crystals; a touch of plasmonics.

Hybrid analytical / numerical coupled mode theory.

Oblique semi-guided waves: 2-D integrated optics.

Structures with spatial periodicity

. . . . e . ~ exp(iwt) (FD)
Infinite system with periodic permittivity: Y

e(r+g) = €(r) for all lattice vectors g.

C» Consider Floquet-Bloch waves

(1) = vty 7%,

k : wavevector of the FB wave,
Uy, : aperiodic function, Uy (r+g) = Uy (r).

(A plane wave, modulated by a periodic function.)

(Floquet: 1-D, context of mechanics;
Bloch: context of solid state physics.)

{FB waves}: A complete basis for the periodic system.

(Bloch theorem: any solution can be written as a superposition of FB waves.)

(Background: Hilbert space theory, self-adjoint operators; familiar from quantum theory.)

(Hermitian Hamiltonian and translation operators commute; Bloch waves are a simultaneous eigenbasis of these operators.)
(Required: Hermitian “Hamiltonian” <~ Hermitian €.)

(Uy, =7, but Uy, satisfies different equations than E, H . . .)

A touch of photonic crystals

t’)

“Photonic crystals™: !

Keywords:

e A branch of photonics.

e Optics involving strcutures with (1-D, 2-D, 3-D) spatial periodicity.

e 1-D periodicity: Multilayer stacks / coatings, gratings, corrugated waveguides.
e 2-D periodicity: Corrugated dielectric slabs, membranes, gratings.

e 3-D periodicity: Bulk photonic crystals.

e “Molding the flow of light” <~» tunability, degrees of freedom in design.

e Defect cavities & defect waveguides in photonic crystals.

e Phenomena & fundamental research.

e Photonic crystal fibers.

Context of this lecture:
e Problems of general classical electromagnetics & methods as discussed; different emphasis.
e Periodicity: Restrict computations to unit cells.

Structures with spatial periodicity

~ exp(iwr) (FD)

g: alattice vector, such that e(r+g) = ¢(r)

- (fl>(r+g) - <§> (r) e k-8, (QPBC)

(. . . if g connects the boundaries of a unit cell.)

FB-wave eigenproblem:
Given a wavevector k, look for frequencies w € R, such that there
exist nonzero solutions (E,H) on a unit cell domain, with
quasi-periodic boundary conditions (QPBC).
e Qutcome:

Jw with (E,H) #0: (k,w) € afrequency band, or

Bw with (E,H) # 0: w € abandgap region.

- “Bandstructure” calculations.

e QPBC for k arethe same as fork + K, if K-g=m2n, m € Z.
~~ Restrict k to the first Brillouin zone. (Exclude k + K Vg, m # 0.)

(K: A vector of the reciprocal lattice.)



Structures with spatial periodicity

~ exp(iwt) (FD)

g: alattice vector, such that e(r +g) = ¢(r)

- (g)(r +g) = (fl)(r) e kg (QPBC)

(. . . if g connects the boundaries of a unit cell.)

FB-wave eigenproblem:

Given a wavevector k, look for frequencies w € R, such that there
exist nonzero solutions (E,H) on a unit cell domain, with
quasi-periodic boundary conditions (QPBC).

(Include this in the list of computational problems of lecture D.)
(Bandstructure calculations: Information on inifinite periodic strctures.)
(Calculations on a (small) unit cell domain, typically computationally cheap.)
(Finite structures, (most) defects, external excitation, etc.: scattering solvers (FD, TD)
or resonance solvers required, on the full system domain.)

Defect waveguides

(At a frequency in the bandgap of a photonic crystal: 3 “forbidden” regions ~~» The waves travel elsewhere . . .)

Line defects in a square lattice of dielectric rods,
excitation through conventional waveguides, 2-D QUEP simulations.

® A straight defect waveguide. [ > |
® 90° corner in a defect waveguide. =

A sequence of dielectric rods

~ exp(iwt) (FD)

Ty,

a
— a=04pum, A =1um,
7 ]a I:‘ n, = 1.0, ng = V12.
A

[Joannopoulos, Johnson, Winn, Meade,
Photonic Crystals: Molding the Flow of
Light, 2nd edition, Princeton, 2008.]

® 1-D periodicity, €(x,z) = €(x,z+ A).
® 2-D TE setting, E,(x,z) =7, (8?2 + 9>+ k*¢)E, =0. (%)
® Look for FB waves Ey(x,z) = u(x,z2) e~ 15z,

(8: the FB wavenumber, u(x, z) = u(x, 2+ A) Vz)
Ey(x,z4+ A) = u(x,z+ A) e—iBlz+A) = Ey(x,2) e~ 1A
- Restrict (x) to z € [0, A] with boundary conditions
Ey(x,A) = e 1PAE (x,0), 0.E,(x,A) = e 1PA0.E,(x,0).
® Brillouin zone: KA = +m2x ~= g€ [—7/A,7/A].

u (BEP simulations (Lecture G.24), w given, B determined from an eigenvalue problem.)
(Shaded region: above the “light line”, wzng /c2 > kzz, potentially leaky solutions.)

