Partial Differential Equations Classroom Exercises, Week 49
Course 155010, 2005/2006 07.12.2005

1. Consider the Cauchy problem for the 1-D wave equation:
Uy = gy for —oo <z < oo, t >0, (1)
u(z,0) = p(x), ui(z,0)=1v(x), for —oco <z < 0. 2)

(a) Evaluate the d’ Alembert solution for ¢ = 7 and given functions ¢(z) = cos(3x), ¥(x) = =.

(b) Draw (qualitative) graphs of the solution for ¢ = 1 and initial values ) = 0,

o) = { sin(2z) for —m <z <, 3)

0 for |x| > 7,

attimest =0,t =m/2,t =7, and t = 27.

(c) Write the solution for ¢ = 2 and initial data ¢ = 0, (z) = sin(wz), and draw (qualitative)
graphs of the solution at timest = 0,t =1/4,t =1/2,t=3/4,t =1,t =5/4,and t = 3/2.

2. Duhamel’s principle:
Assume that the functions w(z, ¢; T') are known solutions of the homogeneous 1-D wave equation, cor-
responding to initial values f given at time 7"

Wyy —wy =0, for —co<z<oo, t>T, w,T;T)=0, w(z, T;T)=—f(x;T). 4)

Hence we have an entire series of solutions to initial value problems, with additional parameter 7', where
the functions w(x,t; T') are available for all parameter values 7' > 0.

Show that the function u defined by

¢

u(z,t) = / w(z, t;T)dT 5)
0

solves the Cauchy problem for an inhomogeneous wave equation with homogeneous initial conditions:

Ugg (2, ) —uy(x,t) = f(x,t), for —o0o<x <00, t>0, wu(x,0)=0, ulz,0)=0. (6)

Hint: It is not necessary to write out w explicitly; just exploit the properties of the functions as stated in

4.



3. Consider an initial-boundary-value problem for the 1-D wave equation with inhomogeneous boundary

condition:
Ugt =  Ugg, w(z,0) = (), u(z,0) =1p(x), u0,t)=x(t), for z>0,t>0. (7)
Here ¢, 1, and x are given functions. We’ll proceed stepwise towards a solution.

(a)

(b)

(©

(d)

Good luck!

For given solutions v, w of the two problems with either inhomogeneous initial conditions

Vit = g, v(z,0) = p(x), vi(x,0) =p(x), v(0,t) =0, for x>0, t >0, 8)
or an inhomogeneous boundary condition

wy = & Wey, w(x,0) =0, wi(zr,0)=0, w(0,t)=x(t), for x>0, t>0, 9

check that the function u© = v + w satisfies all constraints of problem (7).
Recall the solution of problem (8), as discussed in the lecture.

To establish a solution of problem (9), try a reasoning in terms of the characteristic triangle:
Nonzero contributions to the solution originate only from the source at x = 0; in propagating
along the characteristics the perturbations can only reach points (x,¢) in the first quadrant of the
x-t-plane with x < ct. Clarify this by means of an appropriate sketch.

Then choose an ansatz w of the form

w(x,t) = f(z —ct), (10)
and fix the (piecewise defined) function f such that the solution satisfies the initial- and boundary
conditions of problem (9).

Assemble the solution w of problem (7), and compare with the expression given in the textbook
(section 4.5).



