Partial Differential Equations Homework Exercises, Part I1
Course 155010, 2005/2006 28.11.2005

1. Consider the Cauchy problem for the partial differential equation
um—l—quxy—Fuyy—ux—l—yQu:O (D)

with Cauchy data given on the z-axis: u(z,0) = (1 — ), uy(z,0) = cos(2z).

Verify that the x-axis is not a characteristic of equation (1). Then use the Cauchy data and the differ-
ential equation to compute the first four terms of the Taylor-expansion (i.e. terms with up to third order
derivatives with respect to y) of the solution of the Cauchy problem around the x-axis.

2. Consider a 1-D wave equation on the entire spatial axis
U = Qgr, —00< <00, t>0, (2)

with initial data

sin?(rz) for —2<x <0,

ur(2,0) =0, wu(x,0)= { 0 otherwise. )

Write the solution of the Cauchy problem as a sum of forward and backward waves. Based on that
splitting, graph (qualitatively) the solution at times ¢t =0, t =1/6, t = 1/3, and t = 2/3.

3. Given the 1-D wave equation on the positive real axis

1
u:m:_Zutt:O O<z<oo, t>0, 4)
the initial data w(z,0) = z sin(wz) , u(z,0) =z(1 —x), forz > 0,
and the homogeneous boundary condition u(0,¢) =0,
evaluate the (piecewise defined) solution of the initial-boundary value problem. Verify explicitly that
your solution satisfies the initial- and boundary conditions, and that the function is continuous.

4. Consider a Cauchy problem for the inhomogeneous 1-D wave equation on the entire spatial axis
utt202um+P(:n,t)for—oo<x<oo,t>0, 5)
with initial conditions u(x,0) = ¢(x), u(z,0) = (x) , for given functions P, ¢, and 1.

(a) Show that the function

u(a, ) = 5 (pla — ct) + pla + b)) + o

r+ct 1
5 / P(s)ds + — P2’ t')dA (6)

—ct 2c A(z,t)

DO | —

solves the Cauchy problem. Here the last term indicates an integral over the characteristic triangle
A associated with the point (z,t).

(b) Evaluate the solution (6) for the wave equation with ¢ = 3 and inhomogeneity P(x,t) = 3xt,
with initial data p(x) = 3sin(z) and ¢(z) = x. Check explicitly that your function satisfies the
inhomogeneous wave equation (5) and the initial conditions.

Solutions are to be handed in at the beginning of the lecture on December 12, 2005, at 15:45 in the RA “Studio”.
Good luck!