A touch of plasmonics

(7

“Plasmonics”: !

Keywords:

e A branch of photonics.

e Optics involving metals and metal surfaces.

e Interaction between the electromagnetic field and free electrons in the metal / at the surface.

e Strong field confinement, “beyond the diffraction limit”.

e “Strong” local fields, near field enhancement (nonlinearity).

e “Small” structures: Nano . .. .

e Applications: Sensing, focusing (“antennas”, microscopy), communication (short-range), chemistry, art.

Context of this lecture:

e Problems of general classical electromagnetics & methods as discussed; different emphasis.

e Presence of metals: complex (negative) permittivity, strong dispersion, losses; some concepts do not apply.
o Among the phenomena not encountered so far: Surface plasmon polaritions (SPPs).



Surface plasmon polaritons

(Surface waves,
“plasmon”: oscillations of the free electron plasma,
“polariton”: strong interaction of the optical e.m. field with polarizable matter; here discussed merely as . . . )

Optical waves confined at a metal / dielectric interface.

(. . . accepting the permittivities as given, disregarding any processes in the metal or dielectric that lead to this permittivity.)

€4

z x> 0: dielectric, ¢g =n3 € R.
€m x < 0: metal, ¢, € C.

(Coordinates in line with the previous discussion in this lecture, but different from literature “standard”.)

Surface plasmon polaritons

~ exp(iwt) (FD)
o (iwn)

€4

z x> 0: dielectric, ¢4 = nﬁ e R.
€m x < 0: metal, ¢, € C.

°* x>0: kzed—k(zi—'yz:O,
x<0: ken—k —~2=0.

e x =0: Continuity of ¢. (Ansatz.)
x=0: Continuity of n0,¢ ~ —kgng = km"m.

(TE) —kd = km ~~» NoTE SOlutiOIl. (Required: kg > 0 & Ky > 0.)
kq ki

(TM): —— = —. (OK, if Re ey < 0.)
€d €m (No solution for an interface between pure dielectrics.)

w . . .
C» N=— _Cdm , the dispersion equation for SPPs.
c\ €&+ e€m

(Note that, in general, ey (w).)

Surface plasmon polaritons

~ exp(iwt) (FD)

z
€ x > 0: dielectric, ¢g = ng € R.
Z x < 0: metal, ¢, € C.
T o 2-D TE/TM waves.

E _(E —iyz
® Look for fields (H)(x, 7) = <H>(x)e ,
y=p—-ia€eC, B,a>0.

® Principal component ¢ = Ey (TE) and ¢ = I:Iy (TM),
continuity of ¢, n0,¢ at the interface, n = 1 (TE), n = 1/e (TM),
02¢ + (K*e —v*)p =0 for x <0 and x > 0.
® Ansatz: )
P(x) = goe1KaX x>0, ka = Xa — ika, ka >0,

doe kmX  x <0, K = Xm — ifm, Fm > 0.

Surface plasmon polaritons

~ exp(iwt) (FD)
7 (iwr)

€4

z x > 0: dielectric, ¢4 = nﬁ e R.
Em x < 0: metal, ¢, € C.

Characteristic lengths:

1
© x>0: [p(x))? ~ e 2K ~mm [dy= —.
‘(b( )’ d 2/4u'd (Penetration depth, dielectric.)
° x<0: |p(x)] ~ e2Em¥ ~~e m:—l :
21‘<f/m (Penetration depth, metal.)

1
® |E|*>~ e 202 Anp Ly = % the SPP propagation length.
o
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Field profiles
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Field profiles

SPP, Ag/air, A = 1.550 um,
em = —121 —4.4i, ¢g = 1.0

3
SPP, TM
25
2
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0.5 t
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-0.4 -0.2 0 0.2 0.4
X [um]
L, = 812 um,
B/k = 1.0042,
dq = 1350 nm,

dm = 11 nm.

Upcoming

Si0, /Si(220 nm) / air, A = 1.550 pum,
e=1452:3452:1.0

™

N

w15

L, = oo,

-0.4

-0.2

Neff = 1.874,
dair = 78 nm.

0.2 0.4

Next lectures:

® Hybrid analytical / numerical coupled mode theory.

® Oblique semi-guided waves: 2-D integrated optics.

In what we trust...
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